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a b s t r a c t

The purpose of this study was to elaborate a two-dimensional approach for unipennate and

bipennate striated skeletal muscle modelling. Behavior of chosen flat pennate muscle is

modelled as a rheological system composed of serially linked passive and active fragments

having different mechanical properties. Each fragment is composed of three elements: mass

element, elastic element and viscous element. Each active fragment furthermore contains

the contractile element. Proposed approach takes into consideration that muscle force

depends on a planar arrangement of muscle fibers. Paper presents results of numerical

simulations, conclusions deduced on the base of these results and a concept of experimental

verification of proposed models.
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1. Introduction

The human movement system consists of striated skeletal
muscles that have different architectures. Among these
muscles are fusiform muscles and pennate muscles (uni-
pennate muscles, bipennate muscles and multipennate
muscles) [1]. The fusiform muscle fibres run generally parallel
to the muscle axis (it is line connecting the origin tendon and
the insertion tendon). The unipennate muscle fibres run
parallel to each other but at the pennation angle to the muscle
axis [2]. The bipennate muscle consists of two unipennate
muscles that run in two distinct directions (i.e. different
pennation angles). The multipennate muscle is composed of a
few bundles of fibres that run in distinct directions.
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From the physiology point of view, the unipennate muscle
consists of three parts: the muscle insertion (insertion tendon),
the belly (muscle fibres), and the muscle origin (origin tendon).
It is assumed that during contraction the belly maintains the
isovolume, each tendon moves only along its axis and muscle
fibres become more pennated, i.e. the pennation angle is
increased [3].

The spatial arrangement of pennate muscle fibres deter-
mines the muscle fibres length, the lengths of tendons and
mechanical properties of muscle. That is why the contractile
characteristic (i.e. force-generating capacity) depends on the
pennation angle [2]. Moreover, one should take into consid-
eration that a real pennate muscle is a non-homogenous
structure: the distal muscle fascicles tend to contract more (i.e.
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Fig. 1 – Deformation schema of unipennate muscle: A)
directions of acting of external force Fext and contractile
muscle force Fm towards the muscle insertion
displacement x; B) schema of deformation of unipennate
muscle (AB – the initial length of muscle (before
contraction); AB0 – the finish length of muscle (after
contraction); Fmo – initial contractile muscle force at the
length of muscle equals AB; Fm – finish contractile muscle
force at the length of muscle equals AB0; apo – the pennation
angle before contraction (at the length of muscle equals
AB); ap – the pennation angle after contraction (at the length
of muscle equals AB0); xm – change of muscle length that is
equal to the difference of the length AB and the length AB0)
[19].
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they act at greater pennation angles) than the more proximal
muscle fascicles.

Applying an imaging technique, such as nuclear magnetic
resonance (MRI) or ultrasonography (US), with a motion
capture technique, one might perform in vivo non-invasive
measurements to estimate volumes of muscles, muscle fibres
lengths and pennation angles [2]. However, one should
perform invasive measurements to obtain [4]: 1) parameters
describing mechanical properties of chosen muscles (by
applying tensile tests and sonomicrometry); 2) muscle
morphology and its architecture evaluated at the microscopic
level (by using a muscle biopsy); 3) muscle static characteristic
(length-force dependence); 4) muscle dynamic characteristic
(velocity–force dependence); 5) muscle-tendon parameters
used in the Hill-type muscle model. That is why a very limited
amount of data describing mechanical properties of pennation
muscles can be found in literature.

To model behaviour of pennate muscle one should take
into consideration that spatial arrangement of muscle fibres
influence mechanical properties and contractile properties of
this muscle. Nowadays, to describe pennate muscle function
in muscle biomechanics there are applied rheological models:
Hill-type muscle models and Hill-Zajac muscle models [3,5–
11]. However, application of these models is very limited due to
problems related to the obtainment of model parameters. To
deal with these problems an optimization technique (i.e.
mathematical optimization) can be applied. However, in this
case the problem of compatibility between chosen cost
function and an alive muscle physiology should be considered.

The three-dimensional (3D) muscle models that take into
consideration spatial muscle fibres arrangement are also
proposed [12–18]. To apply chosen 3D muscle model, one
needs to define the 3D geometry, interaction between
components of this model (e.g. lateral transmission of tension
between muscle fibres), boundary conditions and material
properties according to the principles of continuum mechan-
ics. The fundamental problem consists in identification of
material properties because of constrained range of alive
tissue experiments. Moreover, these 3D muscle models are
applied for static or quasi-static solutions and are incompati-
ble to solve forward dynamics tasks because these models are
computational expenses.

