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PARAMETRIC AND SELF-EXCITED VIBRATIONS INDUCED BY
FRICTION IN A SYSTEM WITH THREE DEGREES OF FREEDOM

J. Awrejcewicz*

(Received November 6, 1989)

The paper presents the analysis of a nonlinear parametric system consisting of a rotor with rectangular cross-section placed in
a rigid self-excited base. The parametric unstability zones have been identified on the basis of the method of expanding into a
power series in relation to two perturbation parameters(one connected with parametric excitation, the other with friction
coefficient). The influence of the changes of chosen parameters of the system on the size and shape of the unstability zones of the

first order has been investigated.
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1. INTRODUCTION

Friction induced self-excited vibrations and parametric
vibrations occur in many physical systems and have been in
the focus of interest for a long time in many works concern-
ing vibrations (Stoker, 1950 ; Minorsky, 1962 ; Hayashi, 1964 ;
Cunningham, 1958). Both kinds of vibrations may be consid-
ered as sufficiently known. Howerver, when both excitations
occur simultaneously in one system, the phenomenon is more
complex (see for example, Alifov, Frolov ; 1985), On the
other hand, this case occurs in technology, because e.g. in the
combustion engine, in certain conditions self-excited vibra-
tions of the piston and parametric vibrations of the crank-
shaft can occur. Both self-and parametrically excited vibra-
tions together with forced vibrations are analysed in this
paper. The parametric excitation and the exciting force come
from the rotor with rectangular cross-section, which has in its
middle a cylinder-like mass concentrated eccentrically on it.
The rotor is fixed on a base placed on a belt moving at
constant velocity. At a certain value of the belt velocity and
the frequency of rotor turns, parametric and self-excited
vibrations are created in addition to the forced vibrations.

As the parametric excitation g and the friction coefficient
£ are small in such a system they have been recognized as
perturbation parameters. The methods with one perturbation
parameter used to determine the limits of the stability-loss
zones are widely described in the literature, and their exten-
sive presentation is given by Malkin, 1956 ; Giacaglia, 1972 ;
Iakubovie, Starzinsky, 1972. However, the analytical
approach based on introducing of two independent perturba-
tion parameters is rarely used in mechanics. This paper
presents a general analytical technique for calculating the
limits of stability in the system with self excited and par-
ametric vibrations and develops author's earlier works
(Awrejcewicz, 1986, 1989).

*Technical University, Institute of Technical Mechanics, Spiel-
mannstr, 11, 3300 Braunschweig, West Germany

2. THE ANALYSED SYSTEM AND
EQUATIONS OF MOTION

The diagram of the analysed system is presented in Fig. 1.
A weightless shaft with rectangular cross-section with a
cylinder-like mass concentrated in its center is supported in
the base placed on a belt moving at constant velocity V,, The
friction coefficient between the belt and the base depends on
their relative velocity. The character of this dependence (Fig.
2)causes the creation of self-excited vibrations. The effect is
described in the basic works on nonlinear vibrations. On the
other hand, considering the non-identical cross-section of the
rotor at some values of its rotational speed, parametric
vibrations occur. The vibrations cause the changes of the
normal force holding down the base to the belt in vertical
direction, and hence they cause the changes of the friction
force. It is assumed that the vibration of the rotor does not
cause the tearing of the base off the belt.

The calculation model of the analysed system is presented
in Fig. 3. The equations of motion of the system have the
form:

mi .= — Ewkecos @ — Nukssing
miie=Eukesing — pukscosp+ mg (1)
L @=— Mo+ al — EukecOS @o+ NuwkySingo)

where

Xev Ve . Coordinates of the centre of mas of the cylin-
der,

I : Mass moment of inertia of a cylinder with
mass m in relation to the z” axis of the
0"x"y"z" system moving with translatory
motion in relation to Oxyz

Euillw : Coordinates of the point of puncture by the
shaft in the coordinate system o'éy

o'én : Coordinate system whose axes are parallel to

the main, central inertia axes of the cross
section of the shaft
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Fig. 1 Diagram of the analysed system

Fig. 2 Dependence of the friction coefficient on the relative

velocity
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Fig. 3 Calculation model of the system

ke ke : Shaft rigidities in the direction of the axes &
and 7

M, : Driving torque reduced by all the resistance
torques

a,Po . Parameters characterising the position of the

centre of mass of the disk C in relation to the
point of puncture by the shaft.
For the states near the steady ones the torque M, is very
small. Let

L= mi§ (2)
where i, is the inertia radius, then the third equation of the
Eq. (1) will assume the form

€t5=711-%(—6wkgcosqoo+ TwkzSings) )
5
As the eccentricity a and the shaft deflection £, and 7. are
small as compared to the inertia radius, then the folloving can
be assumed :

¢=0,¢=w=const,p=wt (4)

The following geometric dependences result from the Fig. 3 :

Eu=(xw—x)cOS@P— yuSing
Dw={xw—x)sing+ yucosp

Ye=Vu+acos(¢+ ¢o) (5)
Xe=xuw+asin(g+ ¢,)

where x,,y. are the coordinates of the point of puncture by
the shaft W in the system Oxy.

