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A weakly nonlinear 2-DOF system, parametrically and externally excited, is studied. An inten-
sive energy transfer between modes of vibrations is discovered. Multiple scales method is used
for recognizing resonances occurring in the system. The amplitude response functions for some
chosen cases of resonances are obtained and studied. Many of the engineering systems can be

investigated in the presented way.
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1. Introduction

The paper concerns nonlinear dynamics of a para-
metric two degree-of-freedom system. Nonlinear
dynamical systems are still of great interest and
widely discussed in literature. Autoparameric exci-
tation may occur in complex systems as a result
of inertial coupling occurring in the equations of
motion e.g. [Starosta & Awrejcewicz, 2009]. The
phenomenon of energy transfer in such systems
between modes of vibration is investigated by many
authors [Sado, 1997; Vakakis & Gendelman, 2001;
Vakakis et al., 2003; Gendelman et al., 2005]. The
analytical study of intensive energy exchange in
strongly nonlinear system of 1-DoF is presented
in [Manevich & Musienko, 2009]. The dynamics
of a highly nonlinear vibration absorber coupled
to a harmonically excited two-degree-of-freedom
system is investigated in [Starosvetsky & Gendel-
man, 2008].
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The parametrical nonlinear systems are
described in [Bajaj et al., 1994]. The effect of
parametric excitation on a three mass system was
studied by [Tondl & Nabergoj, 2004].

In the last decades, asymptotic methods have
been intensively developed and applied to solving
nonlinear problems [Shivamoggi, 2002]. Some appli-
cations of these methods can be found in [Natsiavas,
1992; Awrejcewicz & Starosta, 2010]. Strong nonlin-
ear systems may also be considered in this manner
[Andrianov & Awrejcewicz, 2003].

Dynamical systems containing mathematical or
physical pendulum play a significant role in technol-
ogy. There are many papers investigating various
kinds of pendulum [Tondl & Nabergoj, 2000; Zhu
et al., 2004; Starosta & Awrejcewicz, 2009]. The
chaotic behavior of the spring pendulum is tested
in [Lee & Park, 1997]. Because of the complicated
motion of such systems, much attention is paid
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Fig. 1. Spring pendulum moving on circular path.

to the problems of control and stability [El-Serafi
et al., 2005]. In [Sieber & Krauskopf, 2005; Landry
et al., 2005] the control loop for the inverted pendu-
lum is applied. The control system for the rapidly
forced system of cart and pendulum is discussed in
[Weibel et al., 1997].

Our aim is also to obtain the dynamic analy-
sis of the system with pendulum. In particular, the
pendulum with changing length moving in a cir-
cular path is investigated (Fig. 1). The structure
investigated in the paper can be recognized as a
model of various engineering elements in machines
or can simulate the motion of a floating body. In this
paper, we focus on detecting the resonance condi-
tions and the analysis of the chosen resonance case.
The multiple scale method enables to recognize the
parameters of the system that are dangerous due to
the resonances and allows to illustrate frequency-
amplitude response functions. Resonances of var-
ious kinds i.e. primary, parametric and combined
are studied. All calculations were performed with
the help of the computer algebra system Mathemat-
ica, in which several procedures were elaborated in
order to automatize most of the operations.

2. Formulation of the Problem

We study the planar motion of a spring pendu-
lum whose point of suspension moves with angular
velocity €2 along a fixed circular path of radius R
(Fig. 1). X and ¢ are the generalized co-ordinates.
The moment M(t) = Mjcos(t€2) and the linear
viscous damping moment M, = Bs¢y act around
the point O. The force F(t) = Fycos(tQ1) and the
linear viscous damping F, = B; X act on the mass

m along the pendulum length (B; and By are the
viscous coefficients).
The kinetic energy of the system has the form

T = %(RQ cos(tQ) + X(t) sin(p(t))
+ cos(p(t))(L + X (1) (1))
T %(RQ sin(tQ) — X (¢) cos((t))

+ sin(p(t) (L + X (1)@(1))?, (1)

whereas the potential energy reads

V= g(X(t) + %)2 — mg(R cos(t2)
+ cos(p(t)) (L + X (1)), (2)

where L = Lo + (mg/k) denotes the length of
the statically stretched pendulum at ¢ = 0 (Lg
is length of nonstretched spring), m is its mass, k
denotes stiffness of the spring and ¢ is the Earth’s
acceleration.