Deliberating an application of high-mentioned Hill-type
muscle models, Hill-Zajac muscle models or three-dimen-
sional (3D) muscle models, one should define for each muscle
examined: muscle static characteristic, muscle dynamic
characteristic, tendon static characteristic, physiological cross
section area (PCSA), optimal muscle length and optimal
muscle force. Due to limited possibility of an alive muscle
examination, these characteristics and parameters are defined
by making additional assumptions and presuming that a
muscle force can be predicted on the base of the value of PCSA
and maximum muscle stress or/and a static characteristic of
sarcomere (relationship between a sarcomere length and
isometric force of this sarcomere). Moreover, in the case of
pennate muscle modelling one should take into consideration
that muscle force depends on the spatial arrangement of
muscle fibres and that is why above-mentioned characteristics
and parameters must be estimated for each pennate muscle in
the range of its physiological behaviour.
To model behaviour of chosen flat pennate muscle one
should take into account a planar kinematics, which is
described by using at least two parameters (two-dimensional
approach). The purpose of this study was to elaborate a two-
dimensional approach for unipennate and bipennate striated
skeletal muscle modelling by applying a method described in
[19]. According to this approach, a behaviour of chosen flat
pennate muscle is modelled as a rheological system composed
of serially linked passive and active fragments having different
mechanical properties. Each fragment is composed of three
elements: mass element, elastic element and viscous element.
Each active fragment furthermore contains the contractile
element. Proposed approach takes into consideration that
muscle force depends on a planar arrangement of muscle
fibres. The scope of presented study was to perform numerical
researches and to elaborate a concept of experimental
verification.

2. Method of modelling

2.1. Principles of pennate muscle modelling

Assuming a planar deformation schema of unipennate muscle
shown in Fig. 1, the mathematical models of unipennate



b i o c y b e r n e t i c s a n d b i o m e d i c a l e n g i n e e r i n g 3 7 ( 2 0 1 7 ) 3 0 2 – 3 1 5304
muscle and bipennate muscle were created. According to this
deformation schema, the muscle contraction occurs in the
plane (two-dimensional space) along muscle fibres directed at
the pennation angle ap towards the line connecting the muscle
insertion (it is a movable part with one degree of freedom) and
the muscle origin (it is a non-movable part). It is assumed that
during muscle contraction the muscle width tt is constant
(according to [20]) and muscle fibres generate a contractile
muscle force Fm, which causes the displacement of muscle
insertion x and counterbalances an external force Fext:

Fext ¼ Fm�cosap (1)

During contraction the muscle fibres are shortening and the
muscle insertion is translated from the point B to the point B0

(the distance BB0 is equal to the muscle insertion displacement
x). It causes the change of pennation angle: the initial value of
pennation angle apo (at the length of muscle equals AB), is
changed to the value ap (at the length of muscle equals AB0).
Analyzing the deformation schema of unipennate muscle, the
following geometric relation can be derived:

tt ¼ AB�cosapo ¼ AB0�cosap: (2)

Taking into consideration a deformation schema of
unipennate muscle, five rheological models were created [19]:

1) Unipennate muscle model WW (part 2.2);
2) Unipennate muscle model BZ (part 2.3);
3) Hill-Zajac unipennate muscle model (part 2.4);
4) Bipennate muscle model WW (part 2.5);
5) Bipennate muscle model BZ (part 2.6).

Assuming that the time variable is t, proposed models can
be applied to solve the dynamics task formulated in three
following problems:

1) Input variables are the muscle insertion displacement x(t)
and the external force Fext(t); output variables are the
internal force PwðtÞ (this force is generated by the contractile
elements of muscle model and it causes an appearing of
Fig. 2 – Unipennate muscle model WW (rheological model)
[19].
contractile muscle force Fm(t)), the pennation angle ap(t) and
deformations of muscle model parts (for chosen muscle
models);

2) Input variables are the muscle insertion displacement x(t)
and the internal force PwðtÞ; output variables are the
external force Fext(t), the pennation angle ap(t) and deforma-
tions of muscle model parts (for chosen muscle models);

3) Input variables are the external force Fext(t) and the internal
force PwðtÞ; output variables are the muscle insertion
displacement x(t), the pennation angle ap(t) and deforma-
tions of muscle model parts (for chosen muscle models).