In order to write down the equations of motion of the mass
M it is necessary to determine the dynamic reactions on the
shaft in its points of support. They are determined from the
equations of equilibrium

Xi+Xe+ Ewr{‘:COGﬂ)f + ??wk'rsiﬂw{ =
Y1+ Ya— Eukesinwt + puka.coswt =0 (6)

where X, Y and X, ¥: denote the support reactions on the
left and right end of the shaft, respectively. The rotor reac-
tions on the supports are then as follows

sz_X|_X2
R=-Y-Y (7

The equation of motion of a body with mass M. on the
assumption that M, + R, >0, has the form

Mi=—kx—cx+ R+ (Me+ R (), (8)

W=Ve— X

The dependence of the friction coefficient on the relative
velocity w can be circumscribed with the polynomial

w=esgnw — aw + Buw? (9)

Finally, the equations of motion of the analysed system, after
assuming that x=x,,xu= x2, v =2x3,have the form:

BH=—nl Q%+ Q2%+ QF+ (28— Q%) cos2wt ]
— Hxy— xo — (QF+ Q5+ — (28— 2)cos2w ]
— x3( 2% — QV)sin2wt +{ g — x( 2 — QDsin2wt +
—xa| — (8 + 25) +(QF — 2Pcos2wi ]
+x:(028 — 2D)sin2wt} + [esin(voex))
—a(vo— #1)+ Blvo— %1)°] (10)
Ha=xi[ Wi+ 0+ (0i— wi)cos2wt]
— x| Wi+ W} (wi— wb)cos2wi ]
+ xa( wi— wd)sin2wt + absin( wt + @,)
ita= —xnwi— wb)sin2wt + x wi— wi)sin2wt
+xsl — (it &f) + (wi— @) - cos2wt]
+aw'cos(wt +po)+ g

. 2 _ k — k( 2 kl?
where : _M"Q‘_QM’ Y TR
_C o ks . ke
H= MY 0 Y

3. TRANSFORMATION OF THE
EQUATIONS OF MOTION TO THE
MAIN COORDINATES

Let us introduce the following denotations

R=k+ 0 HB=0F- 2%
wi=wit o} di=wi—wh x=% : ﬁ=‘§- : H=upH,

, acosg,=puP . (1)
asing,=pQ | pG=g
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0 _ B ke ky

where 1= r =07 = ket kr

After accounting for (11) in the equation system(10), it
will assume the form

is the perturbation parameter.

¥i= _X1.QZ_XI-Q|2(3+IJC052&J.{)— ,EIH.’I'J,

+ 22881+ pcos2wt ) + x: 2 usin2 wt

+ gl g — 22828 usin2wt + 1 Qi psin2wt

+ 3081 — pcos2wt)] » [sgnlve— %1)

—xlvo— #1)+ plve— 1)) :
¥o=—xiw}(1 + pcos2wt) — xzwi(1+ pcos2wt)

+ sl usin2wt + p( Psinwt + Qcoswt ) w? (12)
¥a= —nolpsinot + xoipsin2wt

— xsw}(1 — pcos2wt ) + p( Pcoswt — Qsinwt)w* + G

When introducing g=&=0 into the equation system(12),
we obtain a homgeneous linear differential equation system

14 0( Q9+ QF) — 2P =0
J‘c‘g+aﬁ(x:—x|)=0 (13)
¥+ w"{xa=0

When assuming the solution of (13)in the form x,= A.cospt,
=123, we find the following frequencies

pf.zz-é-[.eﬁg,u /(0 O+ a f,;ﬁf:—mzwe} (14)
p§=w?

Let us introduce the main coordinates &,, for which at p=
=0 disjugation of the linear part of the first two equations
of the system(1?) will occur. Let us now multiply these
equations by & and &, respectively, and add the sides. The
result will be

08+ x0(Q2+ Q08— Qs+ Kb+ xaaiés
—xiwi&= pl — x1Qfcos2wté — Hi %1 &
+ Exe82fcos2wt — Erxaldsin2wt
+ &xwicos2wt — Exxewicos2wt
+ Exswisin2wt + @’ & Psinwt + Qcoswt)]
+e&i[g — xR psin2wt + x:27(1 — pcos2wt)
+ 01 Qfpsin2wt] « [sgn(veo— %1)— x(ve— %))
+p(ve— %1 (15)

By denoting

(Q*+ QD& — Wie=£66" (16)
— Qe+ Wir= 66 .

we find
(2% + Q098 — wia=0 (17)

- e+ (0i—0)6=0

In order for Eq. (17) to be fulfilled for £ and & different from
zero, the following dependence must occur

2+ 0-6"  —of
L2 -

=0 (18)

Thence

@=p and @=p3

Let £, =¢', and &= £, be denoted for @,= p,- From the second
equation of the system (16) we find

Ea=né" (19)
where

_
NE
Making use of the dependences(16) and (19), the Eq. (15)
is transformed to the form

i+ xpt+ Een+xpin=ulxpincos2wt
— Hy%1— pinrecos2wt + pinassin2 ot
+ na¥( Psinwt + Qcoswt )]+ e[ g — xRF usin2 wt
+ x30Q8(1 — pcos2wt ) + 1,2 psinZ2wt ]
« [sgn(vo— #1) —x(vo— #1) + Blvo— %1)°] (20)

