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Abstract: A mathematical model of flexible flat rectangular in plan shells is proposed.
A special case for spherical axisymmetric shells taking into account nanoscale effects
has been studied. Shell structure material is homogeneous and isotropic, and the
nanoscale factors has been taken into account. Partial differential equations for
axisymmetric spherical shallow shells were reduced to the Cauchy problem by the
method of finite differences of the second order of accuracy. The Cauchy problem was
solved by the Runge-Kutta method of the 4th order. Convergence of the obtained results
in dependence of the number of partitions along the radius was investigated. The system
was studied as a system with an infinite number of degrees of freedom. The effect of
the size-dependent parameter, which significantly affects the nonlinear dynamics of the

shell, was taken into account.
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1. Introduction

In experimental studies of metals, polymers and metallic glass, a size dependent effect was observed
when the thickness of mechanical structures in the form of rods, plates, and full shells was compressed
to a micron [1, 2]. This effect plays an important role when taking into account the mechanics of the
mentioned structures [3].

Experimental studies of the real microstructures are extremely complex and expensive. Chong and
Lam [4] observed that the flexural rigidity increases by about 2.4 times with a decrease in thickness
from 115 to 20 um when testing the micro-rod from epoxy polymers for bending. From the works of
these interesting experiments can be concluded that the size-caused behavior is an inherent property of

materials that can not be neglected when designing optimal dynamic devices using MEMS [5], [6].
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Young et al. [7] developed couple stress based strain gradient theory for elasticity using the theory
of'higher order of continuous media. The behavior of the pairs of forces was determined by an additional
symmetrical equilibrium relation, at which only one additional parameter of the scale of the length of
the material took place.

Based on the modified theory of moment stresses, static mechanical properties [2], elastic bending
[1], fluid transfer [8], dynamic characteristics [9-11], nonlinear vibration [12-13] of micro-rods were
studied.

Modified couple stress theory of moment stresses for computation the size dependent plates was
applied. The theory of moment stresses of microstructurally dependent pairs of forces applied to
functionally graded rods and the Timoshenko rod was investigated by Reddy et al. [14-15]. Ciata [6]
studied the static analysis of isotropic microplates using the Kirchhoff plate model. Iain et al. [16]
analyzed the types of dynamic behavior of the Kirchhoff microplate, based on a modified theory of
moment stresses. Lazopoulos [17], adopting the Kirchhoff model for plates, investigated the stress
gradient in the bending of thin plates to determine the size effect. Ke et al. [5] performed studies using
the moment theory for plates of Mindlin plates. Reddy et al. [18] applied the theory of the third
approximation (model of Sheremetyev-Pelekh) [19] taking into account piezo effects. Stress-strain state
size dependence microstructures: plates, rods and shells take into account temperature effects for
homogeneous materials was studied in papers [19-32]. In conclusion, it is important to note that the
study of nonlinear dynamics of the size effect for rods, plates and shells is not done. The main goal of
this paper is the construction of a general theory and study of nonlinear dynamics of size dependent
plates and shells in a temperature field with account for couple of deformation fields and temperature.
Algorithms and software complexes for analysis of nonlinear dynamics of size dependent effects of the

flat in plan axisymmetric shells under the action of a transverse periodic load were created.

2. Mathematical background

In the classical theory of elasticity, the work of deformation and the strain energy depend on the stress
tensor and do not depend on the rotation vector due to material independence. However, the gradient
of the rotation vector can be an important factor in the equations of state. Based on the modified couple
stresses theory of moment stresses presented by Yang et al. [7], the strain energy density is a function
of both the couple stress tensor (conjugate to the strain tensor) and the curvature tensor (conjugate to
the tensor of moment stresses). In deformed isotropic linear elastic material, located in the region Q,

strain energy I1 is expressed by the following equations

Im= f!) (Uij Ei]' +ml]r]U)d.(2 (l,] = 1,2,3) (1)
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Here 0y; is the Cauchy stress tensor, g;; is the stress tensor, m;; is a deviator component of the stress
tensor, a 1;; - symmetric curvature tensor. The parameter of the material length scale related to the

microstructures of the material was developed for the purpose of interpreting the dimensional effect in

the non-classical Kirchhoff-Love model. These tensors are defined by formulas

Oij = /ltr(sij)l + Zusij, (2)

