Method of relaxation in theory of flexible shells
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Abstract: We study vibrations of flexible cylindrical and sectorial shells subjected to
action of uniformly distributed static loads. The analyzed problems are solved using
two methods: the Bubnov-Galerkin method (BGM) and the Finite Difference Method
(FDM). Results validity and reliability are verified through a comparison with the
results obtained by Obodan [15] in the case of non-linear static problem.

1. Introduction

Various applied load play a crucial role while estimating strength of materials involved in
numerous constructions working in high temperature fields. Proper estimation of the construction
strength requires the detailed analysis of the elastic-plastic material behavior, initial deflections,
interaction of the construction elements or interaction of those elements with an neighborhood. Owing
to complexity of the mentioned problems, the proper estimation of the construction reliability and
duration requires development of suitable computational algorithms [1].

In order to solve problems regarding stability of beams, plates and shells subjected to action of a
constant transversal load and taking into account geometric non-linearities, the methods of Bubnov-
Galerkin in the Vlasov form as well as the Ritz and FDM methods have been applied. The mentioned
numerical approaches belong to efficiently applied to solve a wide class of problems of both
stationary and non-stationary mathematical physics. In the case of periodic loading, chaotic vibrations
of the mentioned structural members may appear [2, 3, 4]. The mentioned approaches reduce the
continuous problems to those of finite degrees of freedom [5, 6].

In order to investigate stability loss one may apply a few different criteria. Since stability loss of
an arbitrary deformed object takes place in time, therefore it should be studied using various
approaches of dynamics. However, majority of the stability problems of construction can be studied
with static approaches, where the equilibrium states are formulated without inclusion of inertial

forces, which influence on the studied system deformation.
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Investigation of stability loss is carried out using a novel dynamic criterion. Namely, we define
for which load buckling of equilibrium form appears. Those loads refer to the critical loads.

We omit here an overview of the fundamental works dealing with the mentioned problems, but
we mention the method developed by Feodos’ev [7] regarding non-linear problems of shells.
In the latter one being originally named by Feodos’ev as the variational-step method, the system
deformation is considered as a process independently on either fast or slow change of the external
load. For this purpose, time is introduced artificially and equations of motion are derived. Nowadays
this method refers to iteration process of finding solutions to non-linear algebraic equations, where
results obtained in each time computational step are improved converging finally to the desired exact
solution of the problem. In the method of relaxation a solution to PDEs is reduced to the Cauchy

problem of ODEs.

2. Historical background

The proposed algorithm allows to solve a wide class of static and dynamic problems. We exhibit
powerful possibilities of the given approach to solve geometrically non-linear static and dynamic
problems. We consider a mechanical system subjected to action of the transversal uniformly
distributed constant load over the shell surface as well as we consider the load in the form of the
impulse with infinite action. Since here a crucial role plays the problem of critical static load, we
briefly describe known criterion of stability proposed by numerous researchers.

Already Volmir [8] proposed the following criterion: either a fast increase of deflection
corresponding to small decrease of load appears or an inflexion point of the dependence q(w)

2

J°q
ow?

(

=0) occurs. It has been shown that in the problems of dynamics [9] a load, where the increased

process of time is responsible for achievement of the first maximum in the characteristic load-time is
treated as the critical one. Kantor [10], who solved numerous problems of axially symmetric spherical

shells using the Ritz method, proposed the following dynamic criterion responsible for the beam
: = f
buckling. It occurs if in the shell center its deflection achieves K =2f , where f = F , and f denotes

deflection, whereas h is the shell thickness.

In references [11,12] different criteria are proposed. Namely, the system transits into a new
dynamic state with the corresponding zero velocity. It can be explained in the following manner. In
the beginning the inertial forces act against the external load, and after transition through zero they
change sign and support action of the external load. It means that in certain time instant the beam
center velocity achieves zero, and then the sudden change of deflection occurs. In reference [13] the

time instant is taken as the stability loss criterion, where the displacements of an elastic body changes
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without a change of the associated accelerations and velocities. In some works the problem of
dynamical stability loss is reduced to a quasi-dynamical problem. Owing to this approach, the pre-
critical stress of the middle shell process is analyzed via static approaches. The so called “freezing” in
time is applied in engineering of complex constructions. There are also works, where an dynamic
criterion of the stability loss is matched with occurrence of plastic deformations of shell structures.

In reference [14] arcs were investigated, and their buckling process was characterized by two
different mechanisms. In the case of direct buckling mechanism an unstable construction state was
realized via symmetric forms. In the case of indirect buckling, the system lost its stability via non-
symmetric forms. Since the system stability via symmetric and non-symmetric forms is qualitatively
different, one may expect two different dynamic criterion of the stability loss.