Analogously, for @;= P, the following are denoted ; £, =£",
and &=_£";, while

&= 1é" (21
where :
bé =_2_er
: (b‘l_ﬁz

Taking (16) and(21) into account in (15), the equation
will assume the form

F1+apit Lot xerph= ,u[xn 729%0052@!
—Hixi—x2 YZPZECGSZ wt + xarzp%SinZw!
+ va*( Psinwt + Qcoswt )]+ el g — 2228 psin2 wt

+ 13281 — pcos2wt ) + 1, Qfsin2wt |

- [sgn(vo— 1) — x(ve— %1)

+ plve— %1)°] (22)
Let us denote

n=x+nx
y2=x1+ y2x2 (23)

The reverse dependences can be determined from the Eq. (23)

0n=pFy— ey (24)
x2= (31— y2)

where :

—_ 1 __n __1
=l
Let us additionally assume that x;=ys,
Taking (23)and (24)into account in (22), (20)and (12) we
shall obtain the following differential equation system

vt iy = pl pin( By — Beye)cos2wt
_Hl(.gl_\;’t_ﬁz_\;’z) "ﬁ?’lw * (}"1 _J’Z)COGZGJ:‘
+ pinvssin2wt + o n( Psinwt + Qcoswt))
+elg— pQtd(y1— yo)sin2wt + u Qi (B
— Bay2)sin2wt + QFys(1 — pcos2wt))
[Sgn(vg—ﬁl ﬂl‘i‘,@z}h)‘x(vo—ﬁzﬁl
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+ B va)+ P(i"o_i?u}'l"'ﬁzj}z)a] .
Vio+ phve= pl pra( Brvi — Fay)cos2wt
—Hi(Bry1— Bey2)+ ﬂ%?’!'.l'—"(}’l — va)cos2wt
+ prayssin2ot + o’ v Psinwt + Qcoswt )]
+elg— pR2 (3 — yo)sin2awt + QX By
— Baya)sin2wt + QP ys(1— pcos2wt)][sgnl( v,
—BiyitBeye)—x(ve— Biy1+ B ¥a)
+ p(vo—Biy1+ Bay2)?] (29)
Fist+ piys=pl — P By — Beyz)sin2wt
+ P33 — y2)sin2wt + piyscos2wt
+ w*( Pcoswt — Qsinwt )+ G]

After introducing the dimensionless time r=w¢, we obtain

it An=platr(ey—eya)cosic
—AH(By 1 — }92}"2)+3??’1}'35in25
+ y(Psint+ Qcos )] + e[ g + 2 (e131 — €232)sin27

+Qfys(1— pcos2r)] - [%%Sgn(vo—ﬁxwy’u-ﬁzwy’z)
+ —.J..f.(xl.v'o—&y'ﬁﬂzy'z)
+ wp(ﬁ:v'o—ﬁ1y'1+ﬁzy'z)3] '

o+ Aye=p[ 27131 — &2y2)cos27
—AHA 1y 1— Bey'2) + r2Adyssin2r
+ v Psint+ Qcos )] + e[ g + uR2f(e1v1 — e2y2)sin2r

2
+ Qfys(1— pcos2r)] - {%:{Sgn( vo— Pray1— Bewy’2)

+ A2 x_z(Az U”o - ng_‘w”I + S?}"2)

+ wplA2v”o— Biv'1+ Bey'2)? (2
§is + Adya=p[ — Alei — exy)sin2r

+ A yscos2r+ Peost+ Qsinr+ 3G

where :

yi= B =t =123
ex=PB— k=12

= =&
Xr Dr
A G .o _Hi. ., _Ve. » _Uo. g _H
G——pg'.H1——“—p1 .vo—p] .vo—pz.Hz S

4. ZONES OF UNSTABILITY OF THE
FIRST ORDER

The procedure of solving the equation system (26) consists
in assuming two perturbation parameters x and e connected
with parameter excitation and friction, respectively.

The sought periodic solutions of y;(7) are presented in the
form of a double power series :

vl 0)= W88+ pydi + P83+
+ (Vi3 + pyi + F i3+ ) + (27)

where : yi,,k1=0,1,2,-- must fulfill the condition of per-
iodicity. Periodic solutions are only possible for certain
values of the parameters A? presented in the form of analo-
gous series :

f{i'! =n*+ pea + #2do.z+ st E(G‘I.DJ" Ha
+ i@t )+ (28)

where : a1 £,1=0,1,2--- are the unknown coefficients, which
are determined from the condition of periodicity, avoiding in

the solution terms unrestrictedly growing in time. For the
resonance of the first order »*=1 we shall determine the
parametric unstability zones, for which the frequency of
parameter modulation fulfills, consecutively, the dependences
w=prw=prand o= p.. In the series (27)and (28) for w=p
and w=p. we shall limit our considerations to the first
powers of the small parameters ¢ and e. On the other hand.
for @=ps we shall limit ourselves in the calculations to the
second approximation. In all the three cases we shall assume
that sgn(v,— fiwy’1 — Bzwy’z) =1
Let

=124
A= vhAf (29)

where :

3

V= n

Vg ==

.1 p’

and let us assume that 1., and 14, are not integers.
Let us first consider the case @ = p, assuming that

yi3(r)=¥i3(r)=0 (30)

The assumption is accounted for by a weak conjugation of
the Eq.(26) for e<1 and <. For u=g=0 we shall obtain
a disjugate system of three linear differential equations. For
the resonance coordinate y{*, the magnitude of oscillation of
the other two main coordinates should be of the order of the
small parameters g and e.