£y = % [Vu + (Vu)T], 3)

m;; = leﬂ)(ij’ 4
1 T

Ev d _ E
eoy(1—20) ML =20

where: u - displacement vector; A = - constants of Lamé; E, v represent the

Young's modulus and Poisson's ratio for the shell material, respectively; / — this parameter is a scale
of the length of the material, understood as a property of the material, characterizing the effect of the
moment stress [15]. The latter parameter describes mathematically the square of the ratio of the
curvature module to the shear modulus and it can be determined by experiments for thin torsion
cylinders [33] or for thin rods for bending [34] on a micron scale; ¢ — this rotation vector, represented
as Q= irot(ui).
From the analysis of equations (3) and (5) it follows that the stress tensor ¢; and the curvature tensor

n; are symmetric, and, consequently, equations (2) and (4) yields the stress tensor o; and deviator
component of the stress tensor m;; also symmetric. In deriving the equations of flexible, dimensionally
dependent shallow shells, the following hypotheses are used:

e  shell is homogeneous, isotropic, and elastic;

e  shallow shells are defined by the Reissner [35] or by V.Z. Vlasov [36];

e  shell is subjected to the hypothesis of Kirchhoff-Love;

e  geometric nonlinearity is introduced by the Karman model [37].

Let a shallow shell be considered in rectangular system of coordinates (see Fig.1) introduced in

the following way: Q = {x,y,z|(x,y) € [0;a] X [0;b],z € [-h; h]},0 < t < oo.

Fig. 1. Single-layer rectangular in plan shell
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According to the principle of Hamilton-Ostrogradsky;
ty

f (6K — 8T+ §W)dt = 0, (6)
to

where: K, IT — kinetic and potential energy, respectively; §'W - work of external forces.
The system of nonlinear PDEs governing dynamics of the flexible rectangular shells on the basis of

couple stress theory has the following form:

(Do + DYV*w — AZF — L(w, F) + phew — T + phi = 0, %)
2 1 R _ El*h _ _ER®
Viw + 3 Llw,w) + EhV F=0,tne D, = L Dy = ZaEy
a*w 9%F a’w  9%F a’w 9%F
Lw ,F )=2 [ axz 0y? ay? 0x? - axdy axay]’

20) 220)
VIZC() = Ky 0x2 + KX ayz ’

where VZ(-) — 4th order Laplace operator; K, and Ky, - curvature of the shell or can be interpreted
small initial irregularities; t- time; ¢ - coefficient of resistance of the medium in which the shell moves;
F - stress function; w - deflection function; h - shell thickness; u - Poisson’s coefficient; q - external

load parameter; / — size-dependent parameter.

q=qus’n(m§ t)

Fig. 2. Spherical axisymmetric shell.

To obtain the axial symmetric theory of size dependent shells, we employ the cylindrical coordinate

system. The second equation of the system is multiplied by r, integrated and a new resolving function
O = aaLr is introduced [1].

Equations for nano axisymmetric shells have the following form

%w ow yn o*w 203w 1 92w 1 ow
AT PO R LS LA :
ot? at 2 +p )) oar* v or3 r2 or2 13 or ®)
22 (1+law )+CD 1+ 27 ) 4
or r or r or2 e

We introduce the following dimensionless quantities:
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where: R, C - the main radius of curvature of the reference contour and the radius of the reference
contour in the circumferential direction, respectively; b - parameter of flatness; r - distance from the
axis of rotation to the point on the middle surface. In the given equations, the bars over dimensionless
quantities are omitted for simplicity. For an axisymmetric problem, the boundary conditions are written
in the following form.

1) Simple movable contour in the meridional direction:

o=w=02 "4 "w=0 for r=r ©
=w=0_-5+, w=0, or r=r.
2) Rigidly clamed contour

LN ) 0% vow ~ (10)
——v-=0w=0,z—5+—-—--=0, for r=7.

ar? ror
3) Sliding clamping of the contour:

aow
ar

4) Simple nonmovable contour:

P CD_O _Oaw_of s (12)
5 V5 =0w=022=0, forr="7.

and the following initial conditions: w = f,(,0) = 0,w’ = f,(r,0) =0 0 < t < oo.

