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MOAENOBAHHA EHEPIOMNEPEHOCY

B ®A3O0MNEPEXIAHOMY TEMNOAKYMYJATOPI

COHAYHOI TEPMOOUHAMIYHOI YCTAHOBKU
NMpoBeaeHoO YMcnoBe AocnimXeHHA npoueciB pa3oBOro nepexony «Teepae Tino
— piguHa» B TennOBOMY aKyMyNATOPi COHAYHOI TepMoAWMHaMi4YHOi ycTaHOBKWU. B
OCHOBi MaTemMaTU4HOi MoAeni Ta YMCNOBOro anropuTMy noknageHo metoa “Mushy
Layer”, skun Bigobpaxae ¢pismyHy cyTb sBuwa. Komn’rtotepHe MogentoBaHHA 3agadi
CrtechaHa po3Bonuno BUABUTM oOcCOGNMBOCTI npouecy ¢a3oBoro mnepexoay,
BU3HA4YMTU po3noAin TemnepaTtyp B piAKii Ta TBepAaun ¢asi, TOBLMHY TBepAoi Ta
pigkoi a3 Tennoakymynio4oro marepiany, WBUAKICTb PyxXy rpaHuui posnoginy

cas.

Knroyoei cnoea: meninosuli akymynsimop, 3ada4a CmegpaHa, memoo «Mushy Layer»;
mennoakyMysnYull Mamepiar, Yuc08i eKcriepuMeHmu.

BeTtyn. [JocnigpkeHHA cucteM akyMynioBaHHS TEMNSOBOI EHEeprii € OgHiEto
i3 akTyanbHUx Npobnem cyvacHoi eHepreTuku. Lis npobnema ctae ocobnmeo
FOCTPOIO Yy 3B’A3KY 3 LUMPOKUM BNPOBAAXEHHSAM €HEepPreTUYHMX CUCTEM, LUO
OYHKLIOHYIOTb Ha OCHOBI Bi4HOBMNIOBANbHUX DKepen eHeprii, 3okpema, Ha
ocHoBi eHeprii CoHusa. HepiBHOMIpHICTb HaOXOOXKEHHSA COHSIYHOIO BUMPOMI-
HIOBaHHS MPOTArOM [AHS, Micsiud, poky notpebye 06OB’SA3KOBOro BMKOPMC-
TaHHA TEMMOBMX aKyMymnaTopiB, ski 3abesnevyoTb 6e3nepebinHy poboTy
COHSIHHUX EHEepreTUYHMX NpUCTPOiB. I'PyHTOBI Ta BOASHI akymynsTopu Ten-
noTu, NpMHUMN Aii aknx 6a3yeTbCa Ha akyMyroBaHHI Tenna 3a paxyHoK Ten-
NOEMHOCTI, 3HAWLLUNW LUMPOKE 3aCTOCYBAHHS Y HU3bKOTEMMEPATYPHUX COHS-
YHMX YCTaHOBKaX, LLO BMKOPUCTOBYIOTLCS AN rapsavyoro Bo4ONOCTavyaHHs Ta
onaneHHs. [Ing BMCOKOTEMMNEPATYPHUX COHAYHUX €HepreTUYHUX MpUcTpoiB
TakU TUN akyMynioBaHHA € HeeMeKTMBHMM Ta AOCUTb KOLUTOBHMM, 60 noT-
pebye 3HayHux ob6’eMiB Ta mnow. Y BUcCOKOTeMNepaTypHUX eHepreTuyHuX
cuUcTeMax aKymyroBaHHS 34iNCHIOETLCS 3a paxyHOK TennoTu gasoBoro ne-
pexogy «TBepAe Tino — piguHay. ®dasonepexigHi akymynatopu npo-
eKTyITbCS Mig BiANOBIAHWMI TeMnepaTypHUA piBEHb, WO OOPIiBHIOE TeMmne-
patypi ¢asoBoro nepexogy o06paHOro TENnoakyMymKYOro marepiany
(TAM), TOMy MOXYTb BWKOPMUCTOBYBATMCb He TiflbK1 A5 BUCOKOTEMMepa-
TYPHUX, a i ANs HU3bKOTEMNepaTypHUX CUCTEM B pasi HanawTyBaHHSA iX nig
Bu3HavyeHun TAM. 3aranbHa edeKTMBHICTbL dha3onepexigHoro meTody aky-
MyItoBaHHsi 06yMOBreHa TUM, LWo A5s 6araTboxX peYOBUH 3HAYEHHS eHTanb-
nii pa3oBoro nepexoay 3Ha4yHO BULLE TEMMOYTPUMAaHHS 3a paxyHOK Temnno-
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E€MHOCTi, TOMY MpU OAHAKOBMX FEOMETPUYHUX PO3Mipax TEnmnoBi akymynaTo-
py «TBepae Tino — pianHa» MarTb 3HAYHO BinbLLy eHepreTUYHy EMHICTb.

Mowyk onTManbHOro CMiBBiAHOLIEHHST MiXX €HepreTMYHUMU, reoMeTpury-
HAMW Ta AUHaMiYHMMK NapameTpamn hasonepexigHoro Tennoakymynstopa
Hemoxnuemn 6e3 mMogerntoBaHHs TemnepaTypHuUX MOMiB BCepeauHi Lwapy
TAM, pe nornvHaeTbca abo BUAINSETLCA MpUXOBaHa TennoTta ¢as3oBoro
nepexoay. Llen npouec cynpoBOaXyeTbCA PyXOM rpaHuLi posnoginy ¢as, Ha
AKiN TemnepaTypa JopiBHIOE Temnepatypi pasosoro nepexoay TAM. MNogib-
Hi HeniHivHI Ta HecTauioHapHi 3agayi B MaTemMaTU4HIn disnui 06’egHyoTh B
OKpeMWUi Knac, Wo mae HasBy 3agad CredhaHa. Bigomo, o TouHun aHani-
TUYHWI PO3B’A30K ANnd 3agady CtedpaHa MOXHa oTpMMaTu nve B O4HOBUMI-
pHOMY BMMagKy Npu TpUBianbHUX rpaHNUYHUX ymoBax [3], ToMy 4ucroBi Me-
TOAM € OCHOBHWUM iHCTPYMEHTapieM AN MOLWYKy afeKkBaTHUX po3B’a3kiB ba-
raToBUMIpHUX 3agad Npy rpaHUYHMX yMOBaXx, LLO HabnwkeHi 40 peanbHUX.
Cepega Takux metogis Buginsetbca metoq «Mushy Layer» [7], wo 6asyeTbcs
Ha 3rnagpKyBaHHi nepexony MiX TBepAolo Ta pigkoto dasamu, e Mae Micue
cTpubkonoaibHa 3miHa napameTpiB. Came Takun metog 6yno obpaHo B Aa-
Hin poboTi Ana mopenioBaHHA (a3oBOro nepexogy B TenroakymynaTopi
COHSAYHOI TEPMOANHAMIYHOI YCTaHOBKM.

AHani3 octaHHix gocnigxeHb i nybnikauin. Ha gaHun MOMEHT icHye
BEnmMKa KinbKiCTb HaykoBuMX pobiT, NpucBsYeHUX po3B’sa3aHHiO 3apadi Cte-
aHa HabNKEeHNMU aHaNITUMHMMK Ta YUCNOBUMWU MeToaamu. Tak, Habnu-
XKEHUI aHaniTUYHWMIA PO3B’A30K 3afadi Npo pa3oBui nepexig 6yno oTpumaHo
B [1] Ha OCHOBiI eHepreTnyHMx GanaHcoBuX chiBBigHOWEHb. Y [6] BNepLue
6yno oTpMMaHO HabnWXKeHU aHaniTUYHUI pPo3B’A30K 3agdadi CtedaHa me-
Togom ManbopkiHa. Lli Ta iHWwi HabnwkeHi meToau [5] oatoTb WBUAKI anekBa-
THi PO3B’A3KM, sIKi 3pY4HO BMKOPWUCTOBYBATWU AN1A OUiHKM napameTpiB Ha no-
YaTKOBMX eTanax MPOEKTYBaHHS, arie OCTaToO4YHi pekoMeHaaLil MOXHa Buaa-
TW NWLEe Ha OCHOBI [AeTanbHOro aHanisy npouecy asoBoro nepexogy Ha
OCHOBiI MoaentoBaHHA 3agadvi CtedbaHa B NOBHIl NOCTAHOBL Ta ii YMCNOBOI
peanisauii.

MpoBeaeHunn ornag nigxodiB 4O po3B’dA3aHHs 3agadvi CTedpaHa nokasas,
Lo BMOip YncnoBoro MeToay, Sk NpaBuo, 06yMOBIETLCA 0COONMBOCTAMM
NpoTikaHHA npouecy ¢©a3oBOro nepexoay, reoMeTpieto cuctemu, Tennodi-
3M4YHMMK Ta guHamiyHMMuK Bnactusoctamu TAM. Tak, y [8], Ae Baxnusum
Oyno BpaxyBaHHSA KOHBeEKLIiT B PiAWHHIN dasi, Y1CnoBuin po3B’30K OTPUMaHO
MeTOA4OoM Maroro napametpy. ABTopam [2] 6yB BiJOMWIA 3aKOH PyXy rpaHuLi
posnoginy das, Tomy A5 BU3Ha4YeHHs po3noginy Temnepatyp npu ¢asoBo-
My nepexogi 6yno obpaHo meTon BMpiBHIOBaHHA pOHTIB. [Ina nogonaHHA
pO3paxyHKOBMX TPYAHOLLIB nig 4ac gocnigxeHHs 3agadi CtedaHa yacTto
BMKOPUCTOBYIOTLCA NigcTaHoBku Kipxrodda, NyameHa, bonbumaHa, meToq
3MiHHMX YacCoBMX KPOKiB, MeToa ApiOHUX KpokiB Ta iH. [7, 11, 12].

OcobnuBicTb NpoTikaHHA Npouecy a3oBOro nepexoay B LWifMHHOMY Te-
NAOBOMY aKyMyJSITOPi COHSIYHOI TEPMOAMHAMIYHOI YCTaHOBKM OBYMOBIIOE
Bnbip metogy «Mushy Layer», sk Hanbinbll edeKkTMBHOro Ta Takoro, Lo
BiAMoBigae gi3nyHiv Mmogeni aeua.
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MeToto poboTu € nobygosa matemMaTMyHOI MoZerni ha3oBOro nepexony
«TBepAe TiNno — piaMHa» B LWINWHHOMY HaKoNuuyBadi Tenna COHAYHOI Tep-
MOOMWHaMIYHOT YCTaHOBKM, CTBOPEHHS BigMOBIAHOrO YMCMOBOrO anroputMmy
Ta NPOBEAEHHS YMCIOBOrO OOCNIMKEHHS MO BM3HAYEHHIO TemnepaTypHUX
nonis B TAM, w0 [03BONUTbL po3paxyBaTh OCHOBHI MPOEKTHI napameTpu ans
TeNnnoBOro akyMmynsitopa 3agaHoi EMHOCTI.