The governing equations of the system are as
follows:

B(t) + crd(t) — (14 2(0) (9 (1) + wiz(t)
+wi(1 = cos(p(t))) — Q% cos(tQ — ¢(t))
= f1cos(t€2), (3)
(14 2(8)%3(t) + (co + 2(1 + x()# (1)) (1)
+ w2 sin(p(t))(1 + z(t)) — rQ%(1 + z(t))
x sin(tQ — ¢(t)) = f2cos(t€2), (4)
where = X/L, r=R/L, w?=k/m, wi=g/L, ¢; =
Bi/m,cy = Ba/mL2, fi = Fo/mL, fo = My/mL>.

Equations (3) and (4) should be supplemented
by adequate initial conditions.

3. Solution Method

To solve the governing equations and to obtain the
resonance conditions, the multiple scale method is
applied. Trigonometric functions in Egs. (3) and (4)
can be approximated in the following way

: ~ 1 3
sin g = ¢ — 597,

~ L
coscp:l—icp,



1
sin(tQ — ¢) = sin(tQ) — cos(t€2) — 5(;72 sin(t€2),

1
cos(tQ — ¢) = cos(t82) + sin(tQ2) — 5(;72 cos(t2),

since the motion in a small neighborhood of the
static equilibrium position is considered. The ampli-
tudes of vibrations are assumed to be of order of a
small parameter e, where 0 < ¢ < 1, and hence
T =ET,p = €EP.

The generalized forces, damping coefficients
and radius of the path are assumed in the form:
c = §26i,fi = &3 fi,r = 27,1 = 1,2. The parame-
ters f;, C;, T are of the order of 1.

The functions & and ¢, are sought in the form

k=3
B(tie) = Y " a(To, 1, To) + O("),
=1

(5)

k=3

@(t, 5) = Z€k¢k<Tﬂ7 Tl; TQ) + O<64)’
k=1

where Ty = t, Ty = et and Ty = £°t are various time
scales.

The derivatives with respect to time t are cal-
culated in terms of the new time scales as follows

a_90 0 20

dt 9Ty, OTy oTy’

2 52

— = 2

a2~ oTe  Camon (6)

+ &2 s +2 e O(g3)
oT? ~ ~OTy0Ty '

The definitions in Egs. (5) and (6) transform the
original equations to the set of following ordinary
linear differential equations

(order £')
825[}1 2~ 82¢1 2 ~
a—Tg"i‘wlxl =0, ﬁ‘i‘wﬂpl =0 <7>
(order £2)
0%%y o 1 5.,

— 4+ wiEy =702 cos(Tpf)) — —wa @
1 5 1

-9 62571 + a@l 27
dTy0Ty Ty
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PPy o 2 9~ - 071 ¢y
T2 1 26, = FO2sin(Tp) — _ g g1
8T02 + wipy = Q7 sin(THQ) — wiT191 9T, 9T
_ 0% ¢
— 2[131 5 = 2 .
0T 0T, 0Ty
(8)
(order &%)
82533 2~ ~ ~2 ~ .
W +wiTs = fi COS(Tng) + 7Py SID(QTQ)
0
~2 ~
— wWiP1P2 — 8—5612 — 51%
oT; oTy
051001~ (951\
91 Y¥1 el
2o o T\ an,
N 2&51 Opg | x| D3y
0Ty 0Ty O0TO0T O0T,0Ty’
0’3 2~ = 025
S + wipsg = facos(Tpfa) + 7% sin(TpHS2)
0

— 7F0%P1 cos(ThY) — wiiapy

e PR 0008
22T T 0T, 0Ty
5,001 p0T 00 . 0T 041
Ty 90Ty 9T, 9Ty 9Ty
OB 0p 0005 ) Pa
0Ty 0Ty 0Ty 0Ty~ 9TH0Ts
. ¢ Ppy 0P
— 4z — — T g
OTLOT,  “OTydTy ot
2~ 82 =
L0, 0L gy 02
o1 T
(9)
Solutions of Egs. (7) are as follows:
By = AT 4 Ajem o, (10)
p1 = Al T2 4 ApeiTowz (11)

where A; and Ay are unknown complex functions
of slow time scales.

