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Prospective insight

The jubilee of the conference, similarly as the jubilee of every important event in our 
lives, invites us to reflect on the past and the future. 

It was April 1960 when prof. Edmund Karaśkiewicz as a chairman of the Poznan 
Department of the Polish Society of Theoretical and Applied Mechanics (PTMTS) 
organized and headed the first two-day symposium on linear and nonlinear vibrations. It 
took place in Poznan. The symposium became an event organized every two years. The 
chairmen of the conference changed, but all of them set themselves the goal of caring for 
high scientific level of the symposium. It resulted in obtaining by the conference a high 
reputation in the Polish scientific world.

More than 60 years have passed. At that time, we observed the rapid development of 
technology, which fundamentally affected the world, the life of societies and every single 
person. The development of new technologies was possible thanks to science. On the 
other hand, we see how much we can support the development of science through the use 
of modern technical solutions. Faced with the task of organizing the 30th edition of the 
VIBSYS conference, we asked ourselves a number of questions. First of all, which 
research topics are currently the most relevant and important from the scientific and 
application point of view. The second issue was to define an attractive way to exchange 
knowledge, popularize science and encourage young scientists to conduct research.

We decided to answer the first of these questions together with the conference 
participants who represent various modern trends in the broadly understood subject of 
vibrations in physical systems. The current and subsequent editions of VIBSYS will allow 
us to decide which of the topics are particularly worth considering during the 
conference. In terms of organization, we plan to maintain new ideas that turned out to be 
right during the conference in 2020. These include a hybrid form of participation both 
stationary face-to-face on the spot and remote via an online platform, a competition for 
young scientists on the best presentation of the research results, popularization of 
history and art through trips to interesting places in the Greater Poland region and the 
emission of short films encouraging to see, e.g., the exhibition of the National Museum 
in Poznan during breaks in the sessions.

The special moment during the 30 edition of VIBSYS will be a session dedicated to the 
memory of prof. Czesław Cempel. Prof. Cempel worked in the Institute of Applied 
Mechanics and organized the VIBSYS conference many times. He was a chairman and 
honorary member of the scientific committee. Employees of our Institute, co-authors and 
friends will present the profile of the professor and his scientific achievements.

At the end of this introduction, we wish the participants fruitful discussions and many 
pleasant moments during the VIBSYS conference at the Poznan University of 
Technology.

Chairs of the Conference
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NON-LINEAR DYNAMIC RESPONSE OF A GUY LINE OF A GUYED 
TOWER TO THE STOCHASTIC WIND EXCITATION BY EQUIVALENT 

LINEARIZATION TECHNIQUE

Hanna WEBER1, Anna JABŁONKA2 , Radosław IWANKIEWICZ3

1 West Pomeranian University of Technology in Szczecin, Al. Piastów 17, 70-310 Szczecin, Poland
e-mail:Hanna.Weber@zut.edu.pl
2 West Pomeranian University of Technology in Szczecin, Al. Piastów 17, 70-310 Szczecin, Poland
e-mail:Anna.Jablonka@zut.edu.pl
3 West Pomeranian University of Technology in Szczecin, Al. Piastów 17, 70-310 Szczecin, Poland
e-mail:Radoslaw.Iwankiewicz@zut.edu.pl

ABSTRACT

Non-linear behaviour of the guy line of a guyed tower  idealized as an isolated  taut string is 
considered. The guy line is subjected to the stochastic base motion excitation which is the 
displacement of the point of attachment of the guy line to the tower resulting from transverse 
vibrations of the tower due to wind. Under strong wind excitation the transverse displacements of 
the tower may be large, which causes the geometrical non-linear effects. Therefore the partial 
differential equations governing the coupled axial and transverse non-linear vibrations of the string 
are assumed [1]. The Galerkin method is used to convert a problem into the one governed by 
ordinary differential equations. Under the assumption that the tower structure responds essentially in 
the single (fundamental) mode, the response of a tower to a wide-band stochastic wind excitation is 
a narrow-band stochastic process. Consequently the base motion excitation for the string vibrations 
is a narrow-band stochastic process. This process is modelled as a response of an auxiliary linear 
filter to a Gaussian white noise excitation [2]. As a result, the  state vector of the system consisting 
of original state variables augmented by state variables of a filter is  driven by Gaussian white noise  
and is a diffusive Markov process. The equivalent linearization technique is applied, where the 
original non-linear system is replaced with a linear one, whose coefficients are determined from the 
condition of the minimization of the mean square error between the original non-linear and the 
equivalent linear system. The mean value and variance of the response are determined and those 
approximate analytical results are verified against direct numerical Monte Carlo simulations.