Po3pobka maTemaTu4yHOi Mofeni cha3oBoro nepexoay «TBepae Tino
— piamHa». KnacuyHa matematmdHa mogenb 3agadi CtedaHa MicTUTbL ABa
PiBHSHHS TENMONPOBIAHOCTI 3 HEMIHIMHOK YMOBOK CMNPSPKEHOCTI Ha rpaHui
dazoBoro nepexony, Ae BuainaeTbca abo NOrnUMHaeTbCs TennoTta ¢asoBoro
nepexoay [3]. HasBHiCTb po3puBy TennoianyHUX napameTpiB Ha rpaHuui
posnoainy das CrnoHykae [0 MOLUYKY Pi3HOMaHITHMX MoAenen ix 3rnagxy-
BaHHSA Ta Nepexody A0 BM3Ha4YeHHSA 6e3nepepBHMX OYHKLIN TemnepaTyp He
TiINbKN B KOXHIiM pasun, a i y BCbOMY LWapi, Ae 34iNCHI0ETLCA ha3oBun nepe-
xig. OgHVM 3 HaWMOLUMPEHIWNX METOAIB TaKoro 3rnafKyBaHHS, sKid Han-
GinblWw HabnwxeHun 0o peanbHOI Gi3nM4HOI CyTi aBuwa € metod «Mushy
Layer» [7]. BiH 3acHOBaHW Ha NpunyLLeHi, WO npuxoBaHa TennoTta a3oBo-
ro nepexoay BUAINAETbCH HE B HECKIHYEHHO TOHKOMY LUapi Ha rpaHuui da-
30BOro nepexoay, a B TOHKOMY Luapi CKiIHYEHHOT TOBLUWHI, SKUN PyXaeTbCH B
yaci. Lle npunyLlieHHsa 6asyeTbca Ha GaraTounmcenbHUX ekcnepuMmeHTanbHnx
AaHuX, HaBedeHnx B poboTax, WO NpUCBAYEHi AOCNISKEHHIO po3nnaBiB Ma-
Tepianis pi3Hoi Npupoaun. CrnocTepexeHHs1 BKa3yloTb Ha iCHyBaHHS ABodas-
HOI 30HM KpucTanisaduii, ska sBnse cobok Cymiw KpucTaniB pisHuX opMm 3
LLle He3aTBEPAINUM po3nnaBoM. TakMuM YMHOM, Y PEYOBMHI, L0 3MIHIOE arpe-
raTHMM CTaH, BUAINAOTb He ABi, @ Tpu 30HK: pigka dasa, ABodpasHa 30Ha
KpucTtanisadii (mushy layer), TBepaa ¢asa (puc. 1). NpaHuui unx 30H BU3Ha-
YaloTbCA TemnepaTtypamu niksigyca 7, Ta conigyca T, SKi 3HaxoadTbcsa y

BiAMNOBIAHOCTI A0 AiarpamMu CTaHy pPeYoBUHW, LLIO pO3rMNAaaEThbCs.

| ] I

Tn Te

Puc. 1 — Cxema 3aTBepAiHHA Tennoakymyrno4voro martepiany:
| — piaka dasa, Il - ABocpasHa 30Ha kpucTanisadii, lll - TBepaa ¢asa

HaBepeHe npunyleHHs A03BONSE CNPOCTUTU 3aranbHy MOCTaHOBKY 3a-
Aavi CtedaHa, WO MICTUTb CUCTEMY PIBHAHb Y YacTKOBMX MOXIQHWX 3i cneLi-
anbHOI FPaHMYHOI0 YMOBOK Ha Mexi posnoAiny das, Ae normmHaeTbCcsa Yn
BUAINSAETLCA TennoTa dasoBoro nepexoay. icnsa BignosBigHNX nepeTBopeHb
3ajaya OnNUCYeTLCS EAMHUM AnddepeHLianbHUM PIBHAHHAM, SKe Mae BUrMsAA:



C(T)p(T)éa—Y;=div(lgradT)+q(T), (1)

e T — Ttemnepatypa (K); t — vac (¢); c(T) — nMTOMa TEeNSI0EMHICTb
(foc/ke-K); A — koediuieHT TennonposigHocTi (Bm-m/K); p — ryctuha

(ke 13) ; g — dywkuis mxepena (Bm/ 7).
B skocTi cpyHKUiT Axxepena BUKOPUCTOBYETLCA KOMMMEKC

w(T), TST <T,
q(T)szdJ{O, T>T, ma T <T,,

pe L - npuxoBaHa Tennota ¢a3oBoro nepexody (/Aowc/ke); w — BigHOCHa
aons TBepAoi asun B 4BOGA3HIN 30Hi.

Ninctasnstoun ¢(T) B piBHsHHS (1) MOXHa cnocTepirat, wo c(7)Ta
q(T) BXOASATb B Lie PiIBHAHHS OAHaKOBUM YMHOM. ToMy, Nicrs NpoBeadeHHs
BiANOBIQHMX NepeTBOPEHb, OTPUMAEMO PiBHAHHSA (1) y BUrNSAi:

or o*r o1 | o'T
eopyo-=o| TE4ELLOT @)
0 o ’| ax? 6y2 oz?
ne
Cp: T>T/l7
cpte dy
Cy = %_ d_T’ Tc<T<T,, (3)
Cm > T<T¢,
pp’ T>T/l7
,0p+/0m
,03: T: T(;<T<lea (4)
Pom> T<Te¢,
ﬁyp: T>T/l7
AptA
ﬁyg: %9 T(;<T<lea (5)
Am> T<T,,



Bupasu (3) — (5) MiCTATb 3HaYeHHsI TENNOEMHOCTI, N'YCTUHM Ta Koediui-
EHTY TennonpoBigHOCTI pigHoi dasu Cpr Pp> Ap Ta TBEpaol dasn ¢, ,
. . . dy -
Pm» Am, BiANOBiAHO. lMoxigHa T XapakTepusye Temn KpucTanisauii,
BENUYMHA SIKOrO BUOUPAETLCS, BUXOASIUM 3 YSBMEHb NPO XapaKTep KpucTani-
3auii BignosigHoro matepiany. 3okpema, sIKLWO MiHil conigyca Ta nikeigyca
TAM matoTb BUA NpsSiMUX NaparnenbHUX fiHik, To TeMn KpucTanisauii MoXxHa
BMpa3nTK aHaniTu4Hoi opmynoto Bugy (7):

d
—r = (1T, (7)

MpoBegeHi B [10] ekcnepmeHTM BKa3ytoTb Ha Te, Wo binbwicte TAM ma-
I0Tb caMi Taki niHii niksigyca Ta conigycy.

TennodiznyHni BNnacTMBOCTI Tennoakymyrso4voro matepiany. Kpu-
TepieM ansa subopy TAM € TemnepaTypHuiA piBeHb, Ha AKOMY (DYHKLIOHYE
cucTeMa nepeTBOpeHHs eHepril. Hapasi, icHye 6arato npMpogHuX Ta CUHTe-
TUYHUX PEYOBWH, LLIO OXOMMIOTL BEMWKUIA Aiana3oH TemnepaTtyp ¢a3oBoro
nepexoay, AKi TeEOPeTU4YHO MOXHa BUKopuctoByBaTtu B AkocTi TAM. 1o HU3b-
koTemnepatypHmx TAM BigHocATbCA napadiHu pi3HOro XimiyHOro cknagy,
KOMMO3ULiMHI MaTepiany, iHWi XimivHi cnonykn, Temnepartypa ¢a3oBoro ne-
pexody sikux 1, <g0°C. CepeaHboTemnepatypHi TAM (Tqb < 900°c) — ue

Pi3HOMaHITHI opraHiyHi MaTepianu, coni Ta iX CyMilli, HeopraHivHi XimidHi
crnonyku Ta ix komnosuuii. [lianasoH Temnepatyp ¢a3oBoro nepexoay B1co-
koTemnepatypHux TAM Tuny kpemHito, ptopuay abo rigpugy niTito, pTopU-
AY HaTpilo Ta iH. MOYMHAETLCA 3 T4 > 900°C. KpiM TemnepaTypu chasosoro

nepexoay npu Bu6opi TAM BaxnuBum € Moro TennodisnyHi BNacTMBOCTI,
€eKomnoriyHa Ta €EKOHOMIYHa cknagoBa. TakMM KpUTEpiSM MOBHICTHO BignoBi-
[atoTb CoMi NYXHUX MeTaniB, SKi LUMPOKO 3aCTOCOBYHOTLCA MPU aKkyMysto-

BaHHS eHeprii B giana3oHi Temnepartyp Big 400K 10 900 K. Came B Takomy

TemnepaTypHOMy Aiana3oHi YHKLUiIOHYIOTb COHAYHI TepMOAMHAaMIYHI CTaHLiT
3 napabonounniHApMYHUMU KOHLIEHTpaTopamMu, OBOB’I3KOBVM €NeMEHTOM
AKNX € hasonepexigHui Tennoakymynatop [13].

EBTekTMYHa cyMmill HiTpaTy HaTpito NgNO3 Ta Kanio KNOs3 Y cnis-

BigHOWEHHI 45,67% Ta 54,33% € Hanbinbw posnosctomkeHnm TAM ans
nogibHux ctaHuin. Cnig BigMITUTK, WO Taki HITPATHI CyMilli B COHSAYHMX Tep-
MOOMHAMIYHNX YCTaHOBKaX MOXYTb BMKOPUCTOBYBATUCSH He Tinbkn sk TAM,
ane i sk TennoHocin [15]. Came Taka cymiw gocnigyxysanacb B skocTi TAM B
OaHin pobori.

