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Abstract: In this work a Duffing type self-excited oscillator with dry friction and
harmonically driven is analyzed. Two Mielnikov’s criterions associated with
decomposition of two homoclinic orbits occurred in the non-perturbed system are
formulated. The obtained analytical results are in agreement with the earlier
numerical investigations.

1. Introduction

The considered system has been already studied in references [1, 2], where using the
Mielnikov’s method [4] the fundamental relations defining one Melnikov’s function and one
homoclinic chaos threshold for mechanical systems with dry friction have been formulated. The
numerical investigations of the studied system have been reported in [3], where the analytical results
given in references [1, 2] have been confirmed for a certain set of parameters. Furthermore, the
numerical results reported in reference [3] indicate a possibility of generation of a second homoclinic
bifurcation, which appears for very small values of of the exciting amplitude. We are aimed to derive

analytical conditions for numerically discovered additional homoclinic bifurcation.

2. Analyzed system
We consider harmonically driven self-excited Duffing oscillator shown in Fig. 1.

Its dynamics is governed by the following equation
X —ax +bx® = 5(;/cosa)t —ox-T ()'(—V*)) ,
where the friction force is defined in the following way

T(X-v.)=Tysgn(%-V,)—a(x-v.)+ B(x-v.)" .



Fig. 1. Scheme of the investigated system with dry friction

For € =0 one gets the following autonomous system

X—ax+bx’=0. e))

Equilibria of this system are yielded by the relation

bx; —ax, =0.

There are three equilibrium positions: X, =0 and X, = i\/a/_b . The first is saddle, whereas
two others are centers. The system (1) possesses the constant value of full energy of the form

X ax* bx* C

s
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where C is constant. Phase trajectory reads

4
, bx

X=%+,/C+ax’ ——.
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The following homoclinic trajectory is associated with saddle (for C=0)

2
xzix,/a—bi,
2

and a solution to this differential equation follows

X, (t)= i\/zbzsech(\/at) . 2)

Its differentiation yields
X, (t)= ia\/%sech(x/at)tgh(\/gt) . 3)

Formulas (2) and (3) define the parametric equations of two homoclinic orbits (Xo(t), X, (t))

associated with the saddle type equilibrium. The Mielnikov [4] function is defined in the following

way



M (1) = ] o0 eoso(t1,) - 03,0~ Tysen(i (1) -v) +

+a (% (t)-v.) - B(%, (t)—v*)3]} dt,

and after some transformations one obtains

)

M (t) = [ [k (t)coso(t+1,) =Tk ()sen (% (1)~ v.) +

—o0

= B (1) + 3BV () + (@ = 38w = 8¢ (1) + v (B2 — ) % (1) ot

Using (2) for the sign “+” and (3) for the sign “-” one gets
M, (t)=l+L+ 1+, +1+1,

where:

I, = —;/a\/%T sech(\/at)tgh(\/gt)cosa)(t +t, )dt,

1 =T0a\/%]s sech(\/gt)tgh(\/gt)sgn()'(o (1) —v*)dt ,

I :_4€’2a4 'Tsech“(x/gt)tgh“(x/gt)dt ,

-0

l,=-3 (é] pra T sech® (x/at)tgh3 (Jat)dt ,

—0

I, = ZaZ(a—zﬁvf—d) T sech? (\/gt)tghz (\/Et)dt ,

I, = —v,ﬁ(,Bv,f2 —a)a\/gT sech(x/at)tgh(x/gt)dt .

Relation | | is defined in the following way
L=l +1,,

where:

I, = —ya\/%cos ot T sech(\/gt)tgh(x/gt)cos otdt ,

l,= ;/a\/%sin wtoj;sech(\/at)tgh(\/gt)sin wtdt .

“4)

®)



In order to compute |,, observe that hyperbolic secans and cosinus are even functions, whereas

a hyperbolic tangens is an odd function. Therfore their product is an odd function, and its integral

from —oo to o0 is 1, =0.
On the other hand |, , including the integral with the same limits as earlier, can be found from

integral tables, and one gets

| —ﬂayw\/gsinwt sech[ﬂJ
12 b 0 2\/5 :

Substituting obtained in the above relations to (5) one gets

2 7w
|, = rayw,|—sinwt, sech| — |. 6

Before computing |, some necessary relations will be derived. Consider first the following
relation

X, (t), X <V
t

)'(O(t)sgn()'(o(t)—v*)—{ 5 (1),

Xy >V,
which defines the under integral function depended on the parameter V. . Note that the under integral

expression sign change occurs when a velocity of mass m is equal to the belt velocity V. . Using (3)

one gets
=3, (1) =52, 2 seen (Jat) e V).

After some transformations one obtaines

bv! _
2a’

X =X+ 0, 7

where the following relation has been applied
x =sech*/at

Equation (7) is a second order polynomial with the determinant A = (a2 - 2bv? ) / a’ responsible

V*

for its roots number For A<O0; (

(

> a/ \/Zb) it has no real roots. If one assumes that A>0;

V.