(In

d=w=0, =0, for r=r.

In addition, the following conditions in the vicinity of the shallow top are employed:
D= Ar; @ =~ A;wxB+CrEw =2Cr;w” = 2C; w'' = 0.
In order to reduce the problem (8) - (12) governing dynamics of the considered continuous system

into a system with lumped parameters, the method of finite differences (FDM) with approximation
O(A?) is used. PDEs as well as the boundary and initial conditions (9) - (12) are recast to the following

finite difference formulas with respect to the spatial coordinate » and time:

Wt ew = 24 3 2nA A2

L

Wi — Wiy ( 1 @y — CDL'—1> Wit1 = 2W; + Wig (c[). +l) N
L
i

+ Qi — D4 N @; (1 L )Wi+2 — 4w + 6w +4w; g +wi,
2A T 21+ ) A2
_ Wit =2Wit 1 +2Wi 1 —Wi 5
riA3

+4q, (13)
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o (i) G ) o () =),
HIUUAZ 21 + L<A2+r.2>+ -1 A2+2riA 2A 413 A

L

where A= b/n and n denotes the number of modes of the shell radius.
The counterpart difference forms of the boundary conditions are as follows: If small terms are

neglected and the differential operators are substituted by the central finite differences for r = A, the

following conditions are obtained in the shell top:

1 8 8 (14)
q)o = q)z — Zq)l: Wy = §W1 _§W2: W_q1 = §W1 _§W2 + w3

The transverse load can be changed arbitrarily with respect to the spatial coordinate and time. In

this work the harmonic transverse load of the form g = qosin(w,t) where q, stands for an amplitude
and w, = Zisa frequency of the excitation, is used.
T

After reduction of the problem (14) to the normal form, we solve the Cauchy problem by the Runge-
Kutta method of the fourth order of accuracy. The time step is chosen from the stability condition of

the solution (At = 2.441-107%).

3. Results and discussions

Investigate complex vibrations shallow spherical shell with the boundary conditions: simple movable
contour in the meridional direction (9), the parameter shallowness b = 4, y = 0; 0.3; 0.7. When
solving the problem by the method of finite differences r € [0; b] the interval of integration was divided
into 120 parts. This number of partitions of the integration interval made it possible to treat the shell
structure as with distributed parameters, rather than as a structure with lumped parameters, i.e.
considered it as a system with an infinite number of degrees of freedom. Figures 3, 4, 5 show the
dependence of the deflection at the center of the shell in dependence of the alternating transverse load
qo (load on the shell uniformly distributed, changing according to law q = qgsin(w,t), where w, =
0.516 is a frequency of the excitation, which is close to the fundamental frequency of linear vibration).
Colored dots in Figures 3-5 denote the free vibrations (the dependence of the deflection at the top of
the shell in time W(0), phase portraits W(W”), Fourier frequency power spectra, S(w), and their

characteristics are given in Table 1.
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3 bifurcation 4 bifurcation chaos

Fig. 3. Dependence W(q) for n=120, ¥=10.0

o

0,05 01 @ 0,15 0,2

® harmonic @1 bifurcation @ 2 bifurcation 4 bifurcation

Fig. 4. Dependence W(q) for n=120, ¥=0.3
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Fig. 5. Dependence W(q) for n=120, ¥=0.7
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4. Conclusion

The analysis of the results shows that an increase in the value of the parameter y is simplifies the shell
vibrations and transition from chaotic vibrations to harmonic vibrations has been observed. Complex
vibrations with the effect of loss of stability are characteristic for the shells with y = 0. Increasing y
parameter does not yield loss of stability. In this case, the vibrations become periodic. The amplitude
gradually increases together with increase of the load ( = 0.7). For MEMS devices, this effect is of
great importance, as no chaotic vibration MEMS devices results in greater system reliability and

durability.

Acknowledgements

This work has been supported by the grants the Russian Science Foundation, RSF 16-19-10290.

297



REFERENCES

[1] Kong, S., Zhou, S., Nie, Z., Wang, K., The size-dependent natural frequency of Bernoulli—Euler
micro-beams. Int. J. Eng. Sci. 46(5) (2008) 427-437.