After eliminating secular terms, we obtain the
following second and third order solutions:
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QA 71 iTOQ~QQ 3 i2Tows 2A2
Wi 222 —wy)  2(4wi —wy)
(12)
ieiTonQ2 eiTO(W1 *”2)w2(2w1 + w2>A1A2

$2 = 2(Q2 — w%) B w1 (w1 + 2ws)

iTo(w1—w2) 2 o A Z
+2 o —wa) iy g
w1 (w1 — 2(4)2)

where C'C stands for the complex conjugates of the
preceding terms.
The third order approximation is given by

ielTo(He2)r0 4,

x p—
P 2(02 — WB)((Q + w2)? — W)
ielTo(2=w2) 504 A,
TR =GB (= wn)? — D)
N eiTo(W1+2w2) (wl — QJQ)(,UQAlA%
4w (2ws + wy)
+eiTO(w1—2w2) (wl + wz)wgz‘hz%
4w 2wy — wy)
L (14)
2(02 —w?) 4+ CC
] ieiTo(Q+w1)F0d A4,
p3 =+

2092 — w) (2 + w1)? — w3)

ieiTO(Q—wl)szlZl
AR (Q—wn)? )

e To(2+w2) 7002 — w? + wd) Ay
2(02 — w)(Q + 2wo)

e To(2=w2) 702 — w? + w3) Ay
2(02 — w})(Q — 2ws)

eiT0(2W1+W2)w2(2w% + 3wiwa + w3) Ap AT
4w? (2w + w1)

n Se3iTO“’2w§A§’
16(w? — 4w3)

e To(2w1=w2) 0 (202 — By wy + wE) A A2
4w? 2wy — wy)

eiToQQ f~2

———-+ CC 15
2AB— ) 9

The functions A; and As can be calculated from

secular terms and initial conditions due to Egs. (3)
and (4).

4. Parametric and External
Resonances

From Egs. (12)-(15), many various resonance cases
can be detected from Egs. (12)-(15). They are
classified into resonances: primary external 2, =
w1, o = wo, parametric = wq,{) = wq, inter-
nal: w; = 2w9, combined: Q@ = +(w; — wy), =
:|:(w1 + UJQ).

It should be noticed that the system behavior is
very complex, especially when the natural frequen-
cies satisfy certain resonance conditions. The para-
metric 0 ~ w; and external wy =~ )9 resonances
appearing simultaneously are discussed below. In
order to study the resonances, we introduce detun-
ing parameters o1 and o9 in the following way

O =wi+e01, Qo =uwsy+eds. (16)

Introducing the resonance conditions [Eq. (16)] into
Egs. (12)—(15) and zeroing secular terms we can
determine the solvability conditions for the tested
case

15 A
—ielelfQZ + 2iwq —3T11 =0, (17)
0A,
2iwg—— =10 18
1w a1, , ( )
241 Ag Agwd (Tw3 — w?
W Ay 4 2172 ;wz( "‘)22 wi)
wi — 4ws
. 0A;  0%A
2iw) — =0 19
+ 2iw T, + o7? ) (19)
L sy 7 | s Ay Ag Agw?(Tw? — 2w3)
_Z Ao —
2e Jo FiCan Az fw% + 4w§
A%Zgwé(w% -+ 8(4}%) . 04y 82142
- wome+ 5 =0
—2wi + 8wiw? oT,  OT?
(20)

Solvability conditions of Egs. (17)-(20) yield
the system of four partial equations from which
we can get the unknown functions Aj(7%,7T3),
Ay(Ty,T,) or, in particular, obtain the frequency
responses for the mentioned resonance cases.

We introduce polar representation for the
complex amplitudes in the following way



a1 (11,1)
Al <T1;T2) — al(%’z)e“ﬁl(ThTQ)’

as(T1,T5)
Ao(Ty, Ty) = weupgm,m’

and the modified phase variables
01(11,T2) = Tio1 — Y1 (11, Tz),
02(T1,T2) = T162 — Y2(T1, Tn).

Taking advantage of Eq. (6); we get an autonomous
modulation system of the form

i%vLa —0 +d—01
da P\ T g

2 2
wi — Twj 9

1,
= — —lajc1 + wzalag

2 4wy (W? — 4wd)

n rQ? 1
2(.«}1

oz (L 402
Yar T\ T2y

- 2) (cosfy +1isinfy),  (21)

2(.«}1

+ ;722(003 02 +isinfs).