2.2. Unipennate muscle model WW

The unipennate muscle model WW describes behaviour of
unipennate muscle with the pennation angle equals ap (Fig. 2).
This muscle behaviour is described by the rheological model
created on the base of the rheological model of fusiform
muscle published in [21,22]. The rheological model of
unipennate muscle model WW is composed of serially linked
three fragments (two passive (non-contractile) fragments and
one active (contractile) fragment) that describe different me-
chanical properties of muscle parts. Each fragment is composed
of mass element, elastic element and viscous element. Active
fragment has additionally a contractile element that models an
ability of muscle to contract. Two lateral fragments model the
passive muscle parts (muscle-tendon connections of the muscle
insertion and the muscle origin). One middle fragment models
the active muscle part (i.e. muscle belly). This model has three
degrees of freedom. According to this model: 1) the difference of
displacements (x0 � x1) describes the length change of upper
passive muscle fragment; 2) the difference of displacements
(x1 � x2) describes the length change of middle active muscle
fragment; 3) the displacement x2 describes the length change of
lower passive muscle fragment.

The mathematical model of the unipennate muscle model
WW is described by the system of three differential equations:

m0�€x þ L0�ð _x0� _x1Þ�cosap þ K0�ðx0�x1Þ�cosap ¼ �FextðtÞ
m1�€x1 þ L0�ð _x1� _x0Þ þ K0�ðx1�x0Þ þ L1�ð _x1� _x2Þ þ K1�ðx1�x2Þ ¼ Pw1 ðtÞ
m2�€x2 þ L1�ð _x2� _x1Þ þ K1�ðx2�x1Þ þ L2� _x2 þ K2�x2 ¼ �Pw1 ðtÞ

(3)

and following geometric relations:

ap ¼ arcsin
l0�sinapo

l0�x0

� �
(4A)

x0 ¼ l0 þ
x�cosapo�l0
cosðap�apoÞ (4B)

_x0 ¼ dx0
dt

¼ _x�cosapo

cosðap�apoÞ�Aðx0Þ�sinðap�apoÞ�ðx0�l0Þ (4C)

Aðx0Þ ¼ l0�sinapo

ðl0�x0Þ2
� 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� l0 �sinapo
l0�x0

� �2
r (4D)



Fig. 4 – Hill-Zajac unipennate muscle model (rheological
model) [19].
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where mj is the mass of the j-th element; Kj the stiffness
coefficient of the j-th elastic element; Lj the damping coeffi-
cient of the j-th viscous element; Pw1 ðtÞ the internal force of the
contractile element; l0 the initial length of muscle model; apo

the initial pennation angle when the length of muscle model is
equals to its initial length l0.

2.3. Unipennate muscle model BZ

The unipennate muscle model BZ describes behaviour of
unipennate muscle with the pennation angle equals ap (Fig. 3).
This model is similar to the unipennate muscle model WW
(part 2.2). The unipennate muscle model BZ takes into
consideration that stiffness and dumping characteristics of
skeletal muscle is described by a nonlinear relationship
according to [23,24]:

1) Kj ¼ kj�x2j , j = w, z, 1,2, where kj is a correction factor of
stiffness;

2) Cj ¼ cj� _x2j , j = w, z, 1, 2, where cj is a correction factor of
damping.

Applying the geometric relations (4A-4D), the mathemati-
cal model of unipennate muscle model BZ is described by the
system of two following equations:

mw�€xw þ Cw� _xw þ Kw�xw�Cz�ð _xz� _x1Þ þ Kz�ðxz�x1Þ
cosap

¼ PwðtÞ
mz�€xz�Cz�ð _xz� _x1Þ�Kz�ðxz�xzÞ ¼ �FextðtÞ

(5)

where x1 ¼ xw�cosap; xw is the displacement of mass mw; xz the
displacement of mass mz, PwðtÞ the internal force of contractile
element.

2.4. Hill-Zajac upipennate muscle model

The Hill-Zajac unipennate muscle model describes behaviour
of unnipennate muscle by using the Hill-type muscle model
and Zajac muscle model (this is a Hill type muscle model, in
which the angle of pennation ap is taken into consideration).
There are a lot of modifications of these models [4,25]. In this
paper it was assumed that Hill-Zajac unipennate muscle
model has a rheological structure shown in Fig. 4. In this model
Fig. 3 – Unipennate muscle model BZ [19].
the muscle length is the sum of belly length Lm/cos(ap) and
tendon length Lt. Mechanical properties of muscle are
described by using a mass element M (this is a muscle mass
reduced to a point) and parallel linking of three elements: a
contractile element that generates a force FCE (it depends on
the actual muscle length l, velocity of muscle fibres contraction
and activation Act that originate from a nervous system), a
parallel elastic element described by a stiffness coefficient
equals KPE and a viscous element described by a damping
coefficient equals L. Tendon behaviour is modelled by using
an elastic element and its force depends on the tendon
stiffness coefficient Kt and the tendon elongation described
by a difference of displacements (xt – x).