HesBaxaroumn Ha Te, WO eBTeKTUYHA CyMill HiTpaTy HaTpilo Ta Kanio €
nonynsapHum TAM, y BigkpuTin nitepatypi HaBogATbCA OOCUTb CyrnepeynmBi
AaHi Wwopao ix TennodisanyHnX BNacTMBocTen. Ha ocHOBI niTepaTypHUX mxepen
[4, 10, 14] 6yno npoBefeHO aHani3 UMx BNacTMBOCTEN Ta NPUMHATI BigNoBI-
OHi aAWTUBHI 3Ha4YeHHS Tennodi3anyHMX NapameTpiB, ki HaBedeHi B Tabn. 1.
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Tabnuusa 1 — TennodisnyHi napameTpu

[Mapamemp 3HayeHHs1 lMapamemp 3HayeHHs1
K2 1900 o B 0.425
pm b _3 p’ K
M
K2 2100 1 Bm-m 0.5
s T 7 m»
p M3 K
cpr X 1800 L, Lo 232.5-10°
P’ oK > ke
Jore 1400 r,,K 496
Cm > oK

YucnoBa peanisauifi, pe3ynbtaTtu Ta 06roBopeHHsi. Ha ocHoBi maTe-
MaTu4HOI mogeni (2) — (6) 6yno CTBOPEHO YMCNOBMI anropuTM, KM peani-
30BaHO Ha MOBi NporpamyBaHHsi Python. Mpu cknagaHHi yncnosoro anropu-
TMY BaXknuBe 3Ha4YeHHs MaB BWOIp KiNbKOCTI KPOKIB 3a NPOCTOPOBOK KOOP-
AuHaTo. Lle noe’sisaHo 3 ocobnuBiCcTIO po3B’sidaHHsA 3agadvi CtedaHa me-
Togom “Mushy Layer”’, a came, B nepexigHy 30HYy, fka obmexeHa Temne-
patypamn T, i T., NOBUHHI noTpanutu miHimym 10 By3miB po3paxyHKOBOI
CciTkM, WwWob 3abe3neunTn BpaxyBaHHs MPUXOBaHOI TennoTu ga3oBoro nepe-
xoay. CTifikicTb po3paxyHKOBOi CXxemMu Ans 3agadi 3 0cobnuBMMu ymoBamu,
O noB’sA3aHi 3 BUAINEHHAM 41 NOrMMHaHHAM Tenna, 3abesnedvyBanach BU-
6opom BiAMOBIAHOT KiNTbKOCTI KPOKIB 32 YacoM i CMiBBIAHOLLUEHHAM iX BENUYK-
HW 3 BENMYMHOIO KPOKIB 3a NPOCTOPOBOIO KOOPAMHATOIO.

[ns peanisauii YucnoBoro ekcnepumeHTy 6yna obpaHa disnyHa moaernb
WiNMHHOrO TennoBoro akymynsatopy 3 wapom TAM TtosBwmHow [=0,2 m.
IMoBHWMI Yac YMCNOBOrO eKCnepuMeHTYy AOpPiBHIOBaB 7 =5 200. [ianasoH Te-
MmnepaTtyp nikeigyca Ta conigyca 0yB BuOpaHWiA y BignoBigHOCTI 4O Temne-
paTtypu dba3oBoro nepexony v fopisHiosas 7 ,=496K 1a T7,.=494K.

Ha puc. 2 npeacTtaBneHi pe3ynbTaTy YMCMOBOro MOAENIOBAHHS MpoLecy
¢a3oBOro nepexogy «TBepae TiNO — piguHa» B €BTEKTUYHIN CyMilli conewn
HaTpilo Ta Kanito Npu rpaHUYHMX YMOBax nepLuoro pody. NoyaTtkoBa Temne-
patypa TAM popisHioBana T, =330K, a Temnepartypa CTiHK/A TEMMIOBOro
akymynatopa — 7., =1650K. Ha rpadciky MOxHa 4iTko crioctepirati dop-
MyBaHHS rpaHuui posnoginy d¢as, ii pyx B yaci, po3nogin Temnepartyp B pia-
Kin Ta TBepauni @asi, TOBLMHY Luapy posnnasneHoro abo 3aTBepainoro
TAM. HAkicHa kapTMHa npouecy cniBnagae 3 BiZAOMUMW KNACUYHUMU
poss’a3kamu 3agadi Ctedana [3].

BinbL xapakTepHUM pexmMMoM (PyHLIIOHYBaHHS TEMMOBOro akymynsTopa
€ pexuM, WO BiAnoBidae rpaHWYHMM YyMOBaM TpeTbero poay. Po3s’asok
3apgadvi CtebaHa 3 rpaHUM4HMMM yMOBaMu TPETbOrO poAy Mpu MOYaTKoOBIN
Temnepatypi 7T,, =330K, koediuieHTi Tennosigaadi « =1000 Bm/m*K Ta
Temneparypi TennoHocia 7,,, =2650K, HasegeHun Ha puc. 3.
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Puc. 2 — Po3nogain Temnepatypu y wapi TAM
NPy rpaHMYHUX YMOBAax NepLIoro poay

Ak BMAHO 3 puc. 3, B UinoMy, SKicHa KapTuMHa npouecy ha3oBoro nepe-
xo4y crnienagae 3 nonepeaHiM BUNaakoM, Lo OnocepesKkoBaHO CBigYUTb Npo
afeKBaTHICTb po3pobneHoi MaTeMaTn4HOI Mogerni Ta BignoBiAHOMO YNCITOBO-

mMeTogamMu.

ro anroputmy. binblw To4Ha KinbkicHa Bepudikauia 6yge oTpumaHa Ha Ha-
3 eKkcnepumeHTanbHUMW AaHMMK abo po3B’A3Kkamu, WO OTPUMaHI iHLIWMMMK

CTYMHMX eTanax AOCHiIKEeHHs BigMOBIAHOI CyMilli COMIB LUNAXOM NOPIBHAHHSA

{ —— t=18min
2500 4\ t = 84 min
\ \ — t =252 min
\. \
2000 4|
\
\
\
\
x \
L 1500 \\
1000
\ \
\
\ L
500 \,
0 100 200 300 400 500

600 700 800
BiaHOCHa TOBWMWHA Wapy

Puc. 3 — Po3nogin Temnepatypu y wapi TAM npu po3B’a3aHHi 3agadi CtedpaHa
3 rPaHNYHUMN YMOBaMM TPETLOro poay
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BucHoBku. HaBegeHi B poboTi pesynbTaTu BigobpaxatTb nepLumn etan
OOCNIMKEHHA NepCrnekTUBHUX TennoakyMyniopydnx Martepianis, BUKOPUC-
TaHHA AKMX MOXe 3abesneunTn GesnepebiiHy poboTy cuctemu nepeTso-
PEHHA COHAYHMX TEPMOANHAMIYHUX YCTaHOBOK, L0 (PYHKLIOHYOTL B cepef-
HbOTemnepaTypHoOMy iHTepBani. AHani3 pi3HMX nigxoais OO pO3B’A3aHHA 3a-
nadi CtedpaHa fossonme Bu3Hauntn metog «Mushy Layer» Takum, Wwo Big-
nosigae cyTi gi3aM4HOro npouecy B casonepexigHoOMy TEMfOBOMY aKyMyrsi-
Topi. NobynoBaHa Ha OCHOBI BMOpaHOro metogy mMaremaTuyHa mMogernb Ta
npoBeeHi YMCMoBi PO3paxyHKN A403BONUNN BUABUTU 0COBNMBOCTI NpoTikaH-
HA npouecy a3oBOro nepexoay, BU3Ha4YNTU pPo3noAin Temnepartyp B pigkin
Ta TBepain ¢asi, TOBLWMHY Wapy po3nnasrneHoro abo 3aTBepainoro tennoa-
KyMYITIOpYoHOro Matepiany, WBUAKICTb pPyxy rpaHuui posnoginy das.
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YK 519.63

W. B. Mapbkasckud, J1. N. KHbiw, 0-p mexH. Hayk

MOLAENNPOBAHUE SHEPTONEPEHOCA
B ®A30MEPEXOHOM TEMJIOAKKYMYNATOPE
CONHEYHOU TEPMOANHAMUYECKOWN YCTAHOBKMU

MNpoBepeHo uucneHHoe uccnedoBaHWe npoueccoB ha3oBOro nepexopa «TBep-
Aoe Teno — XMAKOCTb» B TENNOBOM aKKyMymnsTope CONIHeYHOM TepMOAVHAMUYECKOro
ycTaHoBKW. B ocHoBe MaTemaTu4yeckod MOAENW W HYMCIIEHHOro anroputmMa MonoXeH
Metop "Mushy Layer”, koTopbiin oTpaxaeT ¢pm3nyeckyto cyTb ABneHusi. KomnbrotepHoe
MogenupoBaHue 3apayn CtedraHa NO3BONUIIO BbIIBUTL OCOGEHHOCTU npouecca haso-
BOro nepexopa, onpeAenvuTb pacnpeaeneHve Temnepatyp B XWAKOW u TBepaon chase,
TONWMHY TBEPAON U Xuakon a3 TennoakKkyMmynvpytollero matepuvana, CKOpocTb ABU-
XEeHUs rpaHuubl pasgena ¢as.

Knroyeenbie cnoea: mernnogol akkymynsmop, 3adavya CmecpaHa, memod «Mushy
Layer»; mennoakkymynupyouuti Mamepuarl, YUC/TeHHbIE IKCIIePUMEHMbI.

uDC 519.63

I. V. Harkavskyi, L. I. Knysh, Dr. Sci. (Tech.)

MODELING OF ENERGY TRANSFER
IN A PHASE-CHANGE THERMAL STORAGE MODULE
OF A SOLAR THERMODYNAMIC POWER PLANT

A numerical study of the phase change “solid-liquid” processes in the thermal
storage module of a solar thermodynamic power plant is carried out. The mathemat-
ical model and numerical algorithm are based on the "Mushy Layer" method, which
reflects the physical essence of the phenomenon. Computer modeling of the Stefan
problem allows to reveal the phase-change process features, to determine the tem-
perature distributions in the liquid and solid phases, the thickness of the solid and
liquid phases in the thermal storage material, the velocity of the phase boundary.

Keywords: thermal storage module; Stefan problem; “Mushy Layer” method; thermal
storage materials; numerical experiments.

Thermal storage systems are key elements of solar thermodynamic sys-
tems, since guarantee smooth functioning power plants when the Sun is
absent. Phase-change thermal storage systems have significant advantages
in comparison with other methods of thermal storage. Thermal storage sys-
tems are designed on temperature level which corresponds phase change
temperature of the chosen thermal storage material. Therefore, using of a
molten salt is widespread technology of thermal storage in solar thermody-
namic systems. Eutectic mixture of sodium nitrate and potassium nitrate as
phase change material for solar thermodynamic plants is numerically studied
in the present article. Numerical algorithm based on mathematical model
that is composed by the «Mushy Layer» method. The choice of this method
is due to nature of the phase-change process in the molten-salt thermal
storage modules. Applying of the “Mushy Layer” method allows to simplify
Stefan problem and to replace two partial differential equations by single
heat equation for solid, liquid and “Mushy” phases. Such equation is numeri-
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cally solved assuming that solidus line and liquidus line of the phase-change
material are parallel. This assumption allows to find analytical equation for
crystallization rate and to take into account latent heat of fusion (melting).
The thermodynamic parameters of the eutectic mixture of sodium nitrate and
potassium nitrate is chosen vie review and analysis of numerous scientific
sources. The developed numerical algorithm is realized using Python in-
house software and tested using classical heat equation without phase
change. Computer modeling of the phase transition in plate thermal storage
of the solar thermodynamic plants allows to identify features of the phase-
change process, to determine the temperature distributions in the liquid and
solid phases, thickness of the solid and liquid phases in the thermal storage
material, the velocity of the phase boundary.