(22)

Steady state solution corresponds to zero values
of the derivatives in Egs. (21) and (22). Compari-
son of real and imaginary parts on both sides of
the equations leads to the following set of algebraic

equations

wi — Twj 2 2
T (o7 — a2y Y20d;
4w (wi — 4w3)

. rQ? 1 o1 0
b — — | COS
2(4)1 2(4)1 b

— o141 =

0= 2a101w% + (o1 — 2w1)r(22 sin 61,

2 2

2
— 2 _vasa
4(w%—4w%) 2020

—02a2 =

33 92 2
_ apwy  wi +8wj fa

——cos ¥ 25
16 w?(w? — 4w3) * g U (25)

0 = —waasco + fosin bs.
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Eliminating from Eqs. (23)—(26) 6, and 02 we
obtain frequency response functions:

(i) for parametric resonance

2
w3 (Tw] — wi)aya3
—o1a1 + 5 5
4wy (Wi — 4w3)

2 204
i o R*Q
A2 27

(ii) for external resonance

2 2Y 0 2
wo(wi — Tws)azas

4(w? — 4wd)

2
DAY s £ g

16w? (w? — 4w3) B @’

where a1 and ao are amplitudes of the longitu-
dinal and swing vibrations, respectively.

5. Numerical Results

To illustrate the parametric resonance, we have cho-
sen the following values of the system parameters:
w1 = IO,WQ = 2,7‘ =0.1.

Resonance curves in form amplitude a; versus
detuning parameter oy for some values of the damp-
ing coefficient ¢; are presented in Fig. 2. The influ-
ence of radius r on the resonance curves is given in
Fig. 3.

In the case of external resonance, the follow-
ing values of the system parameters are chosen:
w1 = 15,wy = 6,7 = 0.1.

Amplitudes as versus detuning parameter oo
for chosen values of damping coefficient ¢ and
amplitude fy are presented in Figs. 4 and 5.

It can be seen in Figs. 2 and 3 that the ampli-
tude aq is a function monotonically increasing with
r and decreasing with ¢;. Similarly, the amplitude
as monotonically increases with the excitation fo
and decreases with ¢o. The curves are bent to the
right, giving rise to the jump phenomenon.

The influence of wy on frequency response for
the external resonance is presented in Fig. 6. For
w1 > 2wy, a soft spring effect is observed (curves
are bent to the right). For wj < 2wy a hard spring
effect is observed (curves are bent to the left).
An interesting phenomenon here occurs namely
at critical value of w;=wi., the plot slope is
minimal.
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Fig. 2. Amplitude a; versus detuning parameter for different ¢; (for az = 0.06).
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Fig. 3. Amplitude a; versus detuning parameter for different radius r (for ag = 0.06 and ¢; = 0.2).
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Fig. 4. Amplitude ag versus detuning parameter for different co (for a; = 0.08, fo =1).
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Fig. 5. Amplitude a2 versus detuning parameter for different fo (for a; = 0.08,c2 = 0.1).
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Fig. 7. The plot of the coefficient W, multiplied by ag

in (16), versus wy.

The behavior of the system is associated with

the change of sign of the coefficient
__wi(wf + 8wf)

16w? (w? — 4w3)’

(29)

which is multiplied by a3 in Eq. (28). The variation
of coefficient at a3 versus wy is shown in Fig. 7.

6. Conclusions

The equations of motion for the studied system were
effectively solved using the Multiple Scale Method

0 5 10

Amplitude ag against detuning parameter (effects of natural frequency wy variation).

adopting three time scales. The general solution, till
third order, was achieved. We succeeded in present-
ing them in very concise form. The functions A; and
A, can be calculated from the initial and solvability
conditions.

The frequency response functions, regarding
the stability of the system, are of special interest
in the paper. All resonance cases for the third order
expansion were detected.

Two chosen resonance cases, which occur simul-
taneously, have been discussed, namely: external
(Q2 ~ wy) and parametric (2 ~ wi). The fre-
quency response functions are presented in graphi-
cal form. The nonlinear character of resonance for
swings results from geometrical nonlinearity of the
system. The shape of the resonance curve depends
on the coefficient W [see Eq. (29)]. When W is neg-
ative, then we can observe the resonance suitable
to the “soft” characteristics. Positive value of W
makes the characteristics “hard”.
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