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Summary. A typical Celtic stone (also known as wobblestone or rattleback) is usually a semi-ellipsoidal solid (or another kind of 
similar rigid body with smoothly curved oblong lower surface) with a special mass distribution. The present work deals with 
modelling and experimental verification of a celt rotating and rolling on plane surface, where different versions of simplified model 
of contact forces are applied and tested. The considered contact models base on the Padé approximations and their modifications, and 
take into account coupled dry friction force and torque, as well as rolling resistance. The results of the work give some practical 
guesses of the most essential elements of contact modelling in numerical simulations of the Celtic stone. 

 
Introduction 

 
There are many examples of mechanical systems (billiard ball, little top, Celtic stone), where assumption of the point 
contact and independence between friction force and torque may lead  to incorrect results. The rolling friction can also 
play an important role in such systems. A possible, but computationally expensive approach,  is to solve the full problem 
of contact by performing the discretization in space. One can find in the literature some attempts to develop approximate 
models of resulting friction force and torque, as well as rolling resistance for finite area contacts, adequate for relatively 
fast numerical simulations of rigid bodies. Zhuravlev [1] proposed the Padé approximations as convenient functions for 
approximate modelling of friction forces in the case of fully developed sliding over circular contact zone with Hertz 
stress distribution, where Coulomb friction law is valid. Another approach to the same kind of contact with Coulomb 
friction and circular symmetry of contact pressure, is presented in the work [2], where the Taylor expansion of the 
velocity pseudo potential was used to approximate the resulting friction force and torque. A significant development of 
the results of Zhuravlev [1] is presented in the work [3], where generalizations and modifications of friction models 
based on Padé approximants were proposed, additionally applied in the case of elliptic contact and coupled with rolling 
friction. The rolling resistance was modelled as result of special distortion of initial contact stress distribution, being a 
”stretched” circularly symmetric function.  
A mechanical system, which realistic numerical simulation may depend strongly on elements of the above described 
models of contact forces, is the Celtic stone, also known as wobblestone or rattleback. It is a semi-ellipsoidal solid (or 
another kind of rigid body with smoothly curved oblong lower surface) with special mass distribution and spectacular 
dynamical properties. Most celts lying on a flat horizontal surface possess their “preffered” direction of rotation about 
the vertical axis.  
In the present work the models proposed in the paper [3] are firstly applied in the Celtic stone modelling and numerical 
simulations and then verified experimentally. 
  

Mathematical modelling 
 
The Celtic stone dynamics is governed by differential-algebraic equations which are supplemented with the friction and 
rolling resistance model. The non-dimensional friction model is built by the use of the following modifications of Padé 
approximants [3] 
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 ,       where  
ssysx MTTf ,, ,              (1) 

where Tsx and Tsy are components of friction force along the axes x and y, parallel to the major and minor semi-axis of 
the elliptic contact, correspondingly, and Ms is dry friction moment. The symbol vs denotes the linear sliding velocity in 
the centre of the contact, ωs is angular velocity of sliding, while φs is angle between the axis x and velocity vs. The 
functions ))sgn(),sgn(,(,, sssifif vaa 

 
depend on the contact pressure distribution, nf defines the order of the 

approximation, while bf and mf are constant parameters. For mf =1 one obtains the Padé approximations. The rolling 
resistance is modelled by linear distortion of the initial contact pressure distribution, which is assumed to be “squeezed” 
circularly symmetric function. 

Experimental verification 
 
Fig. 1 exhibits the experimental rig of the celt (a) and the exemplary frames from the experimental movie (b) and the 
corresponding computer animation (c, d).  The base for the celt is made of rubber plate, so the stone is absolutely rigid 
and plane is defornable. The position of the celt is measured by observation of three points P1, P2 and P3, using the 
thermovision video camera situated above the table. Fig.2 presents numerical simulations compared with one of the 
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experimental solutions (a) and values of the objective function for different versions of the contact model (b), where φ is 
intrinsic rotation.  The objective function Fa is defined as average square of deviation between the corresponding co-
ordinates of the points P1, P2 and P3, obtained from simulation and experiment. The function Fa is minimized during the 
estimation of the parameters. There were tested some versions Xi of the contact model, where i=0 denotes no coupling 
between the friction force and torque, i=1,2 correspond to the friction approximations (1) with nf=1 and nf=3, 
correspondingly. In the models Ai the full versions of approximations (1) are used (with exception of the model A0) and 
full model of rolling resistance is assumed, where resistance torque is proportional to the size of the contact along the 
instant direction  of relative movement of the contact centre over the deformable plate. In models B it is assumed mf=1. 
Models C make an assumption of circular contact area in friction models, but with orthotropic rolling resistance kept. In 
models D we neglect the coupling between rolling resistance and friction force and torque, since the normal stress in 
friction model distribution is not distorted, but the rolling resistance model is preserved. In the models E the contact area 
is circular and rolling resistance is isotropic. 

 
 (a)             (b)      (c)        (d) 
Figure 1. The experimental model of the Celtic stone (a) and the exemplary frames from the experimental movie (b) and 

the corresponding computer animation (c, d). 
 

  
(a)                                                                                                           (b) 
Figure 2. Numerical simulations compared with one of experimental solutions (a) and values of the objective function 

for different versions of the contact model (b). 
 

Conclusions 
 

In the present project the approximate friction and rolling resistance models, developed in the work [3], were applied to 
the Celtic stone modeling and simulation. The experimental verification of the series of different versions of the models 
allowed to formulate the practical guidelines of the most important elements of the contact modeling in numerical 
simulations of the Celtic stone. In particular, the following elements of the modeling of typical dynamics of the celt are 
essential: coupling between friction force and torque and orthotropy of rolling resistance related to the elliptic shape of 
contact.  
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