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Abstract The paper deals with the analytical investigation of the behaviour of the
harmonically excited physical pendulum suspended on the nonlinear spring. The
asymptotic method of multiple scales (MS) has been used to derive approximate
solutions in the analytical form. The applied approach allows one to perform a qual-
itative analysis of the behaviour of the system. MS method gives possibility, among
others, to recognize resonance conditions which can appear in the system.

1 Introduction

Although pendulums are relatively simple systems, they can be used to simulate the
dynamics of a variety of engineering devices and machine parts. The behaviour of
pendulum-type mechanical systems with nonlinear and parametric interactions is
complicated, and hence its understanding and prediction are important from a point
of view of both the theory and application. The coupling of the equations of motion
results in a possibility of autoparametric excitation and is connected to the energy
exchange between vibration modes [6]. Various kinds of pendulums are widely dis-
cussed in numerous references and analytical investigations are recently of great
interest of many researchers. Main and parametric resonances of the kinematically
driven spring pendulum are studied in the paper [2]. The nonlinear response of a
system including a double pendulum and having three degrees of freedom (DOFs)
is analytically investigated in the paper [5]. Stationary and non-stationary resonant
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dynamics of the harmonically forced pendulum is the subject of the paper [4]. The
physical pendulum suspended on the spring-damper which has linear features has
been modelled and discussed in the article [1]. The present paper extends these inves-
tigations and presents further development of the model and results of asymptotic
analysis.

2 Problem Formulation and Equations of Motion

Plane motion of a rigid body mounted on a spring-damper suspension is analyzed in
the paper. The scheme of the system is presented in Fig. 1. The spring is assumed to
be massless and nonlinear. The non-linearity is of the cubic type, and k; and &, are
constant elastic coefficients. Ly denotes the spring length in the non-stretched state.
There is a purely viscous damper having a damping coefficient C;, and the damper
and the spring are arranged in parallel. The rigid body of mass m is connected to this
system via a pin joint A. The distance between the point A and the mass centre C of
the body is denoted by S and called further the eccentricity. The body moment of
inertia relative to the axis passing through the centre of mass C and perpendicular
to the plane of motion is equal to /¢. In the direction compatible with the main axis
of the suspension system acts the known force F the magnitude of which changes
harmonically F(r) = Fycos(€2;¢). Besides, the system is loaded by two known
harmonically changing torques M(t) = My cos($2,¢) and M,(t) = My, cos(£231)
shown in Fig. 1. There are also assumed two torques of the viscous nature attenuate
the swing vibration related to the angles ® and W, where C, and C3 are their viscous
coefficients. The body is free in its plane motion, so it has three degrees of freedom.
The time functions X (¢), ®(¢) and W(¢) are assumed as the generalized coordinates.
The coordinate X (¢) is understood as the total elongation of the spring involving also
the static elongation X, that satisfies the equilibrium condition

ko X3 + k1 X, = mg. (1)

The kinetic and potential energy of the system are
.. I 5, . m 2i0 M o,
T=mSX W sin(®— W) +SmdW(Lo+X)cos(® = W)+ Z Rimb? + 2 (Lo + X)?b% + T X2,
2
V= %klx2 + %IQX“ —mg((Lo + X) cos(®) + S cos(V)). 3)
In Eq. (2) occurs the quantity denoted by R which is a radius of gyration of the body
with respect to the axis passing through the joint A and perpendicular to the plane

of motion. The radius Ry is related to the inertia moment /- by commonly known
parallel axis theorem

mR% = Ic +mS?. “4)
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Fig. 1 Mass-spring-damper
system

In order to obtain the equations of motion we write the equations Lagrange equa-
tions of the second kind

d (oL oL d (oL oL d (oL oL
m(a—x) - (5x) = 2x. E(ﬁ) — (55) = Qo, %(ﬁ) ~(w)=0w, ©
where L = T — V is the Lagrange function, and the general forces are given by

Ox = Fycos(Q1) — C1 X,
Qo = My cos(Qt) — Cr®,
Qy = Mo; cos(Q2t) — C3 . (©6)

The dimensionless form of the equations of motion derived from (5) is as follow

E+ciE+E+aEd+35082 +38%aE —wi(cosp — 1) — (1 +&)¢?