The mathematical model of Hill-Zajac unipennate muscle
model is described by the system of two equations:

Fext þ Kt�ðx�xtÞ ¼ 0
M�€x þ Kt�ðx�xtÞ ¼ Fm�cosap

(6)
Fig. 5 – Bipennate muscle model WW (rheological model)
[19].



Fig. 6 – Bipennate muscle model BZ [19].
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where the contractile muscle force is equals to:

Fm ¼ FCE�KPE�x0�L� _x0 (7)

It was assumed that force of contractile element FCE
depends on the muscle activation Act, the muscle length l
and difference between the active component of static muscle
characteristic Factm and the passive component of static muscle
characteristic Fpasm :

FCE ¼ Act�ðFactm ðlÞ�Fpasm ðlÞÞ (8)

To implement the Hill-Zajac unipennate muscle model
there were used: 1) a static muscle characteristic (length-force
relationship) proposed in [20]; 2) a static tendon characteristic
(elongation-force relationship) proposed in [3]; 3) a dynamic
muscle characteristic (velocity-force relationship) published in
[3]; 4) data described musculotendon properties (the maxi-
mum isometric muscle force, the optimal muscle fibre length,
the tendon slack length) according with [20].

2.5. Bipennate muscle model WW

The bipennate muscle model WW described behaviour of
bipennate muscle composed of two parts directed at the
pennation angle ap1 (left part with a constant muscle width tt1)
and the pennation angle ap2 (right part with a constant muscle
width tt2) towards the muscle insertion (it is movable part) and
muscle origins (there are non-movable parts) (Fig. 5). Each
muscle part behaviour is modelled as a rheological model of
the unipennate muscle WW described in the part 2.2 (i.e. each
muscle part is composed of two passive fragments and one
active fragment). The bipennate muscle model WW has six
degrees of freedom. According to this model: 1) difference of
displacements (x01 � x11) describes the length change of upper
passive fragment of muscle left part; 2) difference of
displacements (x11 � x21) describes the length change of
middle active fragment of muscle left part; 3) displacement
x21 describes the length change of lower passive fragment of
muscle left part; 4) difference of displacements (x02 � x12)
describes the length change of upper passive fragment of
muscle right part; 5) difference of displacements (x12 � x22)
describes the length change of middle active fragment of
muscle right part; 6) displacement x22 describes the length
change of lower passive fragment of muscle right part.

The mathematical model of bipennate muscle model WW
is described by the system of five differential equations:

m�€x þ L01�ð _x01� _x11Þ�cosap1 þ K01�ðx01�x11Þ�cosap1

þ L02�ð _x02� _x12Þ�cosap2 þ K02�ðx02�x12Þ�cosap2¼ �FextðtÞ
m11�€x11 þ L01�ð _x11� _x01Þ þ K01�ðx11�x01Þ þ L11�ð _x11� _x21Þ

þ K11�ðx11�x21Þ ¼ Pw1 ðtÞ
m21�€x21þ L11�ð _x21� _x11Þ þ K11�ðx21�x11Þþ L21� _x21 þ K21�x21 ¼ �Pw1 ðtÞ
m12�€x12 þ L02�ð _x12� _x02Þ þ K02�ðx12�x02Þþ L12�ð _x12� _x22Þ

þ K12�ðx12�x22Þ ¼ Pw2 ðtÞ
m22�€x22þ L12�ð _x22� _x12Þ þ K12�ðx22�x12Þþ L22� _x22 þ K22�x22 ¼ �Pw2 ðtÞ

(9)
and following geometric relations:

ap1 ¼ arcsin
l01�sinap1

l01�x01

� �
; ap2 ¼ arcsin

l02�sinap2

l02�x02

� �
(10B)

_x01 ¼ dx01
dt

¼ _x�cosap1

cosðap1�apo1Þ�Aðx01Þ�sinðap1�apo1Þ�ðx01�l01Þ
_x02 ¼ dx02

dt
¼ _x�cosap2

cosðap2�apo2Þ�Aðx02Þ�sinðap2�apo2Þ�ðx02�l02Þ
(10C)