Let us substitute the series (27) and (28) in the differential
Eq.(26) taking into consideration the dependences (29) and
(30) and the expansion

A.§l+p%+s%+w (31)
After equating to zero the coefficients at the same powers ¢
and p, we obtain a system of recurrent differential equations
Y+ vi8=0
Y88+ y8= — oyl — —gxivh
+ g8y 68+ gwp(vh)® — 3gwo(vh) Biy'68
+3gwpvsBi(y8i) + gwpBi(y64)* |
S = — 0o 7iervd
cos2r— Hpy' 8+ nPsint + nQcost ;
YR+ iy =g vi./ Pigvi. iav”s
+ graa LBy 0+ gwpvdi(v7e)?
+3gwpvi(v"0) Byt
+3gwpva v oSy 51)?
+ gwpl (v’ . (32)
V' @B+ v = yavdaerybidcos2t
— v 2By’ 88+ . Psint
+nQcost ;¥ i+ vy =0
VUl = — vl evbdsin2r
+ Peost— Qsint+ 14, G

Assuming the solution of the first eugation of the system (32)
in the form

vid= awcost+ bisinr (33)
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we obtain the following from the second equation

il =2 gk gun()
-‘-%gmpv’oﬁ?( at+ b))+ cos [ — anpas
_ ;2 3 313
+g7Bb —3gwo(v' )2 Bib— 4 gwpBi by

+%gcup8fb.a¥+sin r[—aoby

—ghifha+3gwo(v’s) fa
+%g¢ur02913 bia +%gwpg913a?]

*%gwﬁu'oﬁf(bf —a})cos2rt
+3gwev’ Bfa bisin2r +cos3z| - %gajpﬂfb?
+%gwp£?b.a¥]

+sin3r(— —_i—gwpﬁ?a? + %gwpﬁ?bfm)

J. Awrejcewicz

(34)

From the condition of periodicity we obtain two algebraic

equations

—aoai +{gx16 —3gwe(v o)} B —%gwpﬁ?A?)bl =0

- {gx_l.)g:l - 38500(0'0)2)'9: - %)gwp}??Af)al - Q‘L,ubl =0 (35)

where
Al=at+ bt

For the non-zero @, and 4, the following relation must occur

2718~ 3gwp(v'sf B~ > gwofi AT |
=0
(2718 —3gwpl 0} B~ gwpBL AT - aig

dho+ (871~ 3800008~ gwpBI AT =0

The only real solution of (37) is

=10
A]z - z_ — 3{t)e§ t»"a)2

%mpﬁ‘i‘

~

The following function is the solution of (34)

= —f;i‘— gnv ot gwo(v’s)+ -g—gwpu'oB:’A'i‘

+ %gwpv’oﬂi"( b — al)ecos2r

+ gwov’ offa bisin2r +(%g{uﬂﬁ’?b'
+%gwp.8?b.a¥) - cos3r+ (-él.-z-gwp

Blal— %gw.oﬁ?bfal)sin:ir

(36)

(37)

(38)

(39)

The solution omits the general integral of the homogeneous

equation by associating it to v§4,
When substituting (33)in the fourth and sixth equation of
the equation system(32), after transformations, we obtain

y

B2yl = y@..—fg — g Tars

+ gwpg.u(v"a)°+%Uz,ugwpv"gB1’A?
+Cos T|: Ver@F b —3gwpri,

(v"a) Bk +%gwp£;"Ai‘b1] +sin r[ —UagT:Pin
+3gwoui (v”o) i

+—i‘gmpﬁ’?A12m] +%w‘1gwpvé’

(bt — ab)cos2r + 3vaagwovsfiaib

sin2r+(—%gmpﬁ?b?+%gmpﬁ.’bla?)
casSr+(—%gcup fa?+%gmp8? fa:)sinr (40)
VB uiE=0 (41)

The following functions are the paraticular solutions of the
above equations :

and

y

3= fg—fzt"'o +gwpvei (v o)

3 P |
iy SOV BAT T
(V218728 — 3gwerdi(v" o) Ay

3 gwoBt Al brcost+—
4 v —1

[—veagibriar+3gwpri(v"0)?
31—'2.1

Bia+ %g@pﬁ?zﬁfm]s i]’lf+m

gmpv”oﬁfm bsin2r+ _uzzll_—

g
(—Lewostat+3 gwosibiat)cosse (12)
w_ll_ 2 %gwoﬁ?a? +%gwpﬁ$bfm) sin3r
Yo=0 (43)

By means of substituting (39) in the third equation of the
system (32), we shall obtain

Yoat ¥ =(—a.m +%n£1a. -HBb+nQ)

CDGF‘*‘(_O&:bI_%?‘l&ﬁ+ﬁ|.816|+ nP) (44)

sinr+%ns.mcu$3r +%7.slblsin3r

We shall avoid terms unrestrictedly growing in time in its
solution if the following equations are fulfilled :

f(.u:.r%hel)m + glﬁ|b1: ne

~ HBiar+(aos + 5 ne)bi=nP (45)