— s cos(p — y)y” +s sin(p — )y = ficos(pi7), (7
G(L+26+EY) +wising(1+&) + 9 +26¢ + 26 £¢

+5 sin(p —y)(1+8)y” +5 cos(p — y)(1 +£)§ = frecos(par),  (8)

. 2 . . W% .. W% . «2
YH+wisiny +c3y +2—cos(p — y)x¢g — — (1 +§&)sin(p — y)¢
w3 w3
w3 . oW .
o sin(p — y)& + W—‘z(l +§&)cos(p —y)¢ = f3cos(p3T). )

2 2
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The frequency w; = \/fn: and the spring length L = Ly + X, in the static
equilibrium position are assumed as the reference quantities. The functions
¢(tr) and y(r) of the dimensionless time T = w;¢ are generalized coordinates
related to ®(¢r) and W(z), respectively, whereas &(¢) is associated with X(¢) by
the relation £(t) = X (¢)/L. The others dimensionless quantities are defined as fol-
lows:

s=S/L,§ =X/L,§ = X,/L,

_ G _ _G _ &) _ _K _ _My _ Mo
= mw; ’ €= mL2w; ° ¢ = wlmr/Z\Lz’ fl - me%’ f2 - msz]Z9 f3 - w]zm R%Lz’

— kL’ —» — o — 2 — 2 — 2 2 _ 8
o= g W= gh W= 0 pL= gl 2=t Py = 0 where wy = ¢ and
w% = fa_f' Dimensionless counterpart of condition (1) is

aE+E =wl (10)

Equations (7)—(9) are supplemented by the initial conditions related the generalized
coordinates and their first derivatives

£(0) = uor, £(0) = uga, 9(0) = ug3, (0) = uos, ¥ (0) = uos, ¥(0) = ugs, (11)

where dimensionless quantities ug, . . ., Ugs are known.

3 Multiple Scales Method

The oscillations of the system are investigated in the neighborhood of the equilibrium
position, hence the trigonometric functions of the generalized coordinates can be
substituted by their power series approximations

sing ~ @ — ¢2/6,cosp & 1 —¢?/2,siny ~y —y3/6,cosy ~ 1 —y?/2. (12)

The method of multiple scales (MSM) is used to solve the initial value problem
described by (7)-(9) and (11). According to this method, we introduce two scales
related to the dimensionless time as follows: the fast scale 7y = t and the slow scale
T) = &1, where ¢ is the small parameter. Then, taking into account the existence of
three scales we assume the following expansion of the functions &, ¢, and y in the
power series of the small parameter

2 2 2
£=3 efxp(r0. 1)+ 0(e3), o = Y efou(ro. 1) + O (%), ¥ = X ¥ xe(x0. 1) + O(&3).

k=1 k=1 k=1
(13)
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The ordinary derivatives with respect to time t are equivalent to the following
differential operators for the two introduced time scales
d 9 d

= — E—

dt a1 FIT

dZ
d? — 61'2 +2e5 5+ ()tm)rl +

) (14)

3)-

Moreover, the amplitudes of generalized forces, all damping coefficients, and the
eccentricity are assumed to be small, therefore they are expressed in the form [3]

ci=¢e&, fi=¢€fi,i=1,273,s=¢c5,a=¢a, (15)

where each of the quantities ¢;, f~i, S, @ can be understood as O(1) as ¢ — 0.

Substituting, in sequence (12), (13) and (15) into the original Egs. (7)—(9) and
replacing the ordinary derivatives by the differential operators (14) we obtain the
equations in which the small parameter ¢ appears in the first, second, and higher
powers. These equations should be satisfied for any value of the small parameter. So,
after ordering each of these equations according to the powers of small parameter we
require that the coefficients of each order of ¢ equal to zero. Omitting the coefficients
of order higher than two, we obtain a sequence of six equations that should be satisfied
instead of the original equations. We can organize them into two groups:

e equations of the first order approximation

82
i =0, (16)
d To
3¢
. 2‘ +wlip =0, (17)
92 2 52
S Wit ST 2o, (18)
it 201

e equations of the second order approximation

25 B, P (0
+ _ —3 _ -2 + | — N 19
o x3 = ficos(ropy) — 3&Fax W2¢’1 o 37007 (31()) (19)
220 2 Y 321 x| 0 ¢
—+w¢> = frcos(tgpa) —§ —wx¢—c——2x - 2— — —2—
31’0 P2 = f2 0r2 3‘[& 21191 23 70 L 37(% Tty 970 atpdT]
(20)
52 326 3 92 Ll
%+w§x2+—33— f3009(f0P3)—czT)r((;_%<(¢’1_X1) 7+ a¢2>
0 2 K (21)

. 2 . p
2% Wi 291 ox1 9y
aTpdT] W% aTpdT] aty dtg )’
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The applied procedure replace, in the approximate meaning, the original equations
of motion (7)—(9) with the system of six partial differential Eqs. (16)—(21). This
system is solved recursively i.e. solutions of the equations of the lower order are
introduced into the equations of higher order approximation. It is worth to notice
that differential operators are the same for each step of approximation. The operators
of two first equations in every group are mutually independent what significantly
simplifies the solving. In every group, the third equation is coupled with the second
one. This dependence demands solving at first the first two equations at every step
of approximation procedure. Next these solutions are introduced into Egs. (18) and
(21). The general solution of Egs. (16)—(17) can be presented in the form

X1 = B1e'™ + Bje '™, (22)
¢1 = Bye!™*™ + Bye ", (23)

where i denotes the imaginary unit.
The solution (23) is then introduced into Eq. (18) what allows to obtain its solution

2

. — . w. . - .
X1 = B3e™" 4 Bye " 4 W2—3W2(B2e‘ "0 4 Bye” ). (24)
2 W3

The symbol B; for i = 1, 2, 3 in (22)—(24) denotes the unknown complex-valued
functions of time scale 7;, whereas the bar over the symbol denotes its complex
conjugate function.

After introducing solutions (22)—(23) into equations of the second order (19)—(20),
the secular terms appear. Elimination of them leads to the solvability conditions

dBl ~ 2 .~
21—+3B10{Zr+lclBl :O, (25)
d'L'l
dB 2,.,2
21W2—2 + iEQWsz + %§B2 =0. (26)
dt wy — w3

There exist also two equations that are conjugate to Egs. (25)-(26).
Taking advantage of solutions (22)—(24) and conditions (25)—(26), the solutions
to Egs. (19)—(20) are as follows

362i w) T() W2 B2 _ £ P170 f
x2:7222+w%3232+ J;I +CC, (27)
2(~1+4u3) (1-7})
i(1+wo)7( 2+ i(—1+wp)7( 24 _ eiW3T()w2§ ip2TQ £
by =-% W2C2HW2) g © W24 w) g 3 2200 L cc (28)
1 , 1 2_ .2 3 2_ 2
1+2wy —1+2wy w5 — w3 2(w5 — p3)

Substituting all the previously obtained solutions i.e. (22)—(24), (27)—(28) and con-
ditions (25)—(26) into Eq. (21), and then demanding of elimination of secular terms
lead to the following solvability condition
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5 9B
w3 Bads + — gt — Diwy 2 = 0. (29)
w3 (w3 — w3) 9T

Beside, we obtain also the condition which is conjugate to (29).
The solution to the Eq. (21) in the following general form

i(l i ),
el +W2)IOW% (—l + ZW% + w% - w%w% - 2w2(1 + »v?))Bl By (1+w3)f()w§31 B;

X2 = N
27 T T 2w —wa) (Lt wa —w3)(wa +w3)(L+wa +w3) W21+ 2w3)

ol (=1+w2)7g W%(l + 2w§ - wg + W%W% — 2w2(1 + w%))él By ei(—1+W3)T()W§1§1 B3
+

+
(=1+42wp)(wp —w3)(=1+wy —w3)(wp +w3)(—1+ w2 +w3) w%(—l +2w3)
- ie' w270 W%((Wé — w%w%)fz +wyp (w% — wyv%)fg +iw2w§§) By . £l P270 p%w% 5
(—1+ 2w2)(w% - w%)(—l +wy —w3)(=1+wy +w3) 2%’%(]7% - W%) (p% - w%)
P30 /3

ALY (30)

2(11% — w%)

has been obtained analytically.