Aðx01Þ ¼ l01�sinap1

ðl01�x01Þ2
� 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� l01�sinap1

l01�x01

� �2
s

Aðx02Þ ¼ l02�sinap2

ðl02�x02Þ2
� 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� l02�sinap2

l02�x02

� �2
s (10D)

where mji is the mass of the j-th element of i-th muscle part; m
the mass of the element m01 and the element m02; Kji the
stiffness coefficient of the j-th elastic element of i-th muscle
part; Lji the damping coefficient of the j-th viscous element of i-
th muscle part; Pw1 ðtÞ the internal force of the contractile
element of left muscle part; Pw2 ðtÞ the internal force of the
contractile element of right muscle part; l01 the initial length
of left part of muscle model; l02 the initial length of right part of
muscle model; apo1 the initial pennation angle when the length
of left part of muscle model is equal to l01; apo2 the initial
pennation angle when the length of right part of muscle model
is equal to l02.
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2.6. Bipennate muscle model BZ

The bipennate muscle model BZ described behaviour of
bipennate muscle directed at the pennation angle a (left part)
and the pennation angle b (right part) towards the muscle
insertion (it is movable part) and muscle origins (there are non-
movable parts) (Fig. 6).

The bipennate muscle model BZ is similar to the bipennate
muscle model WW (part 2.5) but it takes into consideration
that stiffness and dumping characteristics of skeletal muscle
are nonlinear (part. 2.3). Applying the geometric relationships
(10A – 10D), the mathematical model of bipennate muscle
model BZ is described by the system of four following equations:

mz�€xz þ Cz�ð _xz� _x1Þ þ Kz�ðxz�x1Þ ¼ �FextðtÞ
m2�€x2 þ C2� _x2 þ K2�x2 ¼ P2ðtÞ þ F1ðtÞ
m3�€x3 þ C3� _x3 þ K3�x3 ¼ P3ðtÞ þ F2ðtÞ
F1ðtÞ�cosa þ F2ðtÞ�cosb ¼ Cz�ð _xz� _x1Þ þ Kz�ðxz�x1Þ

(11)

where x1 = x2 � cosa = x3 � cosb.

3. Numerical researches

The scope of the paper involved numerical researches of
proposed models and elaboration of a concept for further
validation of these models. Numerical researches were
performed by applying data describing mechanical properties
of alive muscles [25]. These researches allowed to obtain
muscle behaviour results similar to the published ones [6]. Due
to the lack of possibility to examine chosen alive pennate
muscle an experimental standing was constructed (p.4). It
allowed to perform a comparative quality analysis between a
two-dimensional approach proposed to model unipennate
and bipennate muscle behaviour and artificial pennate muscle
system (p.5).

To perform numerical researches of proposed mathemati-
cal models we created their numerical models by applying
MATLAB programme and own software created in this
programme. To compare behaviours of these models and to
prove their physiological correctness the data published in
[2,22] were used to simulate a behaviour of unipennate muscle
– long head of triceps brachii muscle based on the data published
[25] (Unipennate muscle model WW, part 2.2; Unipennate
muscle model BZ, part 2.3; Hill-Zajac unipennate muscle
model, part 2.4). Due to the lack of published data needed to
simulate a behaviour of bipennate muscle a hypothetic
bipennate muscle was considered: it was formulated as a
system composed of two unipennate muscles (long head of
triceps brachii muscle) (Bipennate muscle model WW, part 2.5;
Bipennate muscle model BZ, part 2.6). Detailed properties of
examined muscle models are presented in Table 1. Numerical
simulations were conducted by applying similar boundary
conditions and similar load (Pw1 ðtÞ ¼ Pw2 ðtÞ ¼ PwðtÞ ¼ P2ðtÞ ¼
P3ðtÞ ¼ 50�sðtÞ ½N�; FextðtÞ ¼ 10�sðtÞ ½N�, where s(t) is the step
function). It is worth noting that given load were chosen
through series of numerical researches (they provide to obtain
physiological changes of muscle fragments lengths).

Numerical model of unipennate muscle model WW
(described in part 2.2) was applied to solve three problems



Fig. 7 – Numerical simulation results of unipennate muscle model WW: A) displacement of muscle points; B) stiffness of
muscle; C) muscle insertion displacement x; D) pennation angle ap.