For the case of P=g), after transformations, we obtain the
following from (45)
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.y —
5 - f.
o[ Bpe Lpa-max [y el 2maLoe,
(46)
The particular solution of (44) is
il = ——rle.(alcos3r+ bisin3z) (47)

Taking (33) into consideration in the fifth and seventh
equation of the system (32) we find the particular solutions

i =- rl_—(luime]az —vaaFhpibr + TzQ)COS T
Vza 1\2

+T,_i}T1( ——;'vzz.i ree1by

_ ‘ ,
+ v prar+ o P)sinr+ 55 L
2(vi1—9)

2
W}L—‘ 26 _psin3r

= G*ﬂl—l(-‘z—me]wa)coer
+‘1T1(2D‘3|E1a1 Q}Smr m (49)

b1cos3r+mals1n3r

We have thus determined the particular terms of the series
(27) and (28), limiting the calcuations to the first approxima-
tion.

Let us now concentrate on the analysis of the case of

w=p.. The solutions will be sought, as has been done
previously, in the form of the series (27) and (28) for ;/=2.
From (28) we obtain

aycos3r+

=1+ %o+ u Bt 60

Let us deonte that

Ii:z = Vrz.zjzz

A= .08 (51)
where v, =J§—;
b

Vsz—

and 1, and 14, are not in\tegers.
Analogously to (30), we have

wi(r)=yi3=0 (52)

Substituting (27) in (26), with (50), (51) and (52) taken
into account, after equating to zero the coefficients at the
same powers of x and &, we obtain

Y+ iyl = ‘% —giviao—giie
Bey 8+ gwovix(v'o)* +3gwpferis
(vl y' 3+ 3gwov 2B o ¥y §3)

+ gwoBi(y' )

v+ vl = — yifzeyifcos2r + v

H By @+ B Psint + nQcosrt ;

V=0

P2y L 02) 12
Lo

VioT Vo= — toVod ™ _I%_HXN o

— gxefey B+ gwe(v o)’ + 3gwo(” o B2y i
+3gwpev” of5 (v 58 + gwoB(y i) (33)
Y+ Wil = — a8 — rae298cos2r
+ Ha323'88+ v2Psint + y2Qcost
Y+ viay8=0
VR Vvl = Ve viisin2r + Peost
—Qsint+ 14,6

After substituting the following in the fourth equation of the
system (53)

W4 = a.cosT+ hesinr (54)
and using the trigonometric relations, we obtain
v+ iR = % ~ g7 o+ gwplv”s)
3 " -
t5 gwp(v” )i as+ b3) ~ (— moaz— g728:b2
" 3
+3gw,0(1' o}zﬁ1bl+T£ﬂJpﬁgb§

+ %gwpﬁ% baad)cost + (— e obs

+gTfear—3gwo(v” o) feaz

+3 gwopibia, > gwoBiad)sine

+ %gwm: " oBH(bi— ad)cost

+3gwpr” ofiazbesinet + -%—

(b2 —3ad) gwofS3 bacos3t

+-i—(a§—3b§)gwp£§azsin3r (55)

From the condition of periodocity of the solution we get

— oz +( — 2T+ 38000V B
+-§-gmp3m§)b2=e
(gfzﬁ? 3gwev a}zﬁz-—gwpﬁmz)

—thob:=10 156

where Af=ql= b}

For the non-zero g, and b the main determinant of the
equation system (56) must equal zero. From this condition we
obtain

ao=0
A3= Ka=30p(v"0) (57)
%wpé’%

The particular solution of the Eq.(55)is
vi= %— g2t o+ gwp(v” o)+ g—gmpv"oﬁzzAé’

—%gwpv"oﬁ%(bg— a3) + cos2r

+ gwov” ofia:besin2t + %(3&% — b3) gwpBibs
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cos3r*——{3b§ ai)gwpFiasinidt (58)

Making use of (54)in the first and sixth equation of the
system (53) we obtain their particular integrals

}'f.'tfz'ff—gf]v'n+gwpv1.z(v'o)3
1

2» So—gwpv' o A3 A

( gXival+ 3gwpﬁzlf1z(!)o)
f%gwpﬁgAg)f»CDSr+vin;—_l

(H)’J Vzfe—3gwpBaviav o)
+%Hmpﬂef’lz)az‘;1nr+ 2(5’3 )gmpﬁz

L,

vo( b5 — az)cm2r+-( ?-_' )gwpﬁ’zv otzbz

. Loz o 2 g0OBE
sin2r + 4(:’)z 3a3) V2,9
3
bacos3t+ (a3 — 363) BLPEE i3z (59)
4 viz—9
and
vi3=0 (60)
The substitution of (34)in the fifth equation of the system
(53) gives
i+ v _( a2 — %J’z&zﬂz‘*’ H>Babs + Ir'zQ)

C05f+(—m,.bz+‘2—yzezbz_ﬁzﬁzaz+ ;YzP) (61)

1 .
sint+— TzEzazCUS3r_7}’zEzb23m3r

The following is obtained from the condition of periodicity
after transformations and after assuming that P=¢Q

a.a+ ’ﬁl(Hz.& 1 —riet— Z?’g)