The solution of the considered problem, given by (22)—(24), (27)—(28) and (30),
is valid when the oscillations take place away from any resonance. However, the
analytical form of the approximate solution of the problem allows to recognize the
parameters of the system for which the resonances occur. The resonance case appears
when any of the polynomials that stand in the denominators of the solutions (27)—(28)
and (30) tends to zero. The resonances detected in this way can be selected as:

(i) primary external resonance, when p; = 1, p» = wa, p3 = ws;
(i1) internal resonance, when wy = 1/2, wp = w3, w3 = 1/2, pp = w3, wo +w3 =1,
Wor—w3 = 1.

Satisfying of one or more of the conditions listed above, implies the need to modify
the method of solution, what is described in Sect. 5.

4 Non-resonant Vibration

The solvability conditions (25), (26) and (29) (together with their complex conjugated
forms) constitute a set of constraints with respect to unknown functions B;(t;),
Bi(11), Ba(11), Ba(t1), B3(11), B3(1y). They have form of the ordinary differential
equations with respect to these functions. Let us postulate that the unknown complex-
valued functions B;(t;) are of the following exponential form

B = @em(m’ anda; = ed;. i = 1,23, 31)

where a; (1)), ¥, (7)) are real-valued functions and have the meaning of the vibration
amplitudes and the phases, respectively.
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Substituting relationships (31) into solvability conditions (25), (26) and (29),
and then separating real and imaginary parts leads to the modulation equations of
amplitudes and phases

da, 1 dy; 3,
day _ 1 a, WS, 32
dt Jha =5k (32)
da, 1 dyr swzw§
9 _ e, Y2 SWaW5 33
dr — 27" Tar T a2wiowd) &9
das 1 dyrs swg
2B gy, B W 34
it =20 I T (R — ) GY

Equations (32)—(34) are written after returning to the original denotations according
to (15) and (31). The initial conditions supplementing the set (32)—(34) are

a1(0) = aio, ¥1(0) = Y10, a2(0) = azo, ¥2(0) = VY20, a3(0) = azp, ¥3(0) = Yr30.
(35)

The sets of initial conditions (11) and (35) must be agreed one to another using the
final analytical form of the solution.
Solution to the modulation Egs. (32)-(34) follows

3
@ =ae™" 2,y = gt 4y (36)
2
_ S WawaT
ay = aye 7, Y = "+, (37
Z(Wz - Ws)

5
SW3T

532 oy T Vo (38)

2wy (w3 = wi)

as = azpe T/z, Y3 = —
Finally, expressing the complex-valued functions B;(t;) by the real-valued func-
tions a;(11), ¥; (1) according to (31) and then substituting (36)—(38) into solutions
(22)—(24), (27), (28) and (30), one can obtain the approximate solution to the original
problem (7)—(9) with (11). The solution has the following analytical form

S 1 3w2a2 cos(wyT + 2
£ = aycoste 4y — PP | L gz, Iges coBuat 20n) (39)
P14 42wy — D@y + 1)

2
cos(ppT)  swzaz cos(w3T +V3)
¢ = aycos(wat + 1Y) — f22 (p22)+ 3 >
Py —w)y wy — w3

wzalaz((3w2 +2— ZW%)COS(‘[ —woT+ Y| —Yp)+(Bwy — 2+ ZW%)COS(T +woT + Y + 1[/2))

(40)

204w? — 1)
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f3cos(p37) p%w% facos(pat) s wg’az cos(wT + V)
y =azcos(wpT +v¥p) — 5 5+ Y . 5 5 5 = 3 3
P3—w3 wy (172 - wz)(pz - w3) (wa —w3)” (w2 +w3)

w% (—l + ZW% + wg - w%w% - 2w2(1 + w%))alaz cos(T +woT + ¥ +vp)

2(1+2wp)(wy —w3) (1 +wp —w3)(wp +w3)(1 +wp +w3)