Fig. 8 – Numerical simulation results of Hill-Zajac unipennate muscle model: A) contractile muscle force Fm; B) force of
contractile element FCE; C) Muscle activation Act.
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of the dynamics task described in part 2.1. Fig. 7 shows results
obtained from numerical solving of the third problem.

Numerical model of Hill-Zajac unipennate muscle model
(described in part 2.4) was applied to solve a dynamics task
formulated in the following problem: input variables are the
muscle insertion displacement x(t), the pennation angle ap(t)
and the external force Fext(t) (there are numerical simulation
results of unipennate muscle model WW); output variables are
the contractile muscle force Fm, force of contractile element FCE
and muscle activation Act. Results obtained from numerical
solving of this problem are shown in Fig. 8.

Numerical model of bipennate muscle model WW (de-
scribed in part 2.5) was applied to solve the third problem of
the dynamics task (described in part 2.1). Chosen results
obtained from numerical solving of the third problem are
shown in Figs. 9 and 10.

Numerical model of unipennate muscle model BZ (de-
scribed in part 2.3) and bipennate muscle model BZ (described



Fig. 9 – Numerical simulation results of bipennate muscle model WW with pennation angles ap1 = ap2 = 158: A) displacement
of left muscle part points; B) stiffness of muscle left and right part; C) displacement of right muscle part points; D) muscle
insertion displacement x.
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in part 2.6) were applied to solve the third problem of the
dynamics task (described in part 2.1). Chosen results obtained
from numerical solving of the third problem are presented in
Figs. 11–13.

To compare the influence of planar arrangement of muscle
fibres the numerical model of fusiform muscle model
published in [26] was applied to solve the third problem of
the dynamics task described in part 2.1. In this case
parameters of long head of triceps brachii muscle published in
[25] were taken into consideration and the angle of pennation
was neglected. Fig. 14 shows chosen results obtained from
numerical solving of the third problem.

4. Concept of experimental verification

To prove models proposed in this paper a concept of
experimental verification was elaborated. According to this
concept, a first step consists in applying a non-invasive image
analysis and a second step consists in performing experiments
by using the prototype of pennate muscle. An image analysis
(US or MRI) allows us to perform static image analysis (for a
single image) and dynamical image analysis (for a multiple
images or a single movie). It is worth noticing that an image
analysis requires that an image has high resolution to
precisely distinguish muscle fibres [26,27]. Single image of
muscle section allows to measure a pennation angle ap, a
muscle diameter d and a muscle length l (Fig. 15). Using
specialized image analysis algorithm, like Hough transforma-
tion, we created own software, which is able to find average
angle of pennation in selected region of medical image. It is
worth noting that Hough transformation method is widely
used for detecting straight lines in images, e.g. in automatic
object orientation or shape recognition [28,29].

The prototype of pennate muscle system was built by using
four artificial pneumatic muscles (Fig. 16). Each artificial
muscle is a McKibben actuator [30] that can produce the same
maximal force, which is independent of the pennation angle.
This prototype allows us to form four initial pennation angles:
98, 148, 188 and 248. Experimental normalized static character-
istics was obtained, i.e. normalized static force as a function
of pennation angle (Fig. 17).

5. Discussion

To analyze results of numerical simulation (researches), three
features were taken into consideration: 1) muscle length and



Fig. 10 – Numerical simulation results of bipennate muscle model WW with pennation angles ap1 = 158 and ap2 = 208: A)
displacement of left muscle part points; B) stiffness of muscle left and right part; C) displacement of right muscle part points;
D) muscle insertion displacement x.

Fig. 11 – Numerical simulation results of unipennate muscle model BZ: A) displacement of the tendon xz and muscle fibre xw;
B) pennation angle ap.
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pennation angle; 2) muscle stiffness; 3); muscle insertion
displacement (Table 2).

Analyzing calculated muscle length and pennation angle,
one can infer that: 1) the length change of fusiform muscle
model WW are 1.73% more than the length change of
unipennate muscle model WW; 2) the length change of left
part of bipennate muscle model WW (with ap1 = 158 and
ap2 = 158) are 1.25% less than the length change of left part of
bipennate muscle model WW (with ap1 = 158 and ap2 = 208); 3)
the length change of right part of bipennate muscle model WW
(with ap1 = 158 and ap2 = 158) are 1.91% more than the length
change of right part of bipennate muscle model WW (with
ap1 = 158 and ap2 = 208); 4) the length change of bipennate
muscle model WW (with ap1 = 158 and ap2 = 158) is 10.53% more
than the length change of unipennate muscle model WW; 5)
the length change of fusiform muscle model WW are 12.08%
more than the length change of unipennate muscle model BZ;
6) the length change of left part of bipennate muscle model BZ
(with a = 158 and b = 158) are 75.48% more than the length
change of left part of bipennate muscle model BZ (with a = 158



Fig. 12 – Numerical simulation results of bipennate muscle model BZ with pennation angles a = b = 158: A) displacement of the
tendon xz and muscle fibre x2 = x3; B) pennation angle a = b.