[2] Ke, L.L,. Yang, J, Kitipornchai, S., Bradford, M.A., Wang, Y.S., Axisymmetric nonlinear free
vibration of size-dependent functionally graded annular microplates, Compos. 53 (2013) 207-217.

[3] Zhu, H.X., Size-dependent elastic properties of micro- and nanohoneycombs, J. Mech. Phys. Solids
58(52) (2010) 696-709.

[4] Chong, A.C.M., Lam, D.C.C., Strain gradient plasticity effect in indentation hardness of polymers,
J. Mater. Res. 14(10) (1999) 4103-4110.

[5] Ke, L.-L., Wang, Y.-S., Yang, J., Kitipornchai, S., Free vibration of size-dependent Mindlin
microplates based on the modified couple stress theory, J. Sound Vib. 331(1) (2012) 94-106,

[6] Tsiatas, G.C., A new Kirchhoff plate model based on a modified couple stress theory, Int. J. Solids
Struct. 46(13) (2009) 2757-2764.

[7] Yang, F., Chong, A.C.M., Lam, D.C.C., Tong, P, Couple stress based strain gradient theory for
elasticity, Int. J. Solids Struct. 39(10) (2002) 2731-2743.

[8] Wang, L., Size-dependent vibration characteristics of fluid-conveying microtubes, J. Fluids Struct.
26(4) (2010) 675-684.

[9] Kahrobaiyan, M.H., Asghari, M., Rahaeifard, M., Ahmadian, M.T., Investigation of the size-
dependent dynamic characteristics of atomic force microscope microcantilevers based on the
modified couple stress theory, Int. J. Eng. Sci. 48(12) (2010) 1985-1994.

[10] Asghari, M., Ahmadian, M.T., Kahrobaiyan, M.H., Rahaeifard, M., On the size-dependent
behavior of functionally graded micro-beams, Mater. Des. 31(5) (2010) 2324-2329.

[11] Nayfeh, A.H., Younis, M.I., Modeling and simulations of thermoelastic damping in microplates,
J. Micromech. Microeng. 14(12) (2004) 1711-1717.

[12] Ke, L.-L., Yang, J., Kitipornchai, S., Dynamic stability of functionally graded carbon nanotube-
reinforced composite beams, Mech. Adv. Mater. Struct. 20(1) (2013) 28-37.

[13] Lifshitz, R., Roukes, M.L., Thermoelastic, damping in micro-and nanomechanical systems, Phys.
Rev. B 61(8) (2000) 5600-5609.

[14] Reddy J.N., Microstructure-dependent couple stress theories of functionally graded beams, J.
Mech. Phys. Solids 59(11) (2011) 2382-2399.

[15] Ma, H., Gao, X., Reddy, J., A microstructure-dependent Timoshenko beam model based on a
modified couple stress theory, J. Mech. Phys. Solids 56(12) (2008) 3379-3391.

[16] Yin, L., Qian, Q., Wang, L., Xia, W., Vibration analysis of microscale plates based on modified
couple stress theory, Acta Mech. Solida Sinica, 23(5) (2010) 386-393.

298



[17] Lazopoulos, K.A., On bending of strain gradient elastic micro-plates, Mech. Res. Commun. 36(7)
(2009) 777-783.

[18] Reddy, J.N., Kim, J., A nonlinear modified couple stress-based third-order theory of functionally
graded plates, Compos. Struct., 94(3) (2012) 1128-1143.

[19] Sheremetev, M.P., Pelekh, V.F., On development of the improved theory of plates, Eng. J. 4(3)
(1964) 34-41 (in Russian).

[20] Duwel, A., Candler, R. N., Kenny, T. W, Varghese, M., Engineering MEMS resonators with low
thermoelastic damping, J. Microelectromech. Syst. 15(6) (2006) 1437—1445.

[21] Li, P., Fang, Y., Hu, R., Thermoelastic damping in rectangular and circular microplate resonators,
J. Sound Vib. 331(3) (2012) 721-733.