< a/ J2b ) , then equation (7) has two following solutions

1 1 bv?
2 =Ty~ 7
2 4 2a

Therefore one obtains

X




2
sech+/at, , :1/li4/l— bv*2 ,
’ 2 4 2a

1 1 /1 bv?
t, =—=arcsechy|——,[———,
Ja V2 V4 2a ©
t —Larcsech l+ l—b—vf
> Ja V2 V4 2a

Observe that computation of integral |2 depends on the determinant A . First we consider

®)

and

A < 0. Recall that in this case equation (7) does not have real roots. Since the under integral
function is odd, hence

= —Toa\/%T sech (+/at ) tgh (Vat Jdt = 0.

In the second case, i.e. for A>0 one obtains

1, :Toa\/g“. sech(\/at)tgh(\/gt)dt —Tsech(x/gt)tgh(\/gt)dt + Tsech(\/gt)tgh(\/gt)dt R

and after integration

l,= —TO\/tha[sech(\/gt) - sech(\/gt)
_2T0\/2—E(sech (\/atl ) —sech (JEtZ ))

Taking into account (9) one obtains

2a |1 |1 bvi |1 1 bV
Sy \/2+\/4_2a2 _\/2_

4 2a

D1
-0

- +sech (\/Et)

Is

E3
Tox

Finally, the earlier considerations yield

2 2
2T, 2a \/1+ l_bv*z —\/1— 1_bv for v,
- Vb (V2 V4 2a

2 2

, (10)
0

On the other hand, the integral |3 reads



o

s

- ‘;Zz (6 + cosh(2\/at))sech2 (x/gt)tgh5 (\/Et)

—o0

and hence
16a%/3
l,=— . 11
P 35p? (1

Furthermore
(12)

l,=1,=0,

4
because one should compute an integral of the odd function in the limits from — 00 to 0O. Integral

of | 5 reads

o

i

I, = 23%7(05 —3pV2 —5)tgh3(\/gt)

—0

and hence
(13)

|5=43—f(a—3ﬂv3—5).

Substituting relations (6), (10), (11), (12) and (13) to (4) one obtains

2 . 7w 16aﬂ 4a}
M+(to):;zaya)\/;sma)tosech(%/aj 3507 3b( a-3pv; 5)

2a| |1 1 bv? 1 1 bv? a

2T, — = TS for v, <—
+ b 2 4 2a 2 4 2a V2b
a

0 for v,>—

\2b

Stable and unstable manifolds intersection condition has the following form

2 b0} 16a/3 4a}
Ww(sech(sz 355 E( a-3pv; - )

20 (1 1 bv? 1 bv? a
2=z Fal7 == —[=~ for v, <—
ab| 2 4 2a 2 4 22 \2b

a

0 for v,>—
2b

Now we are going to compute the Mielnikov function defined by (2) for the sign “+” and (3) for

the sign“-". In this case one gets
(14)

Mf(to):—ll—I2+I3—I4+I5—I6.



Substituting relations (6), (10), (11), (12) and (13) to (14) one obtains

2. 7w 16aﬂ 4a’
M_(to):—ﬂa}/w\/;smwtosech(z\/gj 3507 3b( a-3pv; 5)

2al (1 1 bvy (1 |1 bv a
M=+~ =~ —== | for v.<—
~ b{V2 V4 2a 2 V4 2a J2b
a

0 for v.>—

\2b

Second condition of stable and unstable manifolds intersection follows
2 b0} 16&12 p 4a°
w,|—sech + a-3pv -
”7\[ (2\/—} 35h? 3b( pui o)+

20 /1 |1 bv? 1 1 bv? a
2T0 = — == PR | by o 5 for V, < —
B 2 V4 222 \2 V4 2a J2b

ab

for v, > _a
2b

The obtained so far Mielnikov’s criterions can be summanted in the following way

2 b0} 16a/3 4a}
Ww(sech(ZIJ 355 E( a-3pvi - )

201 11 (1 bv2 1 (1 bv? a
2T ==t~ == for v, <—
ab|V2 V4 2a 2 V4 2a J2b

a

(15)

Fig. 2 shows thresholds of chaos in the ( y,v*) plane obtained from relation (15) for a=b=1

T,, a=0.1, =02, 6=0.15, w=1.
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Fig. 2. Thresholds of chaos in the (y,v.) plane

fora=b=1,T,, a=0.1, #=02, §=0.15, o=1.



3. Conclusions

Application of the Melnikov’s method to discontinuous self-excited Duffing oscillator harmonically
driven and taking into account two homoclinic orbits allowed to get two different analytical criterions
for chaos occurrence associated with destruction of two homoclinic orbits in the system without
pertutrbation. The obtained results are in full agreement with the results obtained in reference [3] for

relatively small belt velocities V, .
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