Fig. 13 – Numerical simulation results of bipennate muscle model BZ with pennation angles a = 158 (left) and b = 208 (right): A)
displacement of the tendon xz and muscle fibre x2; B) pennation angle a; C) displacement of the tendon xz and muscle fibre x3;
D) pennation angle b.
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and b = 208); 7) the length change of right part of bipennate
muscle model BZ (with a = 158 and b = 158) are 9.52% more than
the length change of right part of bipennate muscle model BZ
(with a = 158 and b = 208); 8) the length change of bipennate
muscle model BZ (with a = 158 and b = 158) is 23.53% more than
the length change of unipennate muscle model BZ.

Comparing calculated muscle stiffness, one can see that: 1)
the stiffness of unipennate muscle model WW is 1.064 times
more than stiffness of the fusiform muscle model WW; 2) the
stiffness of unipennate muscle model WW is 1,199 times more
than the stiffness of bipennate muscle model WW (with
ap1 = 158 and ap2 = 158); 3) the stiffness of bipennate muscle
model WW (with ap1 = 158 and ap2 = 158) is more (1,012 for the
left and 0,940 times for the right) than the stiffness of
bipennate muscle model WW (with ap1 = 158 and ap2 = 208);
4) the stiffness of unipennate muscle model BZ is 1,076 times
more than stiffness of the fusiform muscle model WW; 5) the
stiffness of unipennate muscle model BZ is 1,128 times more



Fig. 14 – Numerical simulation results of fusiform muscle model: A) displacement of muscle insertion x = x0; B) stiffness of
muscle; C) displacement of muscle points.
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than the stiffness of bipennate muscle model BZ (with a = 158
and b = 158); 6) the stiffness of bipennate muscle model BZ
(with a = 158 and b = 158) is more (3,210 for the left and 0,897
times for the right) than the stiffness of bipennate muscle
model BZ (with a = 158 and b = 208).

Analyzing muscle insertion displacement, one can see that:
1) muscle insertion displacement of fusiform muscle model
WW is 2.20% less than the muscle insertion displacement of
unipennate muscle model WW; 2) muscle insertion displace-
ment of unipennate muscle model WW is 22.89% less than the
muscle insertion displacement of bipennate muscle model
WW (with ap1 = 158 and ap2 = 158); 3) muscle insertion displace-
ment of bipennate model WW (with ap1 = 158 and ap2 = 158) is
1.25% less than the muscle insertion displacement of
bipennate muscle model WW (with ap1 = 158 and ap2 = 208);
4) muscle insertion displacement of fusiform muscle model
WW is 8.7% more than the muscle insertion displacement of
Fig. 15 – Muscle geometrical parameters in visual analysis:
pennation angle ap, muscle diameter d and muscle length l
[19].

Fig. 16 – A prototype of pennate muscle (a prototype is
composed of four artificial pneumatic muscles) [19].



Table 2 – Numerical examination results calculated for time variable t = 1s.

Model ap(t = 0)
[8]

ap(t = 1s)
[8]

Muscle stiffness (t = 1s)
[N/m]

x (t = 1s)
{xo (t = 1s)}

[m]

Unipennate muscle model WW 15.00 16.92 275.1 0.03952
{0.03800}

Unipennate muscle model BZ 15.54 17.1 278.2 x1 = 0.0353
{xw = 0.034}

Hill-Zajac unipennate muscle model 15.00 16.92 275.1 0.03952
{0.03800}

Bipennate muscle model WW
ap1 = 158 (left), ap2 = 158 (right)

15.00 (left)
15.00 (right)

17.37 (left)
17.37 (right)

229.5 (left)
229.5 (right)

0.04752
{0.04565} (left)
0.04752
{0.04565} (right)

Bipennate muscle model WW
ap1 = 158 (left), ap2 = 208 (right)

15.00 (left)
20.00 (right)

17.41 (left)
23.16 (right)

226.7 (left)
243.0 (right)