REFERENCES

1. Knysh L.I. Mathematical modeling of heat transfer processes in accumulating
systems "solid - liquid" // Ind. heat engineering. 2014. Vol. 36., Ne 4. P. 5-10. (in Russian).

2. Kobylyanska O.B., Lyashenko V. P. Stefan's problem with a time-varying heat
source // Vestnik of Kharkiv National University. 2012. Ne 1015. P.167-172. (in Russian).

3. Lykov A. V. Thermal conductivity theory // M.: Vysshaya shkola, 1967. 600 p. (in
Russian).

4. Nazirov R.A., Takhtobin A. V. Materials with a changing phase state in enclosing
structures // Construction and reconstruction. 2019. Ne 6 (86.) P. 66-85. (in Russian).

5. Pekhovich A. I, Zhidkikh V.M. Calculations of the thermal mode of solids.
Leningrad: Energia, 1976. 352 p. (in Russian).

6. Podgorodnyi A.R., Sidorov M.V., Yalovega I.G. Numerical analysis of phase
transformations on the example of a one-dimensional problem // Radioelectronics and
Informatics. 2015. No 2. P. 45-48. (in Russian).

7. Tymoshpolskyi V.I., Belyaev N.M., Ryadno A.A. and etc/ Applied problems of
metallurgical thermal physics. Minsk: Navuka i tekhnika, 1991, 320 c. ISBN 5-343-00826-7.
(in Russian).

8. Shevshenko A. I., Minenko A.S. Stefan problem in the presence of convection //
Reports of the National Academy of Sciences of Ukraine. 2012. Ne1. P. 25-29. (in Russian).

9. Caldwell J., Kwan Y. A brief review of several numerical methods for one-
dimensional Stefan problems // Thermal Science. 2009. Vol. 13. No 2. P. 61-72.

10. D’Aguanno B., Karthik M., Grace A. N., Floris A. Thermostatic properties of nitrate
molten salts and their solar and eutectic mixtures // Scientific reports. 2018. Vol. 8.
No 10485. P.1-15.

11. Gupta S.C. The Classical Stefan Problem: Basic Concepts, Modelling and
Analysis with Quasi-Analytical Solutions and Methods. Amsterdam: Elsevier; 2018. 732 p.

12. Javierre-Perez E. Literature Study: Numerical Methods for solving Stefan
problems // Report 03-16, Delft University of Technology. 2003. P. 35-45.

13. Knysh L. Comprehensive mathematical model and efficient numerical analysis of
the design parameters of the parabolic trough receiver // International Journal of Thermal
Sciences. 2021. Vol.162. No 106777. P. 1-13.

14. Liu M, Saman W., Bruno F. Review on storage materials and thermal performance
enhancement techniques for high temperature phase change thermal storage systems //
Renewable and Sustainable Energy Reviews. 2012. Vol. 16. Iss. 4, P. 2118-2132.
https://habr.com/ru/post/102753/.

[HinposcbKul HayioHanbHUl yHisepcumem
imeHi Onecs NoH4apa,
[Hinpo, YkpaiHa Haditiwna 0o pedkoneeii 16.10.2020

14



IMPOBJIEMU OB‘-II/ICHIOBAJ'IVI)HOI MEXAHIKN ISSN 2079-1836
I MIITHOCTI KOHCTPYKIIN 2020, sun. 32

DOI 10.15421/4220012
YK 539.3

G. [. lepackuH, 1O. 4. lodec, kaHO. ¢pus.-mam. Hayk, U. b. Kouemkosa

MOAOENMNPOBAHUE YCTAHOBUBLLUEINOCA OBUXEHUA
HAIMPY3KWU NO OPTOTPOMHOU NNACTUHE
HA BUHKIIEPOBCKOM OCHOBAHUU

PaccMmoTpeHa AMHamu4yeckasi 3afaya 06 yCTaHOBUBLUEMCA OABWKEHUU Harpysku
no OecKOHEYHOW YMpPyroM OPTOTPONHOM MNNacTUHe, nexalwend Ha OCHOBaHUMN
BuHknepa. [ina onpefeneHus nonsi NpornéoB UCNosnb3oBaH MeToA MHTerparbHOro
npeobpasoBaHua ®Pypbe. B pesynbtaTe aHanusa CXoAUMOCTU WHTerpana,
BblpaXalLlero nNporuébl, yCTaHOBMEH AWana3oH CKOPOCTel ABWXEHUS Harpyskw,
Npu1 KOTOPbIX peanusyeTcs yCTaHOBUBLUMICA npoLuecc AehOpMUMpPOBaHUSI.

Knro4eeble cnoea: opmomponHas ynpyaas aacmuHa; yrpyeoe OCHO8aHUe;
ycmaHosueweecss 08UXeHUe Hazpy3Ku, Kpumuyeckas CKOpOCMb, UHMmezpanbHoe
npeobpa3sogaHue Dypbe.

BBepeHue. PelueHnsa ctaumMoHapHbIX AMHAMUYECKMX 3a4a4 O OBWXKEHUMN
Harpy3oK no NOBEpPXHOCTAM MONYyBECKOHEYHbIX YNPYrnx Ten TepsitoT CMbICH
Npy OOCTMXKEHUN CKOPOCTbIO ABWMXXEHUS Harpyskm HEKOTOPOro KpUTUYECKOro
3Ha4eHMs, YTO yKasblBaeT HA HEBO3MOXHOCTb peanusauum ycTaHOBUBLLETO-
csl npouecca AedopMUPOBaHUSA NMPU KPUTUYECKON U CBEPXKPUTUHECKMX CKO-
pocTtax [6, 7]. OnpeaeneHno KPUTUYECKUX CKOPOCTEN ANS ynpyrmx MHOro-
CMNOVHbLIX OCHOBaHWI NocesleHbl paboThl [1, 2, 5, 8]. [JnanasoH cKopocTen,
Npy KOTOPbIX peanu3yeTcs YCTaHOBMBLLMINCA PEXUM OBWKEHUS] HArpy3ku no
M30TPOMHOW NnacTUHe Ha YNpyrom OCHOBaHuu, uccregosaH B [3,4]. B
HacTosLWEen cTaTbe W3naraeTcs anropuTM MOAENUPOBAHUSA OBUXKEHMS
Harpysku no opTOTPOMHOM yNpYyron nnactuHe, nexallen Ha OCHoBaHUN BuH-
Knepa.

MocTtaHoBKa 3amaun. PaccmaTpumBaeTcsa OeckoHeyHast OpTOTpOnHasi

ynpyras nnactuHa TONWMHOW (—oo<x?,x§ <o, —h/2<x§) <h/2), ne-

*aluas Ha OCHOBaHWM BuHknepa ¢ koapdnumeHTom noctenm k, x{xyxy —

HenoaBWXHada cuctema KoopauHaTt, nioCKOCTb x?x(z) KOTOpOVI coBnagaet C

CPeAVHHOWN NNOCKOCTbIo nnacTtuHel (puc. 1). Ha nnactuHy gencreyeTt none-
peyHas Harpyska, 06nacTb NPUNOXeHUs KOTOPOWN ABWXETCA NocTynaTenbHO
C MOCTOSIHHOM NO BENWUYMHE W HaMpaBleHN0 CKOPOCTLIO vV, BEKTOP KOTOPOM
obpasyeT yron o C OCblO x?. MogBwkHas cuctema KOOpAWMHAT XjX,X3
HeM3MEeHHO c©Bsi3aHa C 06nacTblo  HarpyxeHus, X =xf) —vitcosa,

Xy = xg —vitsina, Xy = xg, ee OCHu nepneHaunKyndapHbl NNOCKOCTAM CUMMET-

© b. [. lepackuH, 10. A. Nogec, WN. B. KoveTkoBa, 2020
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pvn ynpyrux CBOWCTB MaTepuara nnactuHbl. VIHTEHCMBHOCTb MOMepeyHown
Harpysku g(x;,x,) C Te4eHWeM BpeMeHmn He n3meHsieTcs. Paccmatpusaetcs
yCTaHOBMBLLMICS npouecc AedopMUPOBaHMSA NMacTyHbl, Korga none nporu-
60B B NOABWXHOW CUCTEME KOOpAMHAT SIBHO OT BPEMEHW He 3aBUCUT:
W =w(x; —vtcosa, x, —vtsina) = w(xy,x,) . Tpebyetca onpenenuts none
npornboB 1 yCTaHOBUTb AMana3oH CKOPOCTEN ABWXKEHWUS Harpy3ku, Npu Ko-
TOpbIX peanuayeTcs yCTaHOBUBLLMIACSA NpoLecc AedOpMUpPOBaHUS.

q(xl,x ) \4 xl 4

L

x%??%*x 33

Puc. 1 — MnactuHa Ha ocHoBaHUKM BuHknepa
nop AeACTBUEM OBMUXKYLUEACS Harpy3ku

S4

MeTtoauka peweHus. Tak Kak npouecc AeopmrpoBaHus npeanonara-
€TCH YCTaHOBUBLUMMCS, TO UHEPLMOHHOE criaraeMoe B ypaBHEHUN AUHAMU-
yeckoro msrmba opToTponHow ynpyron nnactuHbl [10] BbipaxaeTcs yepes
npoussogHble NpornboB No NOABMXHBLIM KOOpAUHAaTaM, U yKazaHHOe ypaBs-
HeHve NpMBoOAMTCA K BUOY

4 4 4
Dla ZV+2 12 62w2 +D2a Zv+kw+
Ox| Oxi Ox4 0x
2 2 2
+phv?| cos’ 5 +sin2a—w+sin205a ZV =q(x;,x2), (1)
6)(1 6x16x2 axz

rae Dy, D,, Dj; — XeCTKOCTW OPTOTPOMHOW MNacTWHbl, onpefensiemble
MeXaHWYeCkMMM XapakTepucTkamMm Matepuana; o — ee nioTHOCTb.