REFERENCES
[1] P. Hagedorn, A. Das Gupta, Vibrations and waves in continuous mechanical  systems, Wiley Online Library (2007)
[2] H.Weber, R.Iwankiewicz and S.Kaczmarczyk, Equivalent linearization technique in nonlinear stochastic dynamics of 

a cable-mass system with time-varying length, Archives of Mechanics, Vol. 71, Nos. 4-5, 393-416, (2019)

30th Conference 
Vibrations in Physical Systems – VIBSYS 2022

September 26–28, 2022, Poznań, Poland

91

A DOUBLE PENDULUM WITH FRICTION UNDER THE
ELECTROMAGNETIC FORCING AND KINEMATIC EXCITATION: 

SIMULATION AND EXPERIMENTATION

Godiya YAKUBU, Pawel OLEJNIK, Jan AWREJCEWICZ

Department of Automation, Biomechanics and Mechatronics, Lodz University of Technology, 1/15 
Stefanowski Str., 90-924 Lodz, Poland [godiya.yakubu@dokt.p.lodz.pl (G.Y.),
pawel.olejnik@p.lodz.pl (P.O.), jan.awrejcewicz@p.lodz.pl (J.A.)]

ABSTRACT

A mathematical model of a double pendulum with friction is derived from the extended swinging 
Atwood machine. The novel system is modeled under electromagnetic forcing and kinematic 
excitation. Furthermore, we present some results from the computational analysis and the system’s
real-time laboratory set-up for experimentation. The system shows promising results as more 
observations based on system identifications are in progress.  

Fig. 1. Schematic diagram of the proposed double pendulum under the influence of electromagnetic forcing

The system is modeled with a frictional force acting on the two pulleys under the action of 
electromagnetic forcing. The equation of motion is derived from Newton’s second law of motion 
and verified by the Euler-Lagrange method. The friction has to be modeled as well for better 
apprehension and precise responses to the dynamical system by using extra state variable 𝑇𝑇𝑇𝑇𝑅𝑅𝑅𝑅  Eqs. 
(1)-(4).

Equations of Motion
𝑙𝑙𝑙𝑙1̈(𝑡𝑡𝑡𝑡) = −�𝑚𝑚𝑚𝑚1𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓2+𝑀𝑀𝑀𝑀��̈�𝑋𝑋𝑋0+𝑚𝑚𝑚𝑚1�𝑜𝑜𝑜𝑜1(𝑡𝑡𝑡𝑡)�̇�𝜑𝜑𝜑12+𝑔𝑔𝑔𝑔𝑐𝑐𝑐𝑐𝑓𝑓𝑓𝑓1�+𝐹𝐹𝐹𝐹𝑐𝑐𝑐𝑐𝑘𝑘𝑘𝑘�𝑐𝑐𝑐𝑐𝑓𝑓𝑓𝑓1𝑐𝑐𝑐𝑐𝑓𝑓𝑓𝑓2−𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓1𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓2�+𝑇𝑇𝑇𝑇𝑅𝑅𝑅𝑅−𝑀𝑀𝑀𝑀𝑔𝑔𝑔𝑔
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𝑔𝑔𝑔𝑔𝑚𝑚𝑚𝑚1𝑐𝑐𝑐𝑐𝑓𝑓𝑓𝑓2� − �𝑚𝑚𝑚𝑚1𝑚𝑚𝑚𝑚2(𝑚𝑚𝑚𝑚1 + 𝑀𝑀𝑀𝑀)(𝑙𝑙𝑙𝑙2(𝑡𝑡𝑡𝑡) + 𝑙𝑙𝑙𝑙20𝑠𝑠𝑠𝑠)��̇�𝜑𝜑𝜑22(𝑡𝑡𝑡𝑡)−𝑀𝑀𝑀𝑀𝑚𝑚𝑚𝑚1𝑚𝑚𝑚𝑚2𝑐𝑐𝑐𝑐𝑓𝑓𝑓𝑓1𝑐𝑐𝑐𝑐𝑓𝑓𝑓𝑓2𝑙𝑙𝑙𝑙1(𝑡𝑡𝑡𝑡)�̇�𝜑𝜑𝜑12(𝑡𝑡𝑡𝑡) + (𝑚𝑚𝑚𝑚2 + 𝑚𝑚𝑚𝑚1 +