0.04812
{0.04622} (left)
0.04812
{0.04476} (right)

Bipennate muscle model BZ
a = ap1 = 158 (left),
b = ap2 = 158 (right)

15.02 (left)
15.02 (right)

17.01 (left)
17.01 (right)

246.7 (left)
246.7 (right)

xz = 0.04460
{x2 = 0.04200} (left)
xz = 0.04460
{x3 = 0.04200} (right)

Bipennate muscle model BZ
a = ap1 = 158 (left),
b = ap2 = 208 (right)

15.02 (left)
19.99 (right)

23.20 (left)
23.93 (right)

76.9 (left)
275.0 (right)

xz = 0.04000
{x2 = 0.01030}(left) xz = 0.04000
{x3 = 0.03800} (right)

Fusiform muscle model* [–] [–] 258.6 0.03867
{0.03867}

* Unipennate muscle model WW with zero pennate angle.

Fig. 17 – Normalized static force as a function of pennation
angle [19].
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unipennate muscle model BZ; 5) muscle insertion displace-
ment of unipennate muscle model BZ is 26.30% less than the
muscle insertion displacement of bipennate muscle model BZ
(with a = 158 and b = 158); 6) muscle insertion displacement of
bipennate model BZ (with a = 158 and b = 158) is 10.31% less
than the muscle insertion displacement of bipennate muscle
model BZ (with a = 158 and b = 208).

Analyzing results of Hill-Zajac unipennate muscle model,
one can see that calculated muscle force Fm i FCE are bigger than
load inputted to each of four proposed rheological models
(unipennate muscle model WW, unipennate muscle model BZ,
bipennate muscle model WW and bipennate muscle model
BZ). Course of calculated muscle activation Act is consistent
with the nervous system acting, i.e. at the beginning of muscle
contraction the activation is a jump function, which is
diminished to constant value.
Results presented in Fig. 17 confirms that greater pennation
angle causes the diminishment of force measured along a long
axis of the muscle (in the case of the same value of muscle
force). This behaviour was also confirmed on the base of
numerical examination results (p.4).

6. Conclusions

The aim of this study was to create mathematical models of
pennate muscle (unipennate muscle and bipennate muscle),
perform numerical researches of proposed models and
elaborate a concept of experimental verification. Proposed
new models (Unipennate muscle model WW, part 2.2;
Unipennate muscle model BZ, part 2.3; Bipennate muscle
model WW, part 2.5; Bipennate muscle model BZ, part 2.6)
were created in the form of rheological models by taking into
consideration that muscle contraction occurs in a two-
dimension space and the arrangement of muscle fibres
influence magnitude of muscle force contraction. According
to the proposed approach, a muscle is treated as a complex
system composed of different mechanical properties frag-
ments. Each passive fragment is modelled as a mass-viscous-
elastic properties structure, thus each active fragment has
additionally a contractile element (force producing element).
New models can be applied to solve dynamic task by inputting
kinematic and/or external/internal force data (p.2.1).

Unipennate muscle model WW and Bipennate muscle
model WW can be applied to model a behaviour of pennate
muscle having two tendon and one belly. On the other hand,
Unipennate muscle model BZ and Bipennate muscle model BZ
can be applied to model a non-linear behaviour of pennate
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muscle having one tendon and one belly. To perform
numerical researches (i.e. to solve chosen system of stiff
differential equations) a proper numerical method should be
also applied.

In the paper was also considered Hill-Zajac unipennate
muscle model (part 2.4), which describes muscle behaviour
from the phenomenological point of view (classical approach
in biomechanics). Results of this model can be used to
comparative study between classical approach and proposed
new one.

At this stage of modelling it was assumed that slow and fast
muscle fibres have identical mechanical properties. That is
why a future study should be performed to detect in what
physiological range of pennate muscle functioning proposed
approach can be applied.

On the base of numerical simulation results, next conclu-
sions were drawn:

1) efficiency of fusiform muscle (it is a quotient the external
force to the contractile muscle force) is more than the
efficiency of unipennate muscle (because a unipennate
muscle works in a plane and a part of its contractile force is
devoted to spatial arrangement of muscle fibres);

2) the efficiency of bipennate muscle is more that the
efficiency of unipennate muscle;

3) to model a behaviour of pennate muscle one should
precisely describe the geometric relations occurring be-
tween pennate muscle fibres (i.e. geometric constrains) and
the force-length relations depended on the time variable
(i.e. dynamics equations of motion).
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