2

(H}:2 1 T252)2 ; }’352‘%

- 2y§32ﬁ2%§(1¥332— 7262)=0 (62)
Thence
&y, = ) ‘_
i - mge (o) s el amp e,
(63)

The particular integer of the Eq.(61) is the following

83 =B (axc0837 + businz) (64)

On the other hand, after substituting(54)in the second and
seventh equation of (53), we shall find the particular solutions

)’{S” ':?121_*1( _%bl.z)'lf?a!‘f" Ug‘zﬁ1ﬂsz'+ )’IO)

COST+57 =7 1 l(lu.zr|£zbz—u|z

H Baz+n P)Sin r+ - 2_1"1!2_&;)

(via-

azcosar—%%% busin3t (65)

}'éa’_G"‘;}TI( 2 Viagzby+ P)cosr
+;ﬁ( é Vi2€2a2— Q)smr

—e—)(vja 2€2 p,cos3t

- 2&’::2 gy assin3z (66)

Finally, let us consider the case of = p,. Periodic solutions
are possible for particular value of the parameter A,

Mo

3 =1+ e 5 +,u—ag" + g

2
L LTI (67)

Let us denote that

visat (68)

and v5 and 1,3 on assumption are not integers. Similarly
to the previous considerations, assuming that

¥88(7)=y63(r)=0 (69)

we obtain the following recurrent differential equation
system from the equation system (26)

Y+ vayil= (g*ﬁ”yﬁl)[%f—

—vhiniv'o+ won (v’ o}aj|

Y+ syl =n U1,sy531i‘sin2 t+ n(Psint+ Qcosr)
v+ vt = — vhsae i+ (g + 28 iY)
[%f visiaot ot — maii(— By
+ Bey i+ Bey B+ wovts
( U'o)z(% viavot Bly'{f&)]
+QE v [Til;-— Vst o+ wpuisl v'o)a:[
Y81 Rayll= — sanastl+ v e

— s:y&.f)cos2r+ visHL(BiyvdY

= By 8+ visni( @01 63 + vi¥)sin2z

Y+ 1yl = — vis(@ayid+ aoyid)
+visn(ayid—efd) - cos2r
- ifl.sHi(ﬁl.V 1'& .823" (12&) + lflz.a)’l(dl.o}&s.sd’ + y{?J)sian

+(g+ Q.’y&*d)[ggg’- — vl s
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— v — B8+ Bayid) + wpLfs

(v'o)(viav’ og'*"**ﬁl,v £

+ By 81+ (8 + yicos2r)

(El——yfsfuu’o+ wm-ﬁ’a(v’a)’)I (70)

y i avili=(g + Qv

— Vs F20" o+ wpvia(v” o)s] .

YR+ v3sy8l = 1vhayi¥sin2c + ro( Psinr + Qcost) |
R+ 3= — Vamovid+ (g + 28v63)

[%1_ V20" otnot+ — vz Za(— Biy'td
+ By 1B) + wprds(v”o)

(%'”—u: 0”0+ — Byl + Boy i )]

Q| Ly aEan’ s+ w0t
Y&+ sy = — visaoa i3+ vdama
(€198 — £296)cos2t+ vas Ha( iy}
— By B+ vhara aoav83 + yi)sin2z
YR+ vy = — vha(aoayi3
+aovi) + arleyt+ eai?)
c0s27— v o iy’ 18— B23i%)
+ V%s}’z(m oy&d +J’ 30’)311’12?
+(g+28vi3) -
- vz.a.'{zm:.w a— b’z.sxz
(— By B+ Boy'E)+ wprs(v”o )
(mv oo T BRI Bzy’ﬁ’ji)]
+ QH(yé+ — ylicos2r)
[EL_ VisZav" o+ wpvg.s(b‘"o)s}
Y+ ¥3=0
y”ﬁ?% + }’}3 == an.nyé.ad
Y+ v = — . yi3+ v63
cos2t+ Pcost— Qsint+ G
v+ vl = — aovi% — anoyé?
Y3+ Y3 = — 01 8 — 02368
— eydisin2r + e:visin2r
+ @, yé8cos2r + vi¥
cos2r+anG
Y+ v = — a1s88 — aoyld
~ oy — el — e losin2r
+ @ yiicos2r + yilicos2t + an. G
YR+ vl = — aasél — anoyfd
—ao v — eyilisin2r + e2y13
sin27+ aoyidcos2z + yiicos2r
+E‘1.06

After substituting
V8= ascost+ bsinr (71)
in the twelfth equation of the system (70) we get

¥ 8+ yi3= — aolascost + bssinz) (72)

For the non-zero g; and b: the following results from the
codition of periodicity

ao=0 (73)

Thence

=0 (74)

Making use of (71) in the first and sixth equation of the
system (70), we shall obtain their particular solutions

= +—r—-(asco$r-b:¢3mr)}

[
via
|: I —v13x1v0+wpv1 A 0)3] (79)
¥ii= [—ég;+—z——“'(ascosr+a‘hsmr)j|
[L;zz_ ViaF20" o+ wovaly’ n)3:| (76)