𝑀𝑀𝑀𝑀)𝑚𝑚𝑚𝑚1𝐹𝐹𝐹𝐹𝑐𝑐𝑐𝑐𝑘𝑘𝑘𝑘 + 𝑚𝑚𝑚𝑚1𝑚𝑚𝑚𝑚2𝑐𝑐𝑐𝑐𝑓𝑓𝑓𝑓2�𝑐𝑐𝑐𝑐𝑓𝑓𝑓𝑓1𝑇𝑇𝑇𝑇𝑅𝑅𝑅𝑅 −𝑀𝑀𝑀𝑀𝑔𝑔𝑔𝑔𝑐𝑐𝑐𝑐𝑓𝑓𝑓𝑓1 − 𝑀𝑀𝑀𝑀𝑔𝑔𝑔𝑔���  
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��2𝑐𝑐𝑐𝑐𝑓𝑓𝑓𝑓2𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓12 𝐹𝐹𝐹𝐹𝑐𝑐𝑐𝑐𝑘𝑘𝑘𝑘 + 𝑔𝑔𝑔𝑔𝑚𝑚𝑚𝑚1𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓12 − 𝑚𝑚𝑚𝑚1𝑐𝑐𝑐𝑐𝑓𝑓𝑓𝑓1𝑙𝑙𝑙𝑙2(𝑡𝑡𝑡𝑡)�̇�𝜑𝜑𝜑12(𝑡𝑡𝑡𝑡) − 𝑐𝑐𝑐𝑐𝑓𝑓𝑓𝑓2𝐹𝐹𝐹𝐹𝑐𝑐𝑐𝑐𝑘𝑘𝑘𝑘�𝑀𝑀𝑀𝑀 + (𝑇𝑇𝑇𝑇𝑅𝑅𝑅𝑅 − 𝑀𝑀𝑀𝑀𝑔𝑔𝑔𝑔)𝑚𝑚𝑚𝑚1𝑐𝑐𝑐𝑐𝑓𝑓𝑓𝑓1 − 𝑀𝑀𝑀𝑀𝑔𝑔𝑔𝑔𝑚𝑚𝑚𝑚1� 𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓1 +
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The friction variable 𝑇𝑇𝑇𝑇𝑅𝑅𝑅𝑅 is the sum of the friction at the first pulley 𝑇𝑇𝑇𝑇𝑅𝑅𝑅𝑅1 and the friction at the second 
pulley 𝑇𝑇𝑇𝑇𝑅𝑅𝑅𝑅2. That is 𝑇𝑇𝑇𝑇𝑅𝑅𝑅𝑅 = 𝑇𝑇𝑇𝑇𝑅𝑅𝑅𝑅1 + 𝑇𝑇𝑇𝑇𝑅𝑅𝑅𝑅2 where 𝑇𝑇𝑇𝑇𝑅𝑅𝑅𝑅1 = 𝜇𝜇𝜇𝜇𝑝𝑝𝑝𝑝1𝑇𝑇𝑇𝑇𝑁𝑁𝑁𝑁1 + 𝑇𝑇𝑇𝑇𝑝𝑝𝑝𝑝𝑣𝑣𝑣𝑣1�𝑙𝑙𝑙𝑙1̇�, 𝑇𝑇𝑇𝑇𝑅𝑅𝑅𝑅2 = 𝜇𝜇𝜇𝜇𝑝𝑝𝑝𝑝2𝑇𝑇𝑇𝑇𝑁𝑁𝑁𝑁2 + 𝑇𝑇𝑇𝑇𝑝𝑝𝑝𝑝𝑣𝑣𝑣𝑣2�𝑙𝑙𝑙𝑙1̇�, 𝑇𝑇𝑇𝑇𝑁𝑁𝑁𝑁1 =
�𝑇𝑇𝑇𝑇12 − 2𝑇𝑇𝑇𝑇1𝑇𝑇𝑇𝑇2 cos(𝛼𝛼𝛼𝛼1) + 𝑇𝑇𝑇𝑇22, 𝑇𝑇𝑇𝑇𝑁𝑁𝑁𝑁2 = �𝑇𝑇𝑇𝑇22 − 2𝑇𝑇𝑇𝑇2𝑇𝑇𝑇𝑇3 cos(𝛼𝛼𝛼𝛼2) + 𝑇𝑇𝑇𝑇32, 𝑇𝑇𝑇𝑇1 = 𝑀𝑀𝑀𝑀𝑔𝑔𝑔𝑔 −𝑚𝑚𝑚𝑚1𝑙𝑙𝑙𝑙1̈(𝑡𝑡𝑡𝑡),

