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Abstract. This paper proposes an approach for analyzing the free vibrations of
sandwich shallow shells with an auxetic core exhibiting a negative Poisson’s ratio.
The face sheets are made of functionally graded materials (FGMs). The method
allows to consider the panels with arbitrary planform geometries. The shell is
assumed to be resting on a Pasternak elastic foundation. Mathematical formu-
lation is based on the first order shear deformation theory (FSDT). The core’s
unit cell is modeled with a hexagonal configuration, and established analytical
relations are used to determine its material properties. Power law distribution is
applied to characterize the effective properties of the FGM face sheets. To address
shells with arbitrary planforms, the R-functions theory is integrated with the vari-
ational Ritz method. The accuracy and efficiency of the proposed methodology
are demonstrated through comparison with existing results as well as new results
obtained for auxetic shells of complex geometries.

Keywords: arbitrary shape - R-functions theory - sandwich shallow shells with
auxetic core - FGM - first order shear deformation theory - elastic foundation

1 Introduction

Sandwich structures are widely recognized in engineering due to their ability to combine
lightweight characteristics with high stiffness and strength. The performance of sand-
wich structures is highly influenced by the choice of materials for both face sheets and the
core. Face sheets can include functionally graded materials (FGMs), which are attrac-
tive for different applications. In recent years auxetic honeycomb core materials have
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gained significant attention due to their negative Poisson’s ratio, which leads to effec-
tive energy absorption, impact resistance, and enhanced strength capacity compared to
conventional core architectures. This class of materials is deformed in a counterintuitive
manner, becoming thicker perpendicular to an applied stretch, making them ideal for
advanced core designs in highly productive sandwich structures. Note that such struc-
tures can serve as protective armor, reducing overall weight while improving acoustic
insulation, thermal resistance, and impact mitigation against collisions or shock waves
from explosions [7]. Extensive studies have been explored the modeling and perfor-
mance of sandwich panels within the frameworks of classical plate theory (CPT), first
order shear deformation theory (FSDT), and higher-order shear deformation theories
(HSDT). A recent comprehensive review [1] has highlighted the progress in research on
sandwich structures with auxetic cores. That work offers an in-depth discussion of design
strategies, classifications of auxetic geometries, and material choices for both the core
and the face sheets. A wide range of studies has been focused on problems such as static
bending, buckling loads, dynamic response plates, and both linear and nonlinear vibra-
tions [2—14]. Free vibration analyses of auxetic plates were presented in [2—4], while
works [5-8] examined auxetic sandwich plates resting on elastic foundations. Further
investigations [9-11] were addressed the vibration behavior of FGM shells with auxetic
cores. The questions of the design of doubly curved sandwich panels with honeycomb
cores were considered in [12, 13].

Although significant progress has been made in the study of sandwich structures
with FGM face sheets and auxetic cores, relatively little attention has been devoted
to shallow sandwich shells with complex planforms. To address this gap, the present
work introduces a semi-analytical approach based on the variational Ritz method in
combination with the R-functions theory [14, 15].

2 Mathematical Model for Vibration Analysis of Sandwich Panels
with Auxetic Core on Elastic Foundation Using FSDT

The study focuses on sandwich shallow shells (panels) with an auxetic honeycomb
core and FGM face sheets supported by an elastic foundation (Fig. 1). The three-layer
configuration includes a core of thickness 4, = hy — h1 and two FGM face sheets placed
on the top (T) and bottom (B), each with thickness /. The total shell thickness 4 is
defined by h = 2hy + h.. Planform can take complex shapes with different boundary
conditions. The effective properties of the FGM sheets, made of ceramic and metal, vary
along the thickness following a power law function.

EV () = (Ec — Ex))VY + Ep, pV2) = (pc — p)VP + p, i =T, B, (1)

where
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X

Fig. 1. Sandwich FGM shallow shell with honeycomb core

In formulas (1) and (2) z represents the distance from the current point to the midsur-
face of the shell, while z = /1 and z = h; correspond to the bottom and top surfaces of the
core layer, respectively. The index p (0 < p < 00) denotes the ceramic volume fraction
exponent, which is related to the metal volume fraction V,, by expression V. 4+ V,, = 1.
The subscripts ¢ and m stand for “ceramic” and “metal,” respectively, E,;, E. and p,,, p¢
denote the Young’s modulus and mass density of the constituent materials.