MpumeHmB K ypaBHeHuto (1) MHTerpanbHoe npeobpasoBaHue Pypbe [9]
Mo KoopaMHaTaM Xj, X, , MOSyYUM BbIpaXXeHne TpaHCHOPMaHTbl NOMs npo-

rmoos

DyW=h*g(&, &) w67 @)

roe  q(&,5) — TpaHcdopMaHTa WHTEHCUMBHOCTM  Harpysku;  OyHKUMSA
u(&,&,) onpeneneHa paBeHCTBOM
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u(&,5)= ((fh)4[cos4 1) +%sin2 20+my sin? (p] - ((fh)zncosz(go -a)+K;

&, ¢ — nonsipHble paguyc u yron B nnockoctn & &, napameTtpos npeobpa-
30BaHusA Pypbe COTBETCTBEHHO; & =<&cose ; & = Esing . BennunHbl

k=kh*DrY, n=pv* 3D, my=D,DrY, my = D,DF!

npeacTaBnsaoT cobon XxapakTepucTukn cuctembol — 6eapasmepHble koaddu-
UMEHT nocTenu, CKOPOCTb U NapameTpbl OPTOTPONUN COOTBETCTBEHHO.

Mone nporuboB onpepensieTcs B pesynbTaTe MNPUMEHEHUS K paBeH-
cTBy (2) hopmynbl obpalleHns nHTerpansHoro npeobpasosaHus Pypee [9]:

[eelee]

472D, w(xl,x2)=h4j %e"(ﬁxl*@z}d@dg . 3)
152

—00 —00

KpuTnueckasi ckopocTb ABWXEHUA Harpysku. [ing Toro ytobbl dop-
myna (3) npeacTaBnsana pelleHWe MNOCTaBNEHHOW 3afauyun, UHTerpan B ee
NpaBoON 4acTW OOSMKEH CXOAWUTbCS PaBHOMEPHO OTHOCUTENbHO napameT-
POB X, X;. OTO TpeboBaHWe BbLINOMHAETCA MPU YCNOBUM OTCYTCTBUS B
nrnockoctn & & Hynem y dyHkumm u(&),&, ), aBnawolwencs buksagpaTHbIM
TpexyneHoM oTHocuTenbHo &i. YkasaHHOe YyCnoBWe MpuBOAMT K

HepaBEeHCTBY
772 cos4((p -a)- 41{0034 o +%Sin2 20 +my sin? (pj <0,

KOTOpPO€E OOJMKHO BbINOJTHATLCA O5A NoObIX 3HAYEHWIA nonydapHoOro yrna ¢ .

Takum oGpasoM, uHTerpan Pypbe, Bblpaxarowmii none nporméos, cXo-
ONTCA paBHOMEpPHO, ecnu Gespa3MepHasi CKOPOCTb ABWXEHUSI Harpysku 7

MEHbLUE KPUTUHECKOro 3Ha4eHuna ., , onpegendaemoro paBeHCTBOM:

my + 2(}”’[1 - I’Vlz)COS2 @+ (mz — 2m1 + l)COS4 [

(4)

77*2 =4x min 7y
<Pz cos (p—a)

Peanun3saumsa yctaHoBuMBLUErOCS npouecca AedopMUPOBaHUSA OKasblBaeTCs
BO3MOXHOW TOSIbKO MPU [JOKPUTUYECKMX CKOPOCTAX [OBMKEHUSA Harpysku
n <1, . 3HaYeHne KpPUTUYECKOM CKOPOCTW, 3ajaBaemoe copmynon (4), 3a-

BUCMUT WUCKMIOYMTENBHO OT MEXaHUYECKUX XapaKTepUCTUK KOHCTPYKLMKU U yr-
na Mexpgy BEKTOPOM CKOPOCTM ABWKEHUSI Harpy3ku 1 HamnpaBneHusiM1 opTo-
Tponuw.

YucneHHasa peanusaums peweHus. [Ons NpubnMKeHHOro BbIYUCNEHNS
nHTerpana ®ypbe MCnonbL3oBanUCb adanTyBHbIE anropuTMbl Ha OCHOBE
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KBagpaTypHbIx cdhopmyn Faycca n ®dunoHa, yunTbiBatoLMe OCLUMIUPYIOLLAIA
XapakTep nofblHTerpansHoi (yHKUMK. [pUMeHeHWne Takux anropuTMOoB
nossonsieT u3bexaTb HaKoMeHWsi OWKNGOK OKpyrneHnsa u obecnevmsaeT
noflydyeHne YUCNEHHbIX pes3ynbTaToB C 3adaHHOW TOYHOCTbI. 3HayeHue
KPUTUYECKOW CKOPOCTU OMpeaensinock B pe3ynbTaTe YACMEHHOTO peLleHus
3agaqv MUHUMU3aLUMM METOLOM MNONOBUHHOIO AeNeHus.

B kayecTBe wnntocTpauuu npeanaraeMo MeToAMKWM MOLENMPOBaHUS
paccMmoTpeHa 3afjada O ABMXKEHWM Mo NnacTuHe MornepeyHon cocpenoTo-
YeHHoW cunbl O, NPUINOXEHHO B Havane noABUXHON CUCTEMbI KOOPAMHAT.

B aTom cnyyae TpaHcopmaHTa dypbe nonepedHon Harpysku g(&,5,)=0 .

Ha puc. 2 nokasaHoO U3MeHeHue I'IpOI'VI6OB BOOJIb NMNUHUN OBUXEHUA COocpe-
[OTOYEHHOW CUnbl NpUY HEKOTOPbLIX AOKPUTUNHECKMX 3HAYEHUAX CKOPOCTU.

s/h

Puc. 2 — Mporu6bl oT AeNCTBUA COCPEAOTOHEHHOW CUTbI

MapameTpbl KOHCTPYKUMN k=4, m; =3, my =4, a=30°, n,=5336,
KoOpAuHaTa s OTCUMTbIBAETCS OT TOYKM NPUNOXEHWSI CUMbl BAOMNb NUHUK ee
nBumxeHus. Kak n cnegosano oxuaatb, MakcumarnbHoe 3HadeHue npormba
[OCTUraeTcsl B TOYKE MPUIOXEHUS cocpeaoTodeHHol cunbl. C pocTOM CKO-
POCTU OBWXEHUS HArpy3ku npormbsbl BO3pacTatoT, NP CTPEMITEHNN CKOPOCTU
OBWKEHMS Harpysknm K KpUTUYECKOW MakcumarnbHoe 3HadeHue nporvba BO3-
pacTaeT HeorpaHUYeHHO.

3akntoveHue. [locTpoeHHOe B HacTosdwen paboTe pelleHune craumo-
HapHOM AMHaMMYECKOM 3aaun O OBWKEHUM HArpy3ku No ynpyron nnactuHe,
nexawen Ha BUHKNEPOBCKOM OCHOBaHMW, MO3BOSWMO UCCNeaoBaTb UMElo-
LMe MeCcTO B TaKMX MpoLeccax pPe3oHaHCHbIE SIBNEHUSI U YCTaHOBUTbL Auna-
NasoH CKOPOCTEN, NPV KOTOPbIX peanu3yeTcsi YCTaHOBMBLUMIACS PEXUM fOe-
dopmupoBaHus. lMpegnoxeHa addpekTBHAA MeToAuKa BbIYUCINEHUST KpU-
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TUYECKON CKOpOCTU " I'IpOI'VI60B NNacTuHbl C 3a4aHHON TOYHOCTbLIO, NMO3BO-
nawuwasa npoBoanTb YUCMEHHbIV aHann3 BAUSHUS Ha HUX aHun3oTponun ma-
Tepuana.

nepCﬂeKTMBHbIM HanpasleHnem JanbHenwmnx nccnegoBaHun ABngeTcH
peweHne HeCTaLI,VIOHapHOVI 3afauvn, Korga Harpyska npuknagbiBaeTcsa K bec-
KOHEeYHOM OpTOTpOﬂHOIZ nracTMHe B Ha4vamnbHbI MOMEHT BpemMeHn n 3atemMm
nepemMeuwlaeTcqa C NOCTOSIHHOW CKOPOCTbHO. 3HaunTeneHbIN nHTEepecC npen-
CTaBndaeT uccriegoBaHune ycn0|31/||71, Nnpn KOTOPbIX HecCTauuMoHapHoe none
I'IpOFVI6OB C Te4eHnem BpeMeHn CTpeMnTCA K NoOCTPOEeHHOMY CTauMOHapHO-
My pelleHuto. Ll,enecooGpasHo TakKXKe uccneagosatb BO3MOXHOCTb pacnpo-
CTpaHeHnda B ynpyroﬁ OpTOTpOHHOVI nnacTuHe cobCTBEHHbIX BOMH U YyCTaHO-
BUTb CBA3b MeXAy UX CKOPOCTAMU U KpMTI/I‘-IeCKOVI CKOpPOCTbIO yCTaHOBMUBLLE-
rocqa OBMXKEHUA Harpy3ku.
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YK 539.3

b. A. lepackin, 1O. A. Nodec, kaHO. ¢hi3.-mam. Hayk, |. b. Kouemkosa

MOLENIOBAHHA YCTANEHOIO PYXY HABAHTAXEHHA
MO OPTOTPONMHIA NITACTUHI HA BIHKNIEPOBCbKIW OCHOBI

Po3rnsiHyTo AuHamivyHy 3apgaydy npo ycTaneHMW pyX HaBaHTaXeHHA no
HeCKiHYeHi NPYXHi OPTOTPONHIN NNacTUHI, WO NEeXUTb Ha ocHoBi BiHknepa. Ons
BU3HAYEHHA MONsi MPOrvMHIB 3aCTOCOBaHO MeToh iHTerpasbHOro nepeTBOPEeHHs
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®dyp’e. Y pesynbTati aHani3y 36iXXHOCTI iHTerpana, Wo Bupaxae NpormH1, BU3Ha4eHoO
piana3oH LWBUAKOCTENM PyXy HaBaHTaXeHHSA, 3a SAKUX peaniyeTbCsi ycTaneHwun
npouec aedopmyBaHHS.

Knoyoei crioea: opmomponHa npyxHa nnacmuHa; fpyxHa ocHoea; ycmarneHul pyx
HagaHMaXXeHHsI;, KpUMuyYHa WeuoKicmb, iHmezpasnbHe nepemeopeHHs] Qyp’e.

