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Homogenization of rods and plates with weakenings

I.V. Andrianov, J. Awrejcewicz *

Institut für Allgemeine Mechanik, RWTH Aachen, Templergraben 64, D-52056, Aachen, Germany

a r t i c l e i n f o

Article history:
Received 11 October 2006
Received in revised form 25 February 2008
Available online 31 March 2008

Keywords:
Homogenization
Rod
Plate
Asymptotic splitting
Elasticity

a b s t r a c t

Rods and plates with weakenings are studied using homogenization approach. For rods,
two limiting cases amenable to asymptotic integration are considered. It is shown, among
other things, that plates with periodic weakenings can be reduced to rods.

� 2008 Elsevier Ltd. All rights reserved.

1. Introduction

Homogenization of rods and plates with weakenings is important from a technical point of view (Sergienko et al., 1991;
Dejneka et al., 1995). Various numerical (Sergienko et al., 1991; Dejneka et al., 1995) and matrix algorithms (Mikhaylov,
1980; Molotkov, 1984) as well as saw-tooth function approaches (Pilipchuk and Starushenko, 1997) are used for homoge-
nization. In the case of a large number of periodic nonhomogeneities, homogenization appears to be very promising, which
has been clearly demonstrated using examples of bending of plates with weakenings (Bogan, 1999; Lewinsky and Telega,
2000). In this work, we consider the homogenization of the plane problem of elasticity for plate with periodic weakenings.
We use asymptotic simplifications of the plane problem of elasticity proposed in Manevitch et al. (1979), Manevitch and Pav-
lenko (1991) and described in Awrejcewicz et al. (1998), Andrianov et al. (2004).

2. Rods with weakenings

We consider longitudinal oscillations of a rod comprised of periodically repeated elements (elementary rods) with differ-
ent characteristics (see Fig. 1). The motions of the elements of the rod are governed by the following equations:

ðEFÞiUi�1�1 � ð�qFÞiUitt ¼ fiðx1; tÞ; i ¼ 1;2; ð1Þ

where Ei are Young’s moduli; Fi are areas of the rod cross-sections; �qi are the densities; fi(x1,t) are the forces acting on the rod
elements; Ui are the displacements, x1 is the spatial coordinate; and t is the time.

The following conjugation conditions of neighborhood elements hold:

U1 ¼ U2; T1 ¼ T2 on the contact; ð2Þ
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where Ti ¼ ðEFÞiUi�1 ; i ¼ 1;2:
We transform the relations (1) and (2) to the following form:

Uixx � qiUitt ¼ uiðx; tÞ; i ¼ 1;2; ð3Þ
U1 ¼ U2; U1x ¼ e1U2 on the contact; ð4Þ

where qi ¼ L2�qi=Ei; ui ¼ L2fiðx; tÞ=Ei; x ¼ x1=L; e1 = (EF)2/(EF)1; and L is the length of the rod.
In what follows we take e = ‘/L, assuming that e << 1 then we apply a multiple-scale method. After introduction of fast

(n = x/e) and slow (x) variables one gets

o

ox
¼ o

ox
þ e�1 o

on
: ð5Þ

A typical periodically repeated cell is shown in Fig. 2. The desired functions are represented by the series

Ui ¼ U0ðx; tÞ þ eai Uð1Þi ðx; n; tÞ þ eaiþ1Uð2Þi ðx; n; tÞ þ . . . ; i ¼ 1;2; ð6Þ

where UðkÞi ðx; n; tÞ ¼ UðkÞi ðx; nþ 1; tÞ; i ¼ 1;2; k ¼ 1;2; . . . ; and the parameters ai will be defined later.
Observe that consider three key parameters e, e1 and l appear in the system. The first of them is small in comparison to

the others and we chose e as the basic one for an order estimation of e1 and l. We introduce parameters b1, b2 and b3 using
the formulas

e1 � eb1 ; ð1� e1Þ � eb2 ; l � eb3 ; ð1� lÞ � eb4 : ð7Þ

A choice of the parameters of asymptotic integrations ai,bk (i = 1,2, k = 1 � 4) is carried out using a routine procedure (Awrej-
cewicz et al., 1998; Andrianov et al., 2004). As a result one obtains two following limiting cases.

Case (a): a1 = a2 = 2, b1 = 0, b2 = 1, b3 = b4 = 0. The choice of the parameters corresponds to elementary rods with approx-
imately similar lengths and similar characteristics.

The dynamics of a cell 0 6 n 6 1 is governed (in the first approximation) by the equation

o2Ui

on2 ¼ AiðUoÞ; i ¼ 1;2; ð8Þ

for n ¼ l Uð1Þ1 ¼ Uð1Þ2 ; ð9Þ
Uð1Þ1n ¼ e1Uð1Þ2n � ð1� e1ÞU0x; ð10Þ
Uð1Þ1 jn¼0 ¼ Uð1Þ2 jn¼1; ð11Þ
Uð1Þ1 jn¼0 ¼ e1Uð1Þ2n jn¼0 � ð1� e1ÞU0x; ð12Þ

where Ai(U0) = ui � U0xx + q1U0tt, and conditions (11) and (12) follow from the periodicity condition (7).
Integrating (8) gives

Uð1Þi ¼ Cð1Þi ðx; tÞ þ Cð2Þi ðx; tÞnþ 0:5Ain
2; i ¼ 1;2: ð13Þ

From Eqs. (9)–(13) one obtains the following homogenized equation

A1lþ e1ð1� lÞA2 ¼ 0: ð14Þ

Fig. 2. A typical periodically repeated cell.

Fig. 1. Rod with weakenings.
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The relations (9)–(12) yield only the difference Cð1Þ1 � Cð1Þ2 , and we can arbitrarily set Cð1Þ2 ¼ 0. The other constants are defined
as follows:

Cð1Þ1 ¼ Cð2Þ2 þ 0:5A2;

Cð2Þ1 ¼ e1ðCð2Þ2 þ A2Þ � ð1� e1ÞU0x;

Cð2Þ2 ¼
A1l2 þ A2ð1þ 2e1l� l2Þ � ð1� e1ÞlU0x

2½lð1� e1Þ � 1� :

ð15Þ

Now we briefly discuss the boundary conditions. Assume, for example, that we have boundary conditions

U ¼ 0 for x ¼ 0;1:

Then for Eq. (14) one obtains

U0 ¼ 0 for x ¼ 0;1:

Case (b): a1 = 3, a2 = 1, b1 = 1, b2 = 0, b3 = 0, b4 = 1. This case corresponds to one of the most important for practice. Namely,
weak short elements separated by long stiff ones are studied (Sergienko et al., 1991; Dejneka et al., 1995).

A solution to the cell problem yields the following homogenized equation:

A1ðU0Þ ¼ 0; ð16Þ

and the ‘fast’ corrector

Uð1Þ2 ¼ U0xð1� nÞ: ð17Þ

Boundary conditions for Eq. (16) may be written as follows:

U0 ¼ 0 for x ¼ 0;1:

3. Plates with weakenings

Now we will deal with plates with periodic weakenings (see Fig. 3).
The complete system of plane orthotropic elasticity equations has the following form:

BðiÞ1 Uix1x1 þ GðiÞUiy1y1
þ ðBðiÞ1 mðiÞ þ GðiÞÞVix1y1

� qiUitt ¼ fiðx1; y1; tÞ;
BðiÞ2 Viy1y1

þ GðiÞVix1x1 þ ðB
ðiÞ
2 mðiÞ þ GðiÞÞUix1y1

� qiV itt ¼ Fiðx1; y1; tÞ; i ¼ 1;2;
ð18Þ

with the associated conjugate relations

U1 ¼ U2; V1 ¼ V2;

Tð1Þx ¼ Tð2Þx ; Tð1Þxy ¼ Tð2Þxy ;
ð19Þ

where

Fig. 3. Plate with periodic weakenings.
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TðiÞx ¼ BðiÞ1 ðUix1 þ mðiÞ1 Viy1
Þ;

TðiÞxy ¼ GðiÞðUiy1
þ Vix1 Þ; i ¼ 1;2:

We will use the asymptotic procedure proposed in Manevitch et al. (1979), Manevitch and Pavlenko (1991) (see Awrejcewicz
et al., 1998; Andrianov et al., 2004). We introduce the following small parameters vi ¼ GðiÞ=BðiÞ1 and we assume
BðiÞ1 � BðiÞ2 ; mðiÞk � v1; i ¼ 1;2; k ¼ 1;2:

After asymptotic splitting in relation to vi, the following Laplace equations and conjugate conditions are obtained:

BðiÞ1 Uix1x1 þ GðiÞUiy1y1
� �qiUitt ¼ fiðx1; y1; tÞ; ð20Þ

U1 ¼ U2; Bð1Þ1 U1x1 ¼ Bð2Þ1 U2x1 on a contact; ð21Þ
BðiÞ2 Viy1y1

þ GðiÞVix1x1 � �qiV itt ¼ Fiðx1; y1; tÞ; ð22Þ
V1 ¼ V2; Gð1ÞV1x1 ¼ Gð2ÞV2x1 on a contact: ð23Þ

Homogenization of the BVP (22) and (23) leads to the following equations:

B2V0y1y1 þ GV0x1x1 � qV0tt ¼ Fiðx1; y1; tÞ; ð24Þ

where

B2 ¼
Bð1Þ2 ‘1 þ Bð2Þ2 ‘2

‘
; G ¼ Gð1Þ‘1 þ Gð2Þ‘2

‘
; q ¼ �q1‘1 þ �q2‘2

‘
; F ¼ F1‘1 þ F2‘2

‘
:

In order to analyze the BVP of (20) and (21) we introduce the following non-dimensional equations:

Uixx þ viUiyy � qiUitt ¼ uiðx; y; tÞ;
U1 ¼ U2; U1x ¼ e1U2x on a contact;

ð25Þ

where qi ¼ �qiL
2=BðiÞ1 ; ui ¼ fiL

2=BðiÞ1 ; x ¼ x1=L; y ¼ y1=L; and e1 ¼ Bð2Þ1 =Bð1Þ1 .
Observe that the BVP (25) is identical to that discussed earlier for a rod. All of the earlier results hold if one supposes

AiðU0Þ ¼ ui � U0xx � viU0yy þ qiU0tt:

For elements with similar stiffness and length the relations (13)–(15) hold, whereas for short and weak components the rela-
tions (16), and (17) are valid.

The boundary layers occurring in the neighborhood of the plate edges y1 = 0,H can be constructed using Kantorovich
(Kantorovich and Krylov, 1958) methods.

References

Andrianov, I.V., Awrejcewicz, J., Manevitch, L.I., 2004. Asymptotical Mechanics of Thin-Walled Structures: A Handbook. Springer-Verlag, Berlin.
Awrejcewicz, J., Andrianov, I.V., Manevitch, L.I., 1998. Asymptotic Approaches in Nonlinear Dynamics: New Trends and Applications. Springer-Verlag, Berlin,

Heidelberg.
Bogan, Yu.A., 1999. Homogenization of orthotropic elastic plate, weakened by periodic hinges of finite rigidity. J. Appl. Mech. Tech. Phys. 40 (3), 168–174.
Dejneka, V.S., Sergienko, I.V., Skopetskii, V.V., 1995. Mathematical Modeling and Solutions of Problems with Discontinuous Parameters. Naukova Dumka,

Kiev (in Russian).
Kantorovich, L.V., Krylov, V.I., 1958. Approximate Methods of Higher Analysis. Noordhoff, Groningen.
Lewinsky, T., Telega, J.J., 2000. Plates, Laminates and Shells. Asymptotic Analysis and Homogenization. World Scientific, River Edge, New York.
Manevitch, L.I., Pavlenko, A.V., 1991, Asymptotic Methods in Micromechanics of Composite Materials. Naukova Dumka, Kiev (in Russian).
Manevitch, L.I., Pavlenko, A.V., Koblik, S.G., 1979. Asymptotic Methods in the Theory of Elasticity of Orthotropic Body. Visha Schkola, Kiev – Donetsk (in

Russian).
Mikhaylov, B.K., 1980. Plates and Shells with Discontinuous Parameters. Leningrad State University, Leningrad (in Russian).
Molotkov, L.A., 1984. Matrix Methods in the Theory of Wave Propagation in Layered Elastic and Liquid Media. Nauka, Leningrad (in Russian).
Pilipchuk, V.N., Starushenko, G.A., 1997. A version of non-smooth transformations for one-dimensional elastic systems with a periodic structure. PMM, J.

Appl. Math. Mech. 61 (2), 267–274.
Sergienko, I.V., Skopetskii, V.V., Dejneka, V.S., 1991. Mathematical Modeling and Research of Processes in Nonhomogeneous Media. Naukova Dumka, Kiev

(in Russian).

I.V. Andrianov, J. Awrejcewicz / Mechanics Research Communications 35 (2008) 372–375 375