+

w%(—] +2wy — ZW; + wg — w%w% + 2w2w§)a1a2 cos(t —woT + Y| — Yn)

2(1+2wp)(wa —w3)(1 +wp —w3)(wp +w3)(1 +wp +w3)

B w%alag cos(T —w3T + Y| — ¥3) . w%ala3 cos(T +w3T + Y| +Y3) B w%az cos(waT + V) (41)
2w3(1 = 2w3) 2w3 (1 +2w3) (w2 —w3) (w2 +w3)

As is earlier mentioned, the solutions (39)—(41) are valid only for non-resonant
vibration. If the system is close to any of resonance cases then singularities appear
in the analytical solution since some of the denominators in (39)—(41) tend to zero.

The correctness of the solution (39)—(41) is confirmed by numerical solution of
the original problem (7)—(9) and (11) obtained using the functions of Mathematica
software. The example of time histories of the system oscillations involving the
strong influence of the initial conditions are presented in Fig. 2. Parameters fixed in
calculations are as follows:

%D@@@&ﬁ: AY.
LA

Fig. 2 Time history of vibration; solid curve—analytical solution, dashed curve—numerical solu-
tion

0.02
-0.04

a = 2.25, fz = 001, f3 = 0002, f] = 005, C1 = 0001,
¢y = 0.001, ¢3 = 0.001, wy, = 0.32, ws = 0.09, p; = 2.3, p, = 1.28, p3 = 1.18,
e = 03, ayn = 004, ary = 004, asp = 0004, WIO = OO, wZO = OO, w30 =0.0.

Figure 2 consists of three parts. Each of them present two solutions related to
general coordinate z(t), ¢(tr) and y(r), (from left to right, respectively). These
solutions are obtained in two ways as analytical solutions (39)—(41) using MSM and
by numerical integration of the original equations.

5 Resonant Vibration

Let us consider the case of the three primary main resonances, induced by the triple
external loading, occurring simultaneously i.e. 1~ p;, w, ~p;, and w3 ~ps. The
resonance effects are reflected in the secular generating terms. In order to deal with
the resonance, the detuning parameters, as a measure of the distance of the system
vibration from the strict resonance conditions, are introduced in the following way
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[)1:1+U],p2:W2+O'2,p3:W3+O'3. (42)

We assume the detuning parameters are of the order of small parameter, i.e. we take
o; :86',' i = 1,2,3. (43)

The conditions (42)—(43) are introduced into Egs. (7)—(9). Further procedure is anal-
ogous to this one described in the two previous sections. Therefore, we focus mainly
on the secular terms generated by the resonance conditions (42). As a result of elim-

ination of these secular terms we get the solvability conditions of the problem. They
may be written as follows

.dB; ~ 2~ 1 itio 7
2i— +3Bj@ & +ic1By — =€ "7 f; =0, (44)
d‘L’] 2
dB 22 1. .
2wy 2 4 wa By + — 23 5By — —e T fy = 0, (45)
dt; wy — w3 2
5B dB; 1 . .
Wy Byl — e Dy S i f 2 ) (46)
w3 (w3 —w3) dry 2

5.1 Modulation Problem Near Resonances

The solvability conditions (44)—(46) create a system of the ordinary differential
equations with respect to unknown functions B;(t}), Bi(11), Ba(11), Ba(11), B3(1y),
B3(1}). After introducing the exponential form (31) for the complex-valued functions
B;(11), it is convenient to define the modified phases in the following way

O1(t1) = 1161 — Y1 (1),
02(71) = 1162 — Y2 (1), 47)
03(11) = 1103 — Y3(11).

After substitution the modified phases (47) into solvability conditions (44)—(46) and

having returned to the original denotations according to (14)—(15), (31) and (43), the
obtained modulation equations become autonomous of the following form

da; 1 . fi. o) 48)
dt = 26116’1 3 smi(btq ),

do 3

d—T]al = a0 — Eéfaal + % cos(6y), (49)
day 1 H o
e _ - T2 ingo 50
e 522 + v, sin(6), (50)

dé, swawiay s

—ay, = 0hdy) — ——————— + ~—= cos(6), 51
17 2 20 2wl —wd) *wa (62) (5D
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Fig. 3 Temporal behaviour of amplitudes and modified phases which tend to steady point

d(l3 1 f3 .