Po3rnsgaeTbca HecKiH4eHHa OpTOTPOrHa MpyXHa nracTuHa TOBLUMHOK
A, WO NexunTb Ha ocHOBI BiHknepa 3 koediuieHTom nocteni k. NnactnHa
3HaxoOMTbCA M Ai€l0 NMONEepPeYHOro HaBaHTaXEHHS, 00nacTb NPUKNageHHs
AIKOro pyxaeTbCs NocTynanbHO 3 MNOCTINHOW LWBKUAKICTIO v . 3 obnacTio HaBa-
HTaXXEHHA HE3MIHHO 3B’A3aHa pyxoma cucTema KoopauHaT xjx,x3, OCi AKOI

nepneHavKynapHi NnowmHaM cUMeTpii NPYXHWUX BriacTMBOCTel MaTepiany
MNacTHW, NoWyMHa x X, CriBNafae 3 CePeAUHHOI0 MIOLMHOK NMacTUHY, a

BiCb X; YTBOPIOE KYT @ 3 BEKTOPOM LUBUAKOCTI. IHTEHCMBHICTb HaBaHTaXeH-
HA g(x1,X,) He 3MiHIETbCSA 3 YacoM. PosrnmagaeTbca yctaneHuin npouec

aedopMyBaHHSA, Npu SIKOMy Mofe MPOruHIB Y PYXOMi CUCTEMi KoopauHaT
SIBHO BiJ 4Yacy He 3anexwuThb.

IHepuiiHMn 0OOAHOK Y PIBHAHHI AMHAMIYHOrO 3rMHY MNacTUHW BuUpaxa-
€TbCA 4epe3 MOXigHi MPOrMHIB NO PyXoMMX KOopAMHATax. 3acTocoBYyHUM
iHTerpanbHe nepetBopeHHss Pyp’e No KoopaMHaTax xj, Xx,, 3HAXo4uMo no-

ne nporuHiB w(xy,x,) Yy BArNAAI iHTerpana no nnowmHi napameTpis nepert-
BOpeHHs & &, . PiBHOMipHa 36iXHICTb LbOro iHTerpana BigHOCHO napamert-
piB X, x, 3abe3ne4vyeTbCa BiACYTHICTIO HYNiB y 3HameHHuKa u(&y,&,) TpaH-
copmMaHTn npormHiB. PyHKUIA u(&),&,) € bikBagpaTHUM TPUYIIEHOM BigHO-

CHO MOMSIPHOro pagiyca y nnowuHi napameTpiB NepeTBOPEHHs, TOMY yMOBa
BiACYTHOCTi HyniB Npu3BOAMTb A0 HEpIiBHOCTI 77 <7, , Ae 71 — 6e3po3mipHa

LWBWAKICTE PYXYy HaBaHTaXEeHHs, 77, — 1l KPUTUYHE 3HaYeHHHA. 3a yMoBM
n <n, iHTerpan dyp’e, WO BUpaxXae NporuHu, 36iraeTbCs piBHOMIPHO.

Takum 4uMHOM, pearnisauif ycTtaneHoro npouecy gedopMyBaHHA € MOX-
NNBOIO TiNbKM NPU OOKPUTUYHMX LUBUOKOCTAX PYXYy HaBaHTaXeHHs. 3HadeH-
HA KPUTUYHOI LUBMAKOCTI 3aNeXWTb BUKITHOYHO Big MeXaHiYHUX XapakTepuc-
TMK KOHCTPYKUIT Ta KyTa Mi>XK BEKTOPOM LUBMAKICTI PyXy HaBaHTaXXeHHHA Ta
HanpsMamu opToTponii.

Onsa HabnukeHoro obuncneHHs iHTerpana dyp’e 3aCTOCOBaAHO afanTUBHI
anropuTMm Ha OCHOBI kBagpaTypHux cdopmyn layca i ®inoHa, Wo Bpaxosy-
I0Tb OCLMMIOYNIA XapakTep nigiHTerpanbHoOi yHKUii. Taki anroputmn 3a-
6e3nevyoTb oOepXKaHHS YMCMNOBUX pe3ynbTaTiB i3 3a4aHOK TOYHICTIO. 3Ha-
YEHHS KPUTWYHOI  LBWMAKOCTI 3HAWAEHO $K pe3ynbTaT  YMCIOBOrO
pO3B’si3aHHs 3agadvi MiHimi3auii MeTogoM LAineHHst HaBnin. 3anponoHoBaHy
MeTOAMKY MOOENoOBaHHS NPOINOCTPOBAHO pe3ynbTataMu AN Bunagky pyxy
Mo NNacTUHi 30CEpPeXeHOI CUMNK, L0 PYXaeTbCs 3 AOKPUTUYHUMMU LUBUAKOC-
TaMun. MNMpoaeEMOHCTPOBAHO 3pPOCTaHHS NMPOrUHIB NPU HABGNMKEHHI LLBUOKOCTI
00 KPUTUYHOTO 3HAYEHHS.
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UDC 539.3

B. D. Heraskin, Yu. Ya. Hodes, PhD (Phys.-Math.), |. B. Kochetkova
MODELLING OF STEADY-STATE LOAD MOTION ALONG
AN ORTHOTROPIC PLATE ON WINKLER FOUNDATION

Dynamic problem of a load steady-state motion is considered for an infinite
elastic orthotropic plate on Winkler foundation. Fourier integral transformation is
used to obtain the deflections. The Fourier integrals convergence analysis allows to
find the velocities diapason in which the steady-state deformation process can be
carried out.

Keywords: orthotropic elastic plate; elastic foundation; steady-state load motion;
critical velocity; Fourier integral transformation.

An infinite elastic orthotropic plate on Winkler foundation is considered,
h is the plate thickness, k& is the bed coefficient. A lateral load is applied to
the plate, motion of the loading area is translational with the constant veloci-
ty v. The movable coordinate system x;x,x; is connected to the loading

area, coordinate axes are perpendicular to the planes of elastic symmetry for
the plate material, x;x, is the middle plane for the plate, the velocity direc-

tion forms the angle o« with the x;-axis. The load intensity g(x;,x,) does

not change in time. The deformation process is considered to be steady-
state: the deflection field does not depend evidently on time in the movable
coordinate system.

The time derivative of the deflection in the equation of the plate dynamic
bending can be expressed in terms of derivatives respect to the moving co-

ordinates. After applying Fourier integral transformation by coordinates x;
, X, we obtain the deflection field w(x;,x,) as integral over the plane of the
transformation parameters & &, :

[oe}

4752D1 w(x;,x;) = n .[ zg??; eii(QXHéZXZ)d@rldfz .
12

—00 —00

For this integral the uniform convergence with respect to x;, x, is en-
sured if the deflections transform denominator u(&;,&,) has no zeros. Func-
tion u(&,&,) is a biquadratic trinomial with respect to the polar radius in the

plane of the transformation parameters, and so the condition for the zeros
absence leads to inequality 77 <7, , where 7 is the dimensionless velocity of

the load, 7, is its critical value

my + 2(}”’[1 - I’Vlz)COS2 @+ (mz — 2m1 + l)COS4 [

77*2 =4x min 7y
<Pz cos (p—a)

)
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where «x is the dimensionless bed coefficient; m;, m, are the dimension-

less orthotropy parameters.

Thereby the steady-state deformation process can be carried out only at
subcritical velocities. The critical velocity value depends only on the mechan-
ical characteristics of the structure and the angle between the velocity and
the orthotropy directions.

The effective method is proposed to calculate deflections accurately. The
adaptive algorithm based on Gauss and Filon quadratures allows to take into
account oscillation of the integrand. The proposed technique is illustrated by
the results for the case of concentrated force moving with the subcritical ve-
locities. The maximum deflection increases when velocity tends to the critical
value.
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3KCNEPUMEHTAJbHbIE UCCNIEAQOBAHUA YCTOUYNBOCTU
OCJABJIEHHbBIX KPYTOBbIMKX OTBEPCTUAMU
LUMNNHOPUYECKUX OBOJIOYEK NMPU OCEBOM CXATUU

MpeacTaBneHbl pe3ynbTaTbl CUCTEMHOTO 3KCNEPUMEHTaNbHOro MccnenoBaHusA
AOKPUTUYECKOTO COCTOSIHUSA, 3aKpUTU4YEeCKMX (DOPM paBHOBECUS U KPUTUYECKUX
Harpy3oK LMUNMHAPUYECKMX O6GONOYEeK C perynsipHO pPacnofioXX€HHbLIMU B OAHOM
nosice cpefHero MOMEPeYHOro CeYEeHUs1 KPYroBbIMU OTBEPCTUSIMU MNPU OCEBOM
cxkatun. KonuyecTBOo oOTBepcTUM M UX pasMepbl MU3MEHANUCb B LUMPOKMUX
AuanasoHax. UcnbiTaHbl ABeHaguaTb cepuit moaenen. [ins kaxaon cepumn o6onoyek
CyMMapHas nnowanb BCeX OTBEepCTMW oOcTaBanacb MNOCTOAHHOW. PesynbTtaThbi
npeacTaBneHbl B Buge rpacgmMkos, Tabnuu U KapTuH ¢popm noTepu yCTOMYUBOCTH.

Knroyesble cnioga: uyunuHOpuyeckass 060r04YKa; Kpy208ble Omeepcmusi; ocesoe
CXamue; ycmou4ugocmb, SKCriepuMeHmarsbHoe uccredosaHue.

BBegeHue. TOHKOCTEHHblE UMNUHApUYeckne obonoYkn HaxogsaT LUMpo-
KOe MNpUMEHEeHWe B paKeTHOMW, KOCMWYEeCKOW, aBuvaLMOHHOW, HedTenepe-
pabaTbiBaloLLEen, XUMUYECKON W Apyrux oTpacnax. Takve obornoyvevHble
3MNeMeHTbl 3a4acTylo MMEINT Lenbll psg OTBEPCTUM PasfMYHOrO Komnude-
cTBa, POpMbI, pa3mMepoB M PacnonoXeHusi, 00yCNoBNEHHbIX KOHCTPYKTUB-
HBIMW U TEXHOMNOrMYECKMMN TpeboBaHUSMMU.