In this work by a critical load we mean limiting load values or the point of inflexion of the

dependence w_, (q) . In what follows we are going to investigate critical loads acting on axially

symmetric spherical and conical shells, a closed cylindrical shell as well as on a spherical sectorial
shell.

3. Shallow closed cylindrical

We study shallow shells, i.e. objects in R* with the associated curvilinear co-ordinates X,Y,Z,
introduced in the following manner. In the shell body the middle surface Z =0 is fixed; axes OX and
OY overlap with main shell curvutures, whereas axis 0Z shows curvuture surface origin (Figure

3.1). In the given co-ordinates the shell is defined as follows:

Q= {X, v,z / (Y, Y, Z)e [0, a_]>< [0, E]x [— % R %}} , were dimensional quantities are denoted by bars.

Fig. 3.1. Computational scheme of a cylindrical shell.
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The governing non-linear dynamics of the shell shown in Figure 3.1 is obtained using the
following hypotheses: the shell is one-layer, the shell’s material is isotropic, homogenous and elastic
and it satisfies the Kirchhoff-Love hypotheses. We assume that the length of the shell fiber along
shell’s thickness remains unchanged [8].

Therefore, in the non-dimensional form, equation of motion of the shell element as well as the

deformation compatibility equations have the following non-dimensional forms:

[Lazwaz(-)”ﬁz o*w az(~)+2(l_ﬂ) o*w a2(~)+ [azwaz(~)+azwaz(~)ﬂ_
/12 aXZ axz ayz ayz ay ay 2 ayz ayz axz
“V2F—L(W,F)+M -q(t)— [ IW %
G.1)
LOF_ 0RO (1 9F_ R0, P°F 2°0)
Hﬂ e Jay [/12 x j Moy axay}+

+Vﬁw+3 L(w, w) =0.

The following relations hold between dimensional and non-dimensional quantities:

w=hw, F=Eh'F, t=t,t, e=e/zr, x=LX, y=Ry, ky:ky% (k. =0),

X

_ Eh* LR [ p ) L
g=q R7° T:T E_g’ M=k,", ﬂ:E,where L and R=R, correspond to the shell length

and radius, respectively. In addition, we have: t - time, € -damping coefficient, £=0.3, (X, Y,t)

— transversal load. One of the following boundary conditions is taken:

1. Moving clamping

W=0;a—W=O;F =0;a—F=0 for x=0;1.
oX oX

ow oF
W= g(X, y’t)’_ = p(X, y’t)a F= U(X, yat)’_ = V(X> yat) for y= 0>§ . (32)
dy ay
2. Pinned support
2
W=O;a—W=O;F=Oa|2:—O for x=10;1.
ox ox (3.3)

ow oF
w=g(x, y,t);w= p(x, y,t); F =u(x, y,t);w =v(x,y,t) fory=0;¢.
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3. Moving clamping with ribs

9w oF

w=0; =0;F=0,—=0 for x=0;1.
ox’ ox o
F 3.4
w=g(x, y,t);a—w= p(X, Y, t); F =u(x, y,t);a—=V(X, y,t) for y=0;¢. G
ay ady
4. Pinned support with flexible ribs
o°w J°F
WZO’BTZO’FZO’BTZO for x=0;1.
2w Q°F 3.5)

w=g(x, y,t);a—2= r(x, y,0; F =u(x, y,t);—-=2(x, y,t) for y=0;¢.
ay ay

Here we take & = 27 for a closed cylindrical shell. In addition, the following initial conditions are

applied:
(3.6)
The Bubnov-Galerkin metod (BGM)

After application of the BGM the following system of algebraic-differential equations is

obtained:
G(A +£A)+HA +C,B+D,AB = Qq(t),
C,A+PB+D,AA =0, e
where: H=|H.[.G =[Gy.]. € =[Cy|> €. =[Coie > D1 =|Diis |- P: =|Pric| - P =[Pic

square matrices of dimensions 2-N, - N, x2-N,-N,, A :"Aij " , B :"Bij || , Q= "Qij " — matrices of
dimension 2-N, - N, x1.
Second equation of the system (3.7) is solved regarding B on each of the computational steps:

B= [—P'IDZA - P'lcz]A. (3.8)

Multiplying by G™ and taking A=R, the following Cauchy problem is formulated for non-

linear ODEs:
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R=-ZR-|G™'C, +G'D,A] B-G'HA + G Qq(t), o)
A=R.