[21] Rezazadeh, G., Tayefeh-rezaei, S., Vahdat, A.S., Nasirzadeh, V., Study of thermoelastic damping
in an electrostatically deflected circular micro-plate using hyperbolic heat conduction model, J.
Solid Mech. 3(3) (2011) 271-282.

[22] Salajeghe, S., Khadem, S.E., Rasekh, M., Nonlinear analysis of thermoelastic damping in
axisymmetric vibration of micro circular thinplate resonators, Appl. Math. Model. 36(12) (2012)
5991-6000.

[23] Ali, N.A., Mohammadi, A.K., Thermoelastic damping in clampedclamped annular microplate,
Appl. Mech. Mater. 110-116 (2011) 1870-1878.

[24] Zener, C., Internal friction in solids: I. Theory of internal friction in reeds, Phys. Rev. 52(3) (1937)
230.

[25] Prabhakar, S., Vengallatore, S., Thermoelastic, damping in bilayered micromechanical beam
resonators, J. Micromech. Microeng. 17(3) (2007) 532-538.

[26]. Sun, Y, Fang, D., Soh, A.K., Thermoelastic damping in microbeam resonators, Int. J. Solids
Struct. 43(10) (2006) 3213-3229.

[27] Srikar, V.T., Senturia, S.D., Thermoelastic damping in finegrained polysilicon flexural beam
resonators, J. Microelectromech. Syst. 11(5) (2002) 499-504.

[28] Sun, Y., Tohmyoh, H., Thermoelastic damping of the axisymmetric vibration of circular plate
resonators, J. Sound Vib. 319(1-2) (2009) 392—405.

[29] Sun, Y., Saka, M., Thermoelastic damping in micro-scale circular plate resonators, J. Sound Vibr.
329(3) (2010) 328-337.

[30] Prabhakar, S., Vengallatore, S., Thermoelastic damping in hollow and slotted microresonators, J.
Microelectromech. Syst. 18(3) (2009) 725-735.

[31] Sosale, G., Prabhakar, S., Fréchette, L.G., Vengallatore, S., A microcantilever platform for
measuring internal friction in thin films using thermoelastic damping for calibration, J.

Microelectromech. Syst. 20(3) (2011) 764-773.

299



[32] Nourmohammadi, Z., Prabhakar, S., Vengallatore, S., Thermoelastic damping in layered
microresonators: Critical frequencies, peak values, and rule of mixture, J. Microelectromech. Syst.,
22(3) (2013) 747-754.

[33] Chong, A.C.M., Yang, F., Lam, D.C.C., Tong, P., Torsion and bending of micron-scaled structures,
J. Mater. Res. 16(4) (2001) 1052-1058.

[34] Lam, D.C.C., Yang, F., Chong, A.C.M., Wang, J., Tong, P., Experiments and theory in strain
gradient elasticity, J. Mech. Phys. Solids, 51(8) (2003) 1477—-1508.

[35] Reissner, E. On the theory of bending of elastic plates, J. Math. Phys. 23 (1944).

[36] Vlasov, V.Z., General theory of shells and its application in engineering, NASA-TT-F-99,
Washington, National Aeronautics and Space Administration, 1964.

[37] Karman, Th. Festigkeitsprobleme in Maschinenbau, Encykle. D. Math. Wiss. 4(4) (1910) 311-385.

Vadim A. Krysko - jr., M.Sc. (Ph.D. student): Department of Mathematics and Modeling, Saratov State
Technical University, Politehnicheskaya 77, 410054 Saratov, RUSSIAN FEDERATION
(vadimakrysko@gmail.com).

Jan Awrejcewicz: Department of Automation, Biomechanics and Mechatronics, Lodz University of
Technology, 1/15 Stefanowski St., 90-924 Lodz, POLAND; (awrejcew@p.lodz.pl). The author gave a
presentation of this paper during one of the conference sessions

Irina V. Papkova, PhD.: Department of Mathematics and Modeling, Saratov State Technical University,
Politehnicheskaya 77, 410054 Saratov, RUSSIAN FEDERATION (ikravzova@mail.ru).

Vadim A. Krysko: Department of Mathematics and Modeling, Saratov State Technical University,
Politehniekhskaya 77, 410054, Saratov, RUSSIAN FEDERATION (tak@san.ru)

300