lMpumeHeHne TeopeTU4ecKnx MeTOAOB M COBPEMEHHbIX YUCIEHHbIX
cpefacTB aHanu3a no3BonseT AO0CTaTOMHO YCMEeWHO uccneaoBaTtb Hanps-
XKEHHO-AeopMNPOBaHHOE COCTOSIHME TaKMX TOHKOCTEHHbIX Aedopmupye-
MbIX cuctem [5, 11, 15, 16, 20]. YTo KacaeTca 3agay ycTOMYMBOCTU, TO AO-
CTOBEPHOCTb NOMyYeHHbIX TakuMm obpas3om pelueHu Yacto TpebyeT gonon-
HWUTenbHOro 060cHOBaHWA. [leno B TOM, YTO HanuuvMe OTBEPCTUN B rMaaKon
unnuHgpuyeckon obornoyvke npuMBOAUT K CYLLECTBEHHOMY W3MEHEHMIo
HanpshkeHHO-A4edOPMMPOBAHHOIO COCTOSHUA. Hapsiay ¢ OCHOBHbLIM Hanpsi-
XKEHHbIM COCTOSIHMEM, KOTOpOEe pacrnpoCTpaHAeTCss Mo BCEN MOBEPXHOCTU
060M04KM, BOKPYr OTBEPCTUMA BO3HWUKAIOT 06nacTu KOHLEHTpauumM Hanpsxe-
HWI NOKanbHOro xapakTepa, KOTopble 3a4acTylo U UHULMUPYIOT NOKamnbHYO
NoTep0 YCTONYMBOCTN OBOMOYKN B panioHe OTBEPCTUM, KOTopasi COMPOBOX-
haetca obpasoBaHuem BonbLunx AedopMaunin U CyLecTBEHHbIM U3MeHe-
HveMm nonsa HanpsbkeHui. Kak npasuno, nocrie nokanbHOW noTepu yCTonuu-
BOCTU obonoyka MOXeT W Jarnee BOCNPUHMMATb BO3pacTaloLLy Harpysky
BNMOTb 0 0O6Len notepy YCTOWYMBOCTU. VI3MeHeHVe reoMeTpmMmn 1 Hanps-
XKEHHO-0eOPMNPOBaHHOIO COCTOSIHUSI B Mpouecce NokKanbHOW noTepu
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YCTOMYMBOCTM HOCUT HESTMHEWHbIN XapakTep, NO3TOMYy TeopeTUyeckn onpe-
OenuUTb OOCTOBEPHYI0 BENUYMHY KPUTUYECKOW Harpysku, COOTBETCTBYHOLLEN
obwen notepe yCTOMYMBOCTM OBONOYKKM, YACTO He NpeacTaBnseTcsl BO3-
MOXHbIM. B 3TUX yCrnoBusax Ype3Bbl4anHO BaXXHbIMWN SABMAIOTCS AKCMEPUMEH-
TanbHble MeToAdbl uccrnegoBaHus. B Toxe Bpems KOpPpeKTHOe npoBedeHue
TaKMX MCCMEeLOBaHU CBA3aHO CO 3HAYUTENbHLIMU TPYAHOCTSIMU TEXHU4e-
CKOro xapakTtepa. OTh 0bCcTosATENBCTBA 00YCNaBnMBalOT akTyanlbHOCTb 3KC-
nepuMeHTanbHbIX UCCreoBaHWin 3TONM Npobnemsl, yduTbiBas, YTo obecne-
YeHne YCTOMYMBOCTM U HECYLLEN CMOCOBHOCTU TakMX TOHKOCTEHHbIX 0060s10-
YeK Npu OEWCTBMM Ha HUX PasfUYHbIX BHELUHUX Harpy3oK siBNSieTCA OAHON
N3 BaXKHEWLLUX MHXXEHEPHbIX 3aJay.

OpHovi 13 nepBbIX CTaTen, NOCBSALWEHHbIX 3KCMEePUMEHTamnbHbIM Uccne-
OOBaHVSIM BMVSIHUS OTBEPCTMIA Ha YCTOMYMBOCTb OBOMO4YEK MPU OCEBOM
cxaTuu, 6bina pabota R. Tennyson [27], KOTOpbIA NPOBOAMN UCCnefoBaHNe
obornoyek, ocrabneHHbIX B CcpedHen 4acT LUIIMHOPUYECKON MOBEPXHOCTU
OQHUM KPYroBbIM OTBEPCTMEM pasnunyHoro AmameTtpa. OBGONOYKM M3roTas-
NMBanMcb METOAOM LEHTPOBEXHOro NUThS N3 3MNOKCMAHOro Martepuana.

B [10] npeacrasneHbl pesynbTaTbl 3KCMNEPUMEHTANbHOIO UCCneaoBaHns
YCTOMYMBOCTM KPYrOBbIX MNPOAONbHOCKATLIX UUNNMHAPUYECKnx obonouyek,
ocnabneHHbIX B CpefHen YacTu O4HUM KPYroBbiM BblPe3OM, Npu AeNCTBUM
OCEBOr0 CXaTus, KPyYeHMsl, BHELUHEro AaBneHuss U KoMObuHauum STUx
Harpy3ok. OKCnepuMeHTbl MPOBOAMIINCE Ha 06OMoYKax, U3roTOBMEHHbIX U3
TpuaueTaTHoW NNéHkW. [poBedeH aHanM3 3aBUCMMOCTU [OKPUTUYECKOro
noBefeHNUs, KPUTUYECKNX Harpy3oK U 3aKpMTUYECKOro BONHOOOpa3oBaHus oT
pasmepoB oTBepcTus. B pabote [. . CtapHca [18] obcyxagatoTca pesynb-
TaTbl 9KCMEPUMEHTANbHOIO UCCNEeAOBaHUSA BNNSHWS KPYroBbiX BbIPE30B Ha
YCTONYMBOCTb TOHKMX LMMMHOPUYECKUX 0B0MNOoYeK, N3roTOBIEHHbIX U3 Mali-
NTAapOBOW MONMCTEPONOHON MMNEHKN NPU OENCTBUM OCEBOW CXUMAIOLLEN CU-
nbl, n3rnba n KpyyeHus.

PaboTta [2] nocBsweHa akcnepMMeHTarbHOMY WCCAEeAOBaHWIO0 YCTONYN-
BOCTU LMNUHAPUYECKUX N KOHUYECKMX ODOMNOYeK C OQHUM M OABYMS OTBEp-
CTMSIMM KPYroBOW U KBagpaTHOW hopMbl Npyn 0ceBOM cxatuun. bbin caenaH
BbIBOA, YTO KPUTUYECKME HArpy3ku Ans KPYroBbiX OTBEPCTUI HEMHOrO npe-
BbILLAIOT COOTBETCTBYIOLUME HArpy3kn Anst KBagpaTHbIX, @ Hecyllas cnocob-
HOCTb OBOMOYKM C OJAHUM KPYroBbIM MMM KBaApaTHbIM OTBEPCTUEM MEHbLUEe
HecyLlen cnocobHOCTU 06onoYeKk C ABYMS TakMMm OTBEPCTUMAMU. DTOT pe-
3ynbTaT B MOMHOW Mepe COOTBETCTBYeT (hM3uke npoLecca, NOCKOMbKY npwu
HanNMynMn ogHOro OTBEPCTUSA HA MOBEPXHOCTU 0B6ONOYKM NpY ee NPOLONbHOM
cXaTum NosBNsieTcs M3rnbatoLwuini MOMEHT OT BHELLEHTPEHHOro cxatus [7].

B [8, 9, 14] npuBogdATCcHa pe3ynbTaTbl SKCNEPUMEHTaNbHOIO UccneaoBa-
HUA BMMSAHWMA KONMUYECTBA PaBHOMEPHO PaCMOMOXEHHbIX B  OKPY>XKHOM
HanpaBneHUn B PasfnnyHbIX CEYEHUSIX NO AnMHe 0BOMOYKN KPYroBbIX OTBEpP-
CTUI PasfnUYHbIX Pa3MepoB Ha BEMWYMHY HecyLlen CNOCOBHOCTU LUNnHApU-
Yyeckmx 0OOrfoYek Mpu OceBoM cCxaTuu. MccnegoBanuchb 3aKkpUTUYECKUE
dopMbl paBHOBeECKS 0DOMOYeK C yBennyeHvem Komuyectsa oTBepcTuin. B
[7] npeactaBneHbl pe3ynbTaTbl CUCTEMHbIX 3KCMNEPUMEHTaNbHbIX UCMbITaHWN
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MoZenen nNpoaosibHO CXKaTbiX 0DONOYEK C OAHMM WM HECKOMBbKMMWU OTBEp-
CTUSAMUN KBAOpaTHOW 1 KPYroBor hopMbl, pasnmyHbIX pasMepoB 1 KONM4YecTBa.

B uenom, nccnegoBaHuio YCTOMYMBOCTU TOHKOCTEHHBLIX OBONOYEK C Kpy-
roBbIMWU OTBEPCTMAMM NPU LENCTBUN Kak OCEBOWN CXMMAIOLEN CUMbl, Tak U
OpYrMxX BUOOB HarpyXeHus MOCBSLEHO 3HauuTenbHOe KonmyecTBO pabor,
Cpeau KOTopbiX cregyeT oTMeTuTb nybnukauum [3, 4, 6, 12, 13, 17, 21 — 24,
26, 28].

Mopenun ana ucnbiTaHMi. B kayecTBe matepmana Onsi M3roToBIEHUS
mMozenen Obina BbiOpaHa 4epTexHast 6ymara mapkm «B» FTOCT 597-73.
BnepBble BO3MOXHOCTb KayeCTBEHHOIO MCCregoBaHMs YCTOMYMBOCTU MO-
Oenen uMnMHOpuYecknx 0b6oroYek, N3roToBrneHHbIX U3 Bymaru, bbina noka-
3aHa P.B. Poge u E.E. llynakesucTtom [25], a noaxe B.M. YUebaHoBbim [19]. B
HacTosIlen cTaTbe WUCMONb30BaHa METOAMKA M3rOTOBIEHUS U UCMbITAHUSA
Modenen umnuHapuyeckmx obonodek n3 4eptéxHow bGymarn, paspaboTaH-
Has E.®. MNpokonano [4, 7 -9, 14, 21], rae npuBeaeHo Takxke o6ocHOBaHWE
KOPPEKTHOCTM MCMONb30BaHUS Takoro matepuana. [lokasaHo, 4YTo 3TOT Ma-
Tepuan obrnagaeT OOCTAaTOYHO CTaOMMbHBIMU MEXaHUYEeCKUMU XapakTepu-
CTMKaMW, OPTOTPOMMUEN MEXAHUYECKUX CBOWCTB M BbICOKOW TEXHONOMMYHO-
CTblO MpPU N3roTOBNEHUN Moaenen. bonee Toro, HeB3npas Ha CPaBHUTENBHO
HU3KWE 3HAYEHUsT YNPYrmx xapakTepuctuk Gymarn, No CpaBHEHUIO C MeTan-
namu, OTHOLLEHWE npefena TekydecT 3TOro marepuarna K MOgymno ynpyro-
ctn (01/E) copa3amepHO C 3TUMW AaHHBLIMW ANS JIMCTOBOW Hep)XaseloLuen
cTanu, 4To LaéT BO3MOXHOCTb MPOBOAWTL LUMPOKOMAcCLUTabOHble 3Kcrnepu-
MEHTarnbHblE MCCNEeAoBaHWs, KOTOPbIE MPaKTUYECKU HEBO3MOXHO BbIMOJ-
HUTb Ha MeTannMyecknx obono4vkax.

B pesynbTate npeaBapuTenbHbIX UCCREeOOBaHWIN, BbIMOMHEHHbIX Kak Ha
Nnocknx obpasuax, Tak M Ha obonovkax Mpu NMOMOLLM INEKTpoMEXaHn4de-
CKOW CUCTEMBI, ObINM oNpedeneHbl OCHOBHLIE MEXaHMYECKUE XapaKTEPUCTU-

KM MaTepuana: moaynu ynpyroctm E = 6,9-10° Ia , Ey =3,45-10°ITa
G=192-10a wn koadpduumeHTsbl lMyaccoHa p =0,3, n, = 0,15. 3pecb
nHgekcobl X, Y COOTBETCTBYIOT rMaBHbIM HanpasneHmsM opToTponun Gymaru.

TonwwmHa nucta coctasnsina 4 =0,23-10" x . 3Ta BenuunHa 6bina npakTu-

Yeckn HEeM3MEeHHOW Ansd COoOoTBeTCTBylWen naptum Gymarn. MsmepeHue
TOMLWMWHBI NIMCTa NPOBOAMUIOCH NPV NMOMOLLM MHOMKATOpa 4acoBOro Tuna ¢

LeHoW aenenus wkanbl 107 .

[na narotoBneHuss obonovek u3 nucrta BaTMaHa Bblpe3anncb NpsiMo-
YronbHble 3aroToBKM TakuM 06pa3oM, YToBbl MX CTOPOHbI BbINK napannens-
Hbl FMaBHbIM HanpaefeHuaM opToTponuu. Hanpaenenue E, Bcerga cona-
fJano ¢ HanpasneHuem obpasytollen obonodykn, a E, — ¢ ee Hanpasnsio-
Wwen. Ha 3arotoBkax npu NomoLLM BbiCeYeK NpoOMBanNnCb Kpyroeble OTBEpP-
CTUS, PErynsipHO pPacnosioKeHHblE BAOMb HaMpaBnslOWeRn CUMMETPUYHO
OTHOCUTENBHO CPeAHEro NnonepeyvyHoro ceveHusi. Pasamepesl oTBepCTUin Bapb-
MpoBanucb B LUMPOKUX AuanasoHax. Takas TexHonorus obecneuyvBana B
pavioHe OTBEPCTUIA OTCYTCTBME OCTaTOuHbIX Aecdbopmanmin. 3aTeM 3aroToBka
cknemBanacb Ha meTannuyeckom uunuHgpe. LupuHa kneeBoro wBea co-
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craensna 5-107° m. BHyTpeHHMI paguyc Bcex mogenen — R = 37,510° m,
paboyas pnvHa L =7510" m. MonHas OnMHa o6ono4vkn Gbina npuHsTa
Ln=115-10° m. ns obecneyeHnsi BOZMOXHOCTN PaBHOMEpPHOI nepeaaymn
Ha 06O0NIOYKY OCEBbLIX CXUMAIOLLMX YCUMUA K €€ KPUBOJIMHENHBIM KpOMKaMm
npuKnenBanucb MeTannuyeckme TopLeBble npucnocobreHns, nMeroue
KPYroBoe MnornepeyHoe ceyeHre anameTpom d = 75-10° m. Lnpuna npuknes
coctaensina 2:102 m Takoe 3aKkpenneHue Kpaee obecneynmBano rpaHUYHbIe
yCroBusi, BrIM3KMNE K XKECTKOMY 3aLLEMIIEHMIO.

Tabnuua 1 — FeomeTpusi mogenen

CymmapHasi [nameTp otBepcTuin d (Mm)

Ne OTHOCUTENb- KonunyectBo otBepcTuii n

Cepum g'f;e;‘;fl:‘f@/‘; 1123456789112
1 F=0 - - - - - - - - - - - -
2 |F2=00043 0 ol 7 0ss| 5 | - |4 - |- |-|-|-]-
3 3=00055 11141 8 |6al55|5 | -|-|al|-|-|-|32
4 | F,=0,011|158(11,1| 9 | 8 | 7 |64| 6 |55| - | 5 |48] -
5 | F,=0014 |18 [127| - |9 |8 | -| - |64|6]| - [55]| -
6 | F,=0,022 |22 155(127| 11| - |9 | - |- |-|7]- |64
7 | F,=0,028 | 25|18 | - [125(11,1| - |95| 9 | - | 8 | - | -
8 | F,=0042 |30 |22| - [155| 14 {125 - [ 11| - |95] 9 | -
9 F,=007 [40| - | - |20|18 |16 |15 |14 | - [12,7]125[11,1
10 | F,=011 [50| - | - |25] 22|20 |19 (175 - [158] 15 | -
11 | F,=016 |60 | - | - [30| - [25|22| - |20 |19 | - | -
122 | F,=021 |70|50 |40 | - |30 | -|-|-|-|-1]-]-

Bcero 6bino ucnbitaHo 12 cepuin obonoyek, obwmm konndectsom 160
mogenen. OBonoyvkn nepeor cepum BbINKU ChnowHbIMK (4 WwT.). B Tabn. 1
ans obonoyek Bcex cepuit NpuBedeHbl: KONMYeCTBO OTBEPCTUM (N LWT.), uUx
anameTp (d, MMm) 1 OTHOCUTENbHAsE CyMMapHas nroLwagb Kpyrosbix OTBEp-

CTWi, roe F paBHO OTHOLUEHWIO CYMMapHOW MIowaan BCEX OTBEPCTUM,
Bblpe3aHHbIX Ha KOHKPETHOWM Modenu k paboyen nrowaan 60KOBOV NoBepx-
HOCTU CNJIOWHOMN 06onoyku. Kaxaash HOMUHANBHO reoMeTpUYecku oavHaKko-
Bas Mofernb M3roTaBnMBanach B ABYX 3k3emnnspax. B kaxgol cepuv npu
pasnuUuYHbIX pasmepax U KONMYECTBE OTBEPCTWIA MX CyMMapHasi nnoiiagb
ocTaBarnachk NnocTosiHHol. Ha oaHoii obonoyke Bce 0TBEPCTUSI Gblnv 0O4HOTO
pasmepa.
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MeToauka npoBegeHUA 3KCnepuMeHTa. VcnbiTaHMsa NPoOBOAWMMUCH Ha
cneumanbHOW yCTaHOBKe, NO3BOMSIOLWLEN HarpyKaTb 060SI04Ky OCEBOW CXU-
matoLlen cunon (puc. 1). Obonouyka (1) HWKHUM TOpUEM Kpenunack Ha ropu-
30HTanbHOWM nnute (2), a K BepxHeMy Topuy (4) obornoukn Ans nepenayu

© W CKVMMaIOLLEN CUMbl LIapHUPHO Kpenw-
nace Tdra (3), koTopas npoxoguna 9de-
1 AL pe3 OTBEpPCTME B HWDKHEM TOpLE U B

nnute. HarpyxeHue npoBogunocb 4e-
pes3 TAry noatanHo no cxeme «MepTBO-
ro» rpysa npu nomoLiM CTaHAapTHbIX
rpb BTOPOro krnacca TovHocTu. B npo-
Lilecce HarpyXeHus nepemMeLleHne rpysa
OrpaHN4YMBanochb yrnopom, npeaoTepa-
LalLWwmm nosnHoe paspylueHme obonoy-
KM nocrne notepu eé yCTOMYMBOCTW.
f ! PaBHogencTeyloLLlas CKMMaloLero ycu-
v A nua Bcerga npoxoguna vepes reomet-
pU4eckne LIEHTPbl BEPXHENO U HWDKHErO
TopuoB. [lpyn HarpyxeHun 0BOMNOYKM
Puc. 1 — Cxema ycTaHoBKM BEPXHWIA Topel Mor cBoGogHO MoBopa-
Ansa ncnbiTaHU obonouek o
Ha OCEBOE CKATHE YMBaTbCHA B BEPTUKANBbHOW MIIOCKOCTM.
Mpn HanumumMnm B 06ONIOYKE OJHOro
OTBEPCTUS Takasd CXema HarpyXeHusi NPUBOAUT K BHELLEHTPEHHOMY CXaTuIo.
Ons cnnolwHoi o6onoykn n ans obornoyek ¢ 0OTBEPCTUSMU, MPU UX KONNYe-
CTBe, OT/INYHOM OT eAUHULbI, U YCINOBUM WX PErYNspHOro pasMeLleHus B
O[HOM MOMEPEYHOM CEYEHUN, TaKash CXEMA Harpy>keHusi OTBeYaeT OCEBOMY
cxkatuio. MOMEHT noTepu YCTOMUYMBOCTM onpeaensancs BusyanbHo. O6onou-
KW, KOTOpblE UMENM foKarbHble (OPMbl MOTEPU YCTOMYMBOCTU, OOrpyKa-
nuncb 0o obLen noTepn yCTOMYMBOCTU, KOTOpas CoNpoBoOXAanacb ucyepna-
HMEM HecyLLeln CNOCOBHOCTM.

[dokpuTuyeckoe noBefeHne U 3akpuTuyeckne popmbl paBHOBECUA.
Ha obornouykax ¢ oTtBepctusmMu gmametTpom d =4 — 6 MM B AOKPUTUYECKOMN
ctagum wusrnbarowmx gedopmauuin B6NM3M OTBEPCTUA BM3yarnbHO He
Habntoganocb. Ha obonoykax ¢ oTBepcTMamMM AnameTpom oT 8 ao 20 mwm
NPy Harpy>xXeHMn OCEBOW CXMMalOLLEeN CUon Habnogancsa usrmbd Ha kpasx
OTBEPCTUIA, B pe3ynbTaTe KOTOPOro o6pasoBbIBANNCL BbIMy4YMHbI, Hanpas-
NeHHble OT UeHTpa KpuBM3Hbl. OHWM HauyMHaNUCb WM garnee MMenn Makcu-
MaribHOEe 3HayeHMe Ha MNPOTUBOMOMOXHbLIX KOHLUAX AuMaMeTpa OTBEPCTUS,
nexawiero B cpegHem nonepeyHom ceveHum obonoyku. Boonb Hanpaens-
OLLEN NPOTSXKEHHOCTb BbIMy4YMH Obila conocTaBMma Mo pasmepy ¢ AnameT-
pom oTBepcTusi. B pagmanbHOM HanpaBfieHMM MakcumarnbHble nepemelle-
HUS MMENU NOopsAOK HECKOSbKMX TOMWMUH OBOMOYKM Ha Kpato OTBEPCTUS U
6bICcTpo yObiBanu Boonb obpasytowen. Ha paccTosiHusax, paBHbIX NPUMEPHO
MorioBuUHe paguyca OTBepcTus, C 0Benmx CTOpPOH OT "BepLuMHbI" Kaxaoro
nporméa oHW NpUHUManu oTpuLaTenbHble 3Ha4YEHMS.

=