After substituting (71) in the thirteenth equation of the
system (70), we have

VA =G+ (- ﬂ‘n.]ﬂa*'%da“’P)COSf

+(— amba——-bs Q)qmr+,)(a3cos3r+bﬁm'3r)

(77
The condition of periodicity gives
P
n_
aé.l = + as

~Q (78)

1
2

The particular solution of this equation is the following :

Wi=G —Tlﬁ-(aacossr+ bisindz) (79)

When substituting (71) in the second and seventh equation
of the system (70), we obtain their particular integrals :

ys-nﬁu(mw)w

dl (m Ih!,zZl
I/13 a!_‘—P)S"-”-—f 2(via—9)
(assin3r— bxcos.? ) (80)

"——L—i y” 3 ot Q)cosr

2
2 &1 : Vasys
A=) ‘“*P)S"‘“ 3259

(@ssin3r — bscos3t) (81)

After substituting (71) and (73) in the fourteenth equation
of the system (70), we obtain the following from the condi-
tion of the existance of periodic solutions

ﬂ%,a=0 (82)
Analogously, taking (71), (79), (80), (81) into account in the

fifteenth equation of the system (70), we shall obtain equa-
tions which, after transformations, will assume the from

_newdsfvia—1, 1
afy =115 \ )

2 a9
MRS
3 vi.zsil ) (83)
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2
y2E2via | 11 )
Ty (y%.s—l A1
_ 1_ (2 1 _Q_( &1n 2 )
a 32 3(1»‘13"‘1) '7(1/23 1) (84)

The following algebraic equation system will be obtained
from the condition of periodicity of the solutions of the
equation system (70) after substituting (71), (74), (75),
(76) and (79) in its sixteenth equation:

E:C;.Q] Ea(z.Ql —
—adi— 2(1/' _l}ba 9(1; _Uba—”
B 6 = I

l)as—l} (85)

where :
vi;
a= bzl__lv’:ax:l/o wevislv'e)
. Uz,i7 Fl ( L )3
2= ﬁ v;sxzb o T WEYE\U o

From the condition of a non-zero solution of the equation
system (85) in relation to @, and bs;, we obtain

(0,20 — -Ql &2 £10) i|
al |: (!-r‘ea—l via—1 ) (86)

The coefficients of the sought series (67) are determined by
the expressions (73), (78), (83), (84) and (86).

5. CALCULATION EXAMPLES

The analytically obtained diagrams of parametric un-
stability zones are presented below in order to illustrate the
influence of particular parameters of the system on their
magnitude and position. The physical parameters of the
system are given in the form in which they occur in the
differential Eq.(12).

Figures 4, 5 present the influence of unbalance xP, damp-
ing (#H,), and the shape of friction characteristic(@/5) on
the magnitude of the parametric unstability zones for p, and
p2, for the following data: 2°=900s°2, 02=480s2 wi=
4800s™*, g=pG=9,81ms % w=0,4ms "', £=0,2, On the
basis of (14), p,=73,32s"' $,=28,35s"", and ps=69,285* have
been obtained. The adequate coefficients assume the form
n=0.833, 7=0.12, £=0,126,"8=—0.674 £,=1,176, &,=
0,376. The other quantities chavacterising the system have
been marked in the figures(while a/8=a/p).

The parametric unstability zones presented in Figs. 4(for p,)
and 5(for p;) expand with the increase of unbalance uP,
while, depending on the value of the quotient a/ 8, this tenden-
cy can have different intensity. In the case of a/8=0,5m%?
the doubling of unbalance has caused the expansion of the
unstability to double for zones for p, as well as for p,, For
a/B=1m’s*the increase a tripling of unbalance brings about
a comparatively small expansion of the unstability zones for
1, while for p, the expan sion is still almost doubled. In the
case of large unbalance of the rotor, the changes of the
quotient ¢/8 do not influence the maguitude of the parametric
unstability zones. The influence of damping on the magnitude

]
x ﬁ_:f_@__ ::‘P-gucr'ﬁ-.

1 .»J,E‘:P"Q—'I / UN‘xZOS

prAle W

os:

L a1 o) 2 a3 &
A

D=0 H'P’DJ o

2 M= 108 pa P21 107°m

0 o 02 a3 A

¢
Fig. 4 Unstability zones for p,

of the unstability zones corresponding to the frequencies p,
and p. is also very different. Small damping (xH,=0,05s7")
causes considerable shift of the zone for p, in the direction of
the growing value of modulation depth u(z>0,15). In the
case of double increase of damping the zone will not occur for
#=0.3.