𝑇𝑇𝑇𝑇2 =
𝑇𝑇𝑇𝑇1�2+𝑠𝑠𝑠𝑠𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚�𝑜𝑜𝑜𝑜1̇�𝜇𝜇𝜇𝜇𝑝𝑝𝑝𝑝1�2(1−cos(𝛼𝛼𝛼𝛼1))�+2𝑇𝑇𝑇𝑇𝑝𝑝𝑝𝑝𝑣𝑣𝑣𝑣1�𝑜𝑜𝑜𝑜1̇�

�2−𝑠𝑠𝑠𝑠𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚�𝑜𝑜𝑜𝑜1̇�𝜇𝜇𝜇𝜇𝑝𝑝𝑝𝑝1�2(1−cos(𝛼𝛼𝛼𝛼1))�
, 𝑇𝑇𝑇𝑇3 =

𝑇𝑇𝑇𝑇2�2+𝑠𝑠𝑠𝑠𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚�𝑜𝑜𝑜𝑜1̇�𝜇𝜇𝜇𝜇𝑝𝑝𝑝𝑝2�2(1−cos(𝛼𝛼𝛼𝛼2))�+2𝑇𝑇𝑇𝑇𝑝𝑝𝑝𝑝𝑣𝑣𝑣𝑣2�𝑜𝑜𝑜𝑜1̇�

�2−𝑠𝑠𝑠𝑠𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚�𝑜𝑜𝑜𝑜1̇�𝜇𝜇𝜇𝜇𝑝𝑝𝑝𝑝2�2(1−cos(𝑇𝑇𝑇𝑇𝑅𝑅𝑅𝑅))�
. The wrapping angle at 

the first and second pulley is given by 𝛼𝛼𝛼𝛼1 = 900 and 𝛼𝛼𝛼𝛼2 = (90− 𝜑𝜑𝜑𝜑1)0 respectively.

Simulation Results and Discussion
The mathematical model of the double pendulum with friction has been solved numerically using 
the Runge-Kutta method with adaptive step size. The results described the double pendulum with 
friction concepts demonstrating the system behavior with a suspension system between the two 
pendulums excited by an electromagnet and armature. The excitation frequency has an impact on 
the system.

Fig. 2. Numerical results of simulation of the double pendulum: Time Histories for 𝑙𝑙𝑙𝑙1̈(𝑡𝑡𝑡𝑡), 𝑙𝑙𝑙𝑙2̈(𝑡𝑡𝑡𝑡), �̈�𝜑𝜑𝜑1(𝑡𝑡𝑡𝑡), �̈�𝜑𝜑𝜑2(𝑡𝑡𝑡𝑡)

Conclusion 
The presented results show the time series of the double pendulum, with no physical contact 
between the swinging assemble and the fixed points. Most importantly, in some regimes, compact 
regions of attraction, such as in Fig. 2, appear in the system. Therefore, the nonlinear dynamics of 
the double pendulum with friction can be vigorously studied, and more possibilities for
modification.
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