Suppose that unit cell of an auxetic honeycomb core has form of the hexagonal shown
in Fig. 1. Geometrical parameters d, / define length of the horizontal and inclined sides
respectively, parameter ¢ defines thickness of hexagonal rib and parameter 6 corresponds
to inclined angle of the rib. Then core’s material properties for negative 6 are adopted
from [11]:
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b cosefeoo + (it + )] T nETEE
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where E, G are modulus of elasticity and shear, p is a mass density of original core
material. By FSDT the strain components {¢} = {e11, €22, 812}T for moderately large
deformations can be expressed as {¢} = {8(0)} + z{x}, where

T
{eO = {uo.c +wo/Re, v +wo/Ry, oy +vo .

T uoy %)

{x}= {‘/fx,x’ Wy,y 1;/’x,y + 1;/’y,x} , €13 = Yy +wox — IT’ £23 = 1//y +wo,y — R_’
X y

4)

here (ug, vo, wo) denote displacements of a point at the mid-plane to x, y, z directions,
Yy, ¥y are rotation angles of the transverse normal in yz and xz planes respectively,
Ry, Ry are radii of principal curvatures in x and y directions.
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Note that we consider shallow shells of small curvature, the equations of which are
described by quadratic functions that do not contain the product xy. In this case, the
curvatures are constant. Thus, it is approximately assumed that the intrinsic geometry
of the middle surface does not differ from the Euclidean geometry of the plane. The
principal directions of curvature do not change and coincide with the directions of the
Ox and Oy-axes. The expressions for the in-plane force resultants N = (N11, Noa, N )7,
bending moment resultants M = (M1, My, M 12)T and transverse shear force resultants
0= (Qx, Qy) can be written in matrix form as:

[N} = [Al{e} + [Bl{x}, (M}=I[Bl{e}+[Dl{x}, (Q} = [D““O} { o13 } (5)

0Dss | | €23
Ayp A O Byy Bip 0 Dyy Dy O
[Al=1| Aip A O |, [Bl=| Bi2 B»n 0 |,[Dl=| D12 Dx» O
0 0 Aes 0 0 Bes 0 0 D¢

Note that elements A;;, Bjj, Djj, (i,j = 1,2, 6) of the matrices [A], [B] and [D] in
relations (5) are calculated by formulas:

h
(4.8 03) = "y 0 (1.2, 2+ 100 (1.5, 2)de 75, 0P (1,22

(6)
Elements D;; (i,j = 4,5) are defined as.

h
h B h C 3 T
D;j = K2 (f_l,; 07 dz + [12 0 dz + [} O )dz),

where K? is a shear correction factor (it is assumed to be K> = 5/6 in the work). Values
QI(JB D and Q(C) (i,j =11,22,12, 66, 44, 55) are defined by the following expressions:

ED(z) ED(z)

0 _ o) _ ) _ A o) _ o) _ o) _ ,
’ — 0, 1 = T, B, 7
011 =0x» 2 015 =v011, Ogs = Oys = Os5 =30+ (7)
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0l — E 010 — Ey° 0! vy B 019 — O
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12 21 12 21 12 21

©) _ O 5O _ O
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Here £ (z), v, are effective Young’s modulus, Poisson’s ratio of the corresponding
FGM layers (i = T, B). For core (C) values E(C) E(C) fg), g), Gg), Gg), Gig) are
calculated by formulas (3).

The governing equations of the sandwich shallow shells with auxetic core are

obtained by applying Hamilton’s principle [11]:

0 . y
Nijx +Nizy + R—x = loitg + 11V,
X
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0 .. "
Nizx + Ny + R—y = lovo + 11y,
y

Nit N»p S .
Oy x + Qy,y - R_x - R_y — kywwo + kaZWO = lpvwo, (3

Myix + Mo,y — Oy = Liig + Ly,

Mz + M, — Oy = Lo + Ly,

where cofactors Iy, 1, I> in system (8) are defined as:

h
h hy 2

(o, 1, )= [ p<B)<1,z, zz)dz +/ p(c)(l,z, z2>dz +/ ,o(T)(l, z,12>dz.
_h hy hy

2

Here p) (r = B, C, T) is a mass density of the r-th layer for bottom (B), top (T), and
for auxetic core (C), k,,, kp are the parameters of elastic foundations.

3 Solution Method

To analyze the linear vibrations of FGM shallow shells with arbitrary planforms and
various boundary conditions, the variational Ritz method is used. Assuming that the
shell vibrations are harmonic, the problem can be formulated in variational form, which
reduces to finding the stationary point of the following functional:

T =U(u, v, w, Yo, Yy) + Vew) — 22T (u, v, w, ¥re, ), )

where A is a natural frequency, U, T and V, are strain, kinetic and potential energies,
which are defined by the expressions:

0 0 0
U=/q (an}l) +N228§2) +N12€§2) + My xi1 +Maxo +Miaxia + Oxe13 + Qy823)d§2,

1 2 —>\2
Ve =5 Ja( ko + k (Vo) )ae,

T = fo(Io (1§ +v§ +wd) + 11 (vato + wyvo) + o (W + vf) )ase.

Despite the effectiveness of the Ritz method as a tool for solving vibration problems
of plates and shells, a key challenge arises when dealing with complex geometries and
varied boundary conditions connected with the construction of admissible functions.
This difficulty can be addressed using the R-functions theory [14, 15], which allows
sequences of admissible functions to be systematically constructed for arbitrary geome-
tries and boundary conditions. Importantly, these functions exactly satisfy the necessary
prescribed boundary conditions. Consequently, the solution can be expressed in analyt-
ical form, representing a significant advantage of the R-functions method (RFM) over
conventional numerical approaches.
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Suppose  that  admissible  functions  {u;}, {vi}, {wi}, {¥xi}, {1//y,-} have

been constructed. Then according to the Ritz method, unknown functions
u(x,y), v(x,y), w(x,y), ¥x(x,y), ¥y(x, y) are presented as follows:

N1 N3
Ny
u = ajuj, v = apvi, w = a;wj
El ili, E i=N+1 Vi, E iWi,
=

i=N>+1
Ny Ns
wx - Zi=N3+l aiwxi, "//y - Zi=N4+1 ai‘Wyi- (10)
Coefficients of expansion {a;} i = 1,2, ..., N5 in (10) are solution of the Ritz system:
o

—=0,i=1,2, ..., Ns.
da;

4 Results and Discussion

4.1 Shells of Rectangular Shape of Plan

Problem 1. Sandwich plates as well as cylindrical, spherical, and hyperbolic
paraboloidal panels with auxetic core are examined. Each structure has a square plan-
form with sides of length a = b = 2m and thickness # = 0.1m [11]. The shell edges are
assumed to be simply supported and movable. The structural configuration includes two
FGM face sheets composed of A//Al>O3 and an auxetic honeycomb core layer made of
Al. The material properties of the FGM mixture constituents are:

Al : E = 69GPa, p = 2700kg /m, v = 0.33;

AL O3 : E =380GPa, p = 3800kg/m, v = 0.33.

Table 1 shows fundamental frequencies computed by the approach proposed (RFM)
and using Navier’s form for analytical solution from work [11]. Comparison is carried
out for shallow shells with the following parameters: # = 0,1m,a = b = 20h, n; = ‘7’ =

2,3 = % = 0.013857, Z—; =2, angle § = —559 and different values p = 0.5, 1, 5, 10.

Problem 2. The second comparison was done for an auxetic honeycomb core sandwich
square plate with isotropic face sheets (Al) and the same material of the core layer, but in
this case the plate is resting on elastic foundation (k,, = 0.1kN /m>, kp = 0.05kN /m),
inclined angle 6 and ratio n; = % vary. Comparison of results (Table 2) is presented
for two works: [5], where authors used FEM and FSDT, and [8], where researchers
employed HSDT theory and solved the problem analytically using the Navier solution.
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Table 1. Comparison of fundamental frequencies (Hz) for auxetic sandwich shallow shells with
square planform

R, (m) Ry (m) Method |p=0.5 p=1 p=>5 p=10 Pure metal
0 0 [11] 288.580 | 273.369 |217,785 |194.966 |155.052
RFM 288.554 273345 217.744 | 194919 |154.933
00 10 [11] 296.045 | 280.085 |222.851 199.673 | 159.411
RFM 296.013 | 280.056 [222.803 |199.618 | 159.348
10 10 [11] 319.520 | 301.356 |239.022 |214.613 |173.206
RFM 319.476 | 301.321 |238.967 | 214.550 | 173.047
-10 10 [11] 286.209 | 271.122 |215992 |193.363 | 153.781
RFM 286.183 | 271.095 215950 |193.314 |153.663

Table 2. Comparison of the fundamental frequency (Hz) of the square simply supported FGM

auxetic plate on elastic foundation

m Method 6 =—100 6 =—359 6 = —55° 6 = —80°
0.5 RFM 276.72 318.29 292.71 306.69
(8] 276.542 317.795 292.415 306.313
[5] 277.622 319.212 293.616 307.568
2 RFM 280.601 279.74 278.000 267.00
8] 280.387 279.537 277.803 266.875
(5] 281.512 280.656 278.910 267.903
4 RFM 281.05 280.66 279.845 274.24
8] 280.836 280.454 279.645 274.095
[5] 281.946 281.572 280.750 275.114

4.2 Shells of a Complex Planform

To illustrate the capabilities of the method proposed, a shallow shell with the complex
planform shown in Fig. 2 is analyzed. As in the previous cases, the face sheets are
assumed to be made of an FGM mixture Al/Al> O3, while the core consists of an auxetic
aluminum (A/) honeycomb structure. It should be noted that the manufacturing process of
curved cores for double-curved sandwich panels is a highly complex task. This problem
is discussed in [12], and in [13] with respect to flexible honeycomb cores. In the present
work, we assume that the cell geometry is designed in such a way that the mechanical
properties of the core are preserved.

The shell is assumed to be clamped along its entire boundary. Accordingly, the
boundary conditions are specified as:

W(X:Y) = O’ u(xvy) = 0’ V(x:)’) = O’ ‘px(x’}’) = Ov wy(x,y) = 09 V(x’)’)
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Fig. 2. Planform of the shallow shell

The solution structure [14, 15] for a fully clamped shell can be expressed in the form:
w=owd®,u=wd,v=0d;3, ¥ =w0dy4, ), = 0Ps, (1)

where indefinite components ®;, i = 1,5 are expanded in the form of an appropriate
complete system such as polynomials, trigonometric functions, splines, etc. Function
w(x, y) constructed using the R-functions theory vanishes exactly on the shell boundary.
In the present case this function is given by the following equation:

w(x,y) = (fi Aof2) Ao ((fag Vo fep) Ao (FEr Vo fxkr) Vo f3),

symbols Ag, Vo denote the R-operations [14]. Functions f;, i = 1,3 are defined as:

(@~ 2) B, , =)

> 0.
2a 2b - 2by -

f]: ZovaZ

Functions fap, fcp,fer,fkr are defined by the expressions of the oriented [14] straight
lines (AB, CD, EF, KL).

fan = (b — b1)(x — a1) — (a2 — an)(y — )/ (b — b)* + (a2 — ap)? = 0,

fep = (b = B+ @) + (@ — an @ — b))y (b — ) + (@ — a? = 0,

fir = (b= b)(x +an) + (@ — an( + )/ (b — i) + (@ — a? = 0,

fit = (b — b)(x — a2) + (@1 — an) (v + b))/ (b — b)? + (@2 — ar)? = 0.

Functions ®;, i = 1,5 in (11) were expanded in a power series upon considera-
tion of the problem symmetry [14, 15]. To approximate ®; twenty eight terms of the
polynomial’s series were retained, and the remaining components were approximated
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by fifteen terms. Figure 3 illustrates influence of fraction index p and thickness of lay-
ers on fundamental natural frequency A of the FGM auxetic sandwich spherical shells
(Rx =R, = IOm) on elastic foundation (k,, = 0.1kN /m3, kp = 0.05kN /m). Values of
geometric parameters were taken as: h = 0,1m; 2a = 2b = 20h; 2a; = 1,4m; 2a; =
0.6m;2by = 1.2m;0 = =55, 3 = £ = 0.013857; ) = 4 = 2; Z—f =2,4,8. As
shown in Fig. 3, an increase in the gradient index p results in a higher metal content
in the FGMs, which, in turn, reduces the overall stiffness of the shell and consequently
leads to lower fundamental frequencies. However, increasing the thickness of the core
layer contributes to a rise in these frequencies.

The effect of the inclined angle 6 of the auxetic honeycomb unit cell core on the
fundamental frequency of the shell is shown in Fig. 4. The results are presented for a
spherical shell with the same geometric and mechanical parameters as for Problem 2.
The volume fraction index p and thickness ratio Z—} between the face sheets and the core

are kept constant: p = 2; 275 =8(1—-8—1).
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Fig. 4. Effect of the inclined angle on fundamental frequency of the clamped spherical shell

As shown in Fig. 4 for values of inclined angle from —80° to —50°, the fundamen-
tal frequency increases significantly for n; = 1.5, 2, 3, 4. But for n; = 1 frequency
behavior is extraordinary. This phenomenon should be taken into account when using
metamaterials in practical applications.

5 Conclusions

This study presents the first application of the R-functions theory combined with the
variational Ritz method to analyze the free vibrations of sandwich shallow shells with
auxetic cores and functionally graded face sheets. The validity and efficiency of the
proposed approach have been confirmed through comparisons with previously published
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results. As anovel contribution, the work investigates the vibration response of a clamped
spherical shallow square shell with trapezoidal cutouts on two opposite edges, resting
on an elastic foundation.
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