The magnitude and position of the unstability zones for p,
are not so sensitive to the changes of the damping coefficient.
In the case of xH,=10s"'the proper zone of frequency p,
exists for 2(,034. After a doubled increase of damping, when
pH,=20s"", the lower border of the occurence of the zone is
shifled to the value of x=0,07,

The parametric unstability zones for p, are presented in
Fig. 6. The magnitude of the zones depends on the initial
conditions of the system’s motion. The diagrams have been
prepared on the assumption that @;=#:=0,01m where a;= v,
(0), bs=y3(0). The calculations, in the case of the resonan-
ce coordinate y,;, have been performed with an exactitude up
to the second approximation, thence the inclination of the
unstability zones in the direction of the growing values of the
parameter A{. For the first approximation, the zones remain
symmetrical in relation to the straight line Af=1. As in the
cases considered aboves the increase of unbalance consider-
ably expands the unstability zone. The changes of the value
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Fig. 6 Unstability zones for ps(a/8=0, 5m%2 a/8=0,65m" 2,
a/f=1m’s™?)

of the quotient @/8 and damping have a negligible influence
on the magnitude of the zone. Fig. 7 presents the parametric
unstability zones for various values of the parameters Q% @
and «? For the zones denoted by 1 we get Q°=14400s%,
Q8=19205"% @}=19200s"2; for the zones denoted by 2 we
have 2?=3600s"%, Qf=480s"% w}{=4800s7? and for the zones
denoted by 3 27=900s72, Qf=120s"%, wi=1200s"%, In all
the cases the magnitudes of the other parameters are as
follows: pH,=10s"', &=0.2, @/8=0,5m* % vo=0,4ms™",

o7

0 - of o 02 0w
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L —_— —— e B .
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0 o1 g 92

Fig. 7 Influence of the parameter changes on the unstability

Fig. 8
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Influence of the belt velocity changes v, on the unstability
zones for:a/m ., b/ p.



166 J. Awrejcewicz

pP=0,0015m.

As results from the Fig. 7(a),(b) the growth of the squares
of frequencies Q? Q? o (resulting from the increase of rigidity
of the elastic elements in the system, or from the decrease of
the values of masses) causes that the unstability zones for p,
and p, expand. For example, the increase of the par-
ameters Q2, QF, and @} by four times brings about an
approximately doubled expansion of the zones. The un-
stability zone for p; is not influenced by the frequency
changes in the system(Fig. 7i¢)).

Figure 8(a),(b) presents the influence of the velocity
changes of the belt y, on the magnitude of the unstability
zones for p, and p,. Calculations have been performed for the
data denoted by 1, except for the velocity v, whose value has
been changed. In each case the velocity increase of the belt
causes the expansion of the unstability zones. For #,<0,3ms
-1 these changes ae less evident. The influence of the velocity
changes u, on the parametric unstability zone for p; is
practically negligible.

6. CONCLUDING REMARKS

The paper presents the analysis of a discrete mechanical
system with three degrees of freedom, where self excited
vibrations caused by friction, as well as parametric and
forced vibrations occur. The system of ordinary differential
equations governing the motion of the analysed system is
nonlinear of the six order. The periodicity of the coefficients
in the linear section of the equation of motion results from
non-identical moments of inertia of the shaft cross section of
the rotor constituting part of the analysed system. The non-
linearity is introduced into the equations of motion by friction
between the belt and the rigid mass element where the rotor
is placed. Moreover, it is increased by the normal reaction
changes between the belt and the rotor base resulting from
the rotor vibrations. External excitation in the form of a
periodic function of time is also introduced into the system;
the excitation is the effect of the unbalance of the rotor.

The analysis performed makes it possible to present the
following conclusions:

(1) The method of seeking a solution as the power series of
two pertuibation parameters x and ¢ used in the considera-
tions makes it possible to investigate the single resonances of
any order for the systems with weak nonlinearity and weakly
modulated (x<1),

When performing calculations with an exactitude up to the
second approximation, it turns out that the limits of un-
stability zones incline in the direction of the growing values
of the parameter A2(Fig. 6). For the first approximation, the
limits remain symmetrical in relation to the straight line Aj=
1.

(2) The parametic unstability zones for p: and p» expand with
the increase of the rotor unbalance. Depending on the value of
the quotient a/p, this tendency has different intensity. In the
case of o/8=0,5 m?*~?% a double increase of inbalance has
brought about a considerable expansion of the unstability
zones, for p, as well as for p,. For ¢/ 8=1 m?s~? the unbalance
which causes a rather small expansion of the unstability
zones for p,, while for p, the expansion is still almost double.
In the case of lack of the rotor unbalance the changes of the
quotient ¢/ do not influence the magnitude of the par-

ametric unstability zones. The influence of damping on the
magnitude of the unstability zones corresponding to p, and p,
is also very different. Minimum damping (z H,=0,05 s7")
causes considerable shift of the zone for p. in the direction of
the growing values of modulation depth (¢ H,=0,15 s7').
The magnitude and position of the unstability zones for p, are
not so sensitive to the damping coefficient changes. The
regularities indicated here are the more clear, the greater is
the dif-freence between the values of frequency p, and p. (ie.
for p,»p.). The increase of unbalance also produces a
considerable expansion of the unstability zone for ps:

however the changes of the parameter and of damping have
no essential influence on the magnitude of the zone.

The growth of the frequency squares Q% QF and of
causes the expansion of the unmstability zones for p, and p..
The parametric unstability zone for the frequency p; is not
sensitive to the frequency changes in the system.

In the case of the belt velocity increase u,, the unstability
zones for p, and p, are expanded. This property is noticea-
ble within the range of great velocities(z,>0,3ms™'). The
influence of the velocity changes », on the parametric un-
stability zone for p; is practically negligible.

(3) For the frequencies p: and p:, the position of unstability
zone limits does not depend in the first approximation on the
initial conditions of the system's motion. The magnitude of
the unstability zone limits for p; depends on them.
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