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Asymptotics for Strongly Nonlinear Dynamical Systems

Strongly nonlinear dynamical systems are analysed using a new asymptotic approach. Periodic oscillations of the systems
with a polynomial nonlinearity are considered and a period of strong nonlinear oscillations of the mathematical
pendulum is estimated analytically.

1. Ini;roduction

The first analytical investigations of nonlinear dynamical systems were rather limited to the systems with small
ponlinearities or to those with small dynamical processes [1,2]. However, recent results show that these limitations can
be omitted. A formal perturbation parameter can be introduced as well as the recently developed, so called small
& method can be used [3]. In this paper we precent how the small & method can be used to detect the periodic
oscillations of discrete nonlinear dynamical systems governed by ordinary differential equations.

We consider the homogeneous nonlinear differential equation with the attached initial conditions

i+x"=0, x(0)=1, x(0)=0. (1)
Using the small § method, equation (1) is transformed into the following one
i+x"¥=0. ' 2
Taking into account the following series
! .
() = 1+§ln(x’)+%{ln(f)]z+... 3)

the solution to equation (2) is sought in the form =x= Zc‘i"xn.

n=0
Besides, we introduce a standard change of time following the formula and the introduced parameter @ is defined by
the series
t=t/ow, o'=1+a5+a,5% +... 4)
Substituting the introduced quantities into equation (2) we get (after splitting with respect to &) the following recurrent
system of equations

Bg4+2,=0, x(0)=1, x0)=0 (5)
X, +x ==X l-n(xo)’ —a%,, x(0)=%(0)=0; ®)
%y +x, = =[x, In(x3) + 2x,] - X, [In(xg)]* - @, %, - @, %,,  x,(0) = %,(0)=0; M

From (5) one obtains x, = cost, and from (6) we get

% +x =—costln(cos®t)+a, cost= L. ) (8)
The most natural method of constructing the solution to equation (8) is related to the Fourier series of the first term of
the right-hand side equation in order to cancel the resonance behavior by a proper choice of a,. A condition of secular

terms absence in the final solution may be written as follows:
e e

jL\, costdt = 0, and one obtains a, =1-2In2

: .
Therefore, a period of the solutiori can be defined as follows: T = 27{1+ 5(In 2- 05)].
For n=3(5=1) the above formula yields T = 6.8070, where the exact period value T = 7.4164 (the error exceeds 8%).
The next approximation gives practically the exact value (T'= 7.4111).

2. Mathematical pendulum

We consider the mathematical pendulum governed by the equation with the corresponding boundary conditions

i+sinx=0,x(0)=1, x(0)=0 &)
The quasi-linear approach does not guarantee the required accuracy of the solution to the above boundary value
Problem. Taking into account the following approximations
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. 1 1 1,
mx:x—gx"”+—5-x"”—ﬁx' ¥, (10)

% =1+Jln(x=)+-;—5’ ln’x’+%é"’ In®x%+...,

the equation (9) is transformed into the form

x+x=%sx”—-ﬁl~!n“+%xx”+'. . a1
Therefore, the problem is reduced to the analysis of the equation

£+ olx = 8(x), (12)
where:

o’ =sinl],’

Q(x)zu{ (lnf+ cS[hfF+ é“[!nf]‘+ '.]--w(lnx +—[lnx‘]’+ J'[Inx‘f-:- ]+ (13)

1 1 1
+ﬁ(lnx°+§&!nx°]”+—scﬂhx°]°+---)}-

Taking into account the following classical relations

r=at, a'=1+8a+8 % +..., X=X+ +5x5+..., (14)
the right-hand side of equation (12) can be presented in the form

Q(x) = x,0 In x2 + 8 %,7 (In x3)* + x,@] In x7]+ 8”[x,07(In x3)* + x,0; (n x7)* + x,0 In x7 ]+ ... (15)
where: :

¥ 2 3 3
e b RS 5

The left hand-side of equation (12) reads:

L=(1+a8+a0" + )&, + & +8°%, +0°%,) + 0*(x, + &, +8°x, + 8'x,). an
After splitting with respect to d, the following recurrent set of equations is obtained:

& % +0'x, =xellnx -ai, & %+e'x,=xw;(nx) -Xa - ai, (18)

Above o} =05(sin 1~ cosl) = 0.150584.
The zero order solution has the form x;=coswt. Using the method of avoiding secular terms, one gets

2
= (2 In2-1). For § =1 we get the formula for the period of oscillations T = -—-——[1 e (]n 2-05)].

The next successive approximations can be obtained in a similar way. The zero order approximation gives T'= 6.8 and
this approximation is better than the usually used value of T' = 6.28. In the first order approximation one obtains
practically the exact value of T'= 6.57 (numerically computed "exact” T'= 6.6 and the error is 0.5%).

Therefore, the method of small § can be treated as the adequate one for the approximate integration of equation
(9) which does not include explicitly small parameters.
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