It is solved via the fourth order Runge-Kutta method, and the computational step in time is
chosen using the Runge’s rule.
We apply the method of relaxation for the closed cylindrical shells with 4 =2, and we compare

our results with the solution obtained by Obodan [15] for the corresponding static problem. We

consider the case of transversal external load, which location is defined by the central angle ¢.
In order to get (. (¢);) we need to construct a set {qi ,Wi} for V¢, €[0;27], which yields the
critical load Qgr- We study the dependence of critical load versus width of the pressure zone ¢y

(Fig. 3.2). In what follows we analyze results versus various approximations. Since the load acts on
the whole length of the cylindrical shell, then a number of series terms regarding X does not play any

role, and we take only its first term, i.e. N, =1. We investigate a dependence of the obtained results
on a number of terms of the series regarding the circled coordinate y, i.e. on N, . Those dependencies
are presented in Fig. 3.2 for N, 29 . One may observe that they are non-monotonous and exhibit

wave character, and although in the beginning the mentioned characteristics are not convergent, but

an increase of the approximations number N, yields remarkable improvement of the obtained results

(Fig. 3.2).

Fig. 3.2. Critical loads versus number of approximations.
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The following conclusion can be formulated: In the case of non-homogeneous load, the use of
low number of the series terms yields large computational errors, and the obtained results depend
essentially on the number of introduced approximations. However, the situation changes qualitatively

beginning from N,=13. Namely, the dynamical properties of the cylindrical shell are stabilized, and
further increase of N, does not improve the obtained results neither qualitatively nor quantitatively.
Therefore, beginning from N, =13 a convergent series is obtained, and all further computations are
carried out for N, =13.

Consequently, we construct the dependence of the critical loads versus width of the pressure
zone acr(%) for N =13 (Fig. 3.3). Here acr = (g /Gcr » Where (g, refers to the classical critical

value for the case of uniformly distributed external pressure, which is estimated via the Mises—

o omE(2)

Papkovitch formula [16] d, = 0.92T =

Notation:
—relaxation method; ~ -===--------- — results reported in [15].

Fig. 3.3. Critical loads versus width of the pressure zone.
Dependencies acr(¢0) reported by Obodan [15] for the closed cylindrical shell for A=2

coincide in full with the results obtained by our method (Fig. 3.4), which are shown by a solid curve.

The obtained results indicate a high efficiency of the proposed method for solving static problems.
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4. Shallow sector shells (FDM)
Consider a non-axially symmetric spherical shell in R* in the polar coordinates bounded by a
contour T', introduced in the following way: Q=Q+T={(r,0,2)| re[0,b],
e [0, t9k], zZe [_V’%J } . Equations governing dynamics of shallow shells are obtained from a
system of equations of the rectangular spherical shell via a transition to the polar coordinates:
W +ew = - V2V2w + N(w, F) + V?F +4q,

V2V2F = - V*w - N(w, w),

(), 1), 1 -)
here V()= LAV
where () arz r a 2
3
VZVZ() 4)+28()_la()+iﬁ+
or rord rrorr o or
2 () 209°()  49°(), 12%()
r296%r? rPod*r r* 96> r* 96’
’w[10F 1 9*F| 9*F(1ow 1 0°w
N (w, F ~7r oW 4.1
(w.F)= or? [rar+r2862J+ or? [r3r+r2892 @

. a£1awja[1ajj
or\rad or\rae)
tow 1 9%w a(1ow\]
N _p Wi low 19w\, |9 f1owhT
(W, W) or? [I’ or + 2 392] {ar[ragj}

Boundary conditions follow:

1. Pinned support of arc slices

2 oF
w:o,a—‘f’+ia—wzo, F=0, 2 =0. (4.2)
or ror or
2. Pinned support of radial slices
9’w J’F
w =0, =0,F=0, =0. 4.3
26’ 26’ “3)
3. Sliding clamping of arc slices
ow oF
w=0, —=0, F=0, —=0. 4.4
or or 44
4. Sliding clamping of radial slices
2
E
W:(),B_W:o,FZO, 82:0. (4.5)
200 20
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Initial conditions are as follows:

w=f (r,0)=0, w =1, (r,8)=0 fort=0. (4.6)

Finite Difference Method

In order to reduce the continuous system governed by (4.1)—(4.6) to a lumped system by the FDM
with the approximation O(A’) versus spatial coordinates r and @ (Fig. 4.1), the following

difference operators are applied:

—A(AW) + A W(AF + A F)+ A F (AW A W) —

2 AgWA gF + AF +40; = (Wy +ew ), i 4.7)
A(AF)==A W(AW+ A, W)+ (Ar9W)2 —Aw,
where
1 1 1
A() = Arr (')+Ar () 4 Ar (): r_z ()r 4 Arr (): (')rr 4 Are()z_ r_z()ﬁ + (')ra 4
1 1
Arr()_ Az [(‘)H—l 2( )I +(')|71]’ Ar()= ZA riz [(')i-v-l ()lfl]
MI
MM
7
-l
Qi . TN ML O
{-Lif 1
Fig. 4.1. Mesh of a sectorial shell
Boundary conditions:
1. Pinned support of arc slices
(4.8)

w, =0, A, w-YAw=0, F, =0,Aw=0, j=1..,M—L
N, j r b r N, j r
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2. Pinned support of radial slices

w,; =0, A,w= 0, F =0,A,F=0, j=0,M; i=0,..,N; (4.9)
3. Sliding clamping of arc slices
Wy ; =0, Aw=0, Fy ;=0,AF=0, j=1,..,M -1, (3.10)

4. Sliding clamping of radial slices

W j=0, Agpw= 0, F =0,A,F=0, j=0,M; i=0,.,N. 4.11)

System of equations (4.7) — (4.11) should be supplemented by conditions to be satisfied in the
shell cusp and the matching conditions. In majority of the cases it is assumed that a shell has a circle
hole of small dimension in its casp, and this assumption does not influence computational results

essentially. In this work while solving non-symmetric problems for 8 = 2-7, the approximating
functions in the point r = 0 are interpolating by the Lagrange formula of the second order. We have

f, =3-f

N Li

=3-f,,+ 1, (4.12)

where: f, | = f(r.)j, r,=i-h (i=0, 1, 2, 3), 0< j<M —1,and h is the distance between the

nodes of interpolation. In the case of a point lying out of the contour the following symmetry
condition holds

fo,=f

"y Lj.for0<j<M —1. (4.13)
Matching conditions for non-axially symmetric problems 6 = 2-7z follow:

Wi = Wiv.j»

Fo,=Fiy, for j=0;,—-1, 0<i<N 1. (4.14)

i,M+j
The Cauchy problem (4.7) — (4.14) is solved via the fourth order Runge-Kutta method, where the

computational step has been chosen due to the Runge rule [17]-[20].

In Figure 4.2 the dependencies (W, ) for sector angles 6, = %-7[ (a), for 6, = 7 (b) and for
6, :% (c) and for various shallow parameters for 6, = %-ﬂ' and 6, =7 (b=35;6;7,;8;9;10),

and for 6, :% for the shallow parameter b= 7; 8; 9; 10, 11, 12 (lower value of b are not used,

since the sector shell behaves like a plate) are reported.
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Fig. 4.2. Computational results of sectorial shells analysis

The obtained graphs imply the following conclusions. Beginning from a certain value of the
parameter b the critical points appear. For a shell with 6, = %-7[; 7[;% and b =8;9;11,

respectively, the jump type buckling occurs. In Table 4.1 curves of equal deflections (isoclines) for all

. 3. .
studied angles @ =%; T 2 are shown. In what follows we compare the curves behavior for the

critical and post-critical load q, for different & and b. For & =% and @=7x and for arbitrary
shallow parameter the obtained results coincide, and the maximum deflection is achieved on the
intersection of the bisectrix of the angle & and the central shell radius. For 6 = 377[ and for b=7

the jump-type buckling is not observed, and the system dynamics is not changed qualitatively. In

Figure 4.2 (a) for the same sector angle and for the first order discontinuity occurs, which implies the
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qualitative changes in location of isoclines for both critical and post-critical load (see Table 4.1). For

0 =%, b=12 a fast shell deflection is observed but without the shell form change. For 6 =¥,

b=10 for the critical load, the maximum shell deflection occurs on the middle of the bisectrix,

whereas in the case of post-critical load two zones of maximum deflection appear, being symmetric

with respect to the angle bisectrix.

Table 4.1. Computational results of sectorial shells (isoclines)

9:%, b=12, g =0.245, q, =0.246

S - T 8
0.2 ] _ﬁn

2 5
044 1fr;ﬂhh : LS BEFGRT
5 4 10 Im 0
‘{:1'1 ila
0.2 L3-:i___.-""32 ] 02—+ 5L5
9:§§Z,b=m,q0=021 q, =0.28

2y
0.5l

1 ) 05=f0 "y
D\;a:‘- 0 \N‘\—D '~|i|
1 ! .

5. Concluding remarks

In this work the relaxation method has been applied to study flexible cylindrical and sectorial
shells. The Bubnov-Galerkin and the finite difference approaches allowed to reduce the problems to
the algebraic-ordinary differential equations. A few interesting non-linear phenomena exhibited by

the analyzed continuous systems have been reported.
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