= + ——sin(63), 52

e 5 €3ds 2vs sin(63) (52)
do 3
—3(13 = o3a3 + % + ﬁ COS(93). (53)
dt 2wi(w3 —w3)  ws

In contrary to the previously discussed case of the non-resonant vibration, the
modulation Eqgs. (48)—(53) cannot be solved in the analytical manner.
The initial conditions supplementing the set (48)—(53) are as follows

a1(0) = ayo, ¥1(0) = Y10, a2(0) = asg, Y2(0) = VY20, a3(0) = azo, ¥3(0) = Y30,
(54

and must be compatible with the initial conditions (11).

The modulation curves describe the slow time changes in the motion. For some
conditions vibration tends to the steady values of the amplitudes and phases. This
case is presented in Fig. 3. The assumed parameters are:

01 =0.01,0,=0.01,03 =0.01, w, =0.293, w3 = 0.055, s = 0.02, f| = 0.00025,
f2 = 0.00005, f3 = 0.00005, ¢; = 0.00223, ¢, = 0.0031, ¢3 = 0.003, « = 0.2,
ayn = 001, ar) = 001, aszp) = 001, 1010 = 0, 1020 = 0, 1//3() =0.

Equations (48)—(53) describe effects related to the slow time scale. They allow to
observe and follow non-steady oscillations, and to recognize and follow qualitative
transitions in the character of motion. A good way of illustration of the dynamical
behaviour of the system are trajectories depicted in a space the points of which are
amplitudes and modified phases, and so the functions connected to the modulation
equations. The projections of the trajectories onto the chosen planes of this space are
shown in Fig. 4. The simulations are carried out for the same data as previously.

After the transient state, all trajectories achieve the stable steady state, although
the duration of the transient vibration is various for the particular general coordinates.
The steady state conditions correspond to the demand of vanish of time derivatives
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8, & -6

-1 o 1 2 3 4 1 2 3 4 & 1 2 3

Fig. 4 Trajectories of motion in the amplitude-modified plane; red points indicate stable state

of amplitudes and modified phases in modulation Eqs. (48)—(53). They are governed
by the following equations

—161101 + ﬂsin(Gl) =0, (55)
2 2
3
ajo; — ngaal + % cos(6;) =0, (56)
1
——Cyay + ﬁSin(eg) =0, 57
2 2W2
2
onay — S22 o) = 0, (58)
2(ws —wi) wm
1
——C3asz + ﬁsin(%) = 0, (59)
2 2W3
5
st 3B ey =o. (60)

2wi(wl —w3)  ws

Equations (55)—(60) stand for algebraic system with unknown values of amplitudes
and modified phases ay, a,, az, 91, 6, and 63 in steady-state motion.

The fully explicit form of the approximate solution of the original problem in case
of the resonance is usually impossible to achieve. The modulation equations due to
their complexity are solved in numerical manner. Having however the solutions of the
governing equations in the analytic form of functions of amplitudes and phases (or
modified phases), we can substitute the numerical solutions into this analytical form.
Time histories obtained in this way with comparison to the numerically obtained
solutions are presented in Fig. 5. The results presented in Fig. 5 are obtained for
the same values of system parameters as the ones listed above and demonstrated in
Figs. 3 and 4.
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Fig. 5 Time histories; upper graphs are obtained analytically while the lower ones numerically

6 Conclusions

The approximate solution to the governing equations has been obtained using the
multi scales method with two time scales. The analytical form of this solution is
the main advantage of the applied approach, giving the possibility to the qualitative
and quantitative study of the system dynamics in a wide range of the frequency
spectrum. The approximate solution for non-resonant vibration has been obtained in
fully analytical form because the modulation equations governing the evolution of
amplitudes and phases in the slow time scale were solved analytically. Admittedly an
approximate but however analytical form of this solution create, among others, the
possibility to determine the conditions at which the resonances occur. The adequate
conditions for possible resonances have been detected. The case of three primary
main resonances occurring simultaneously has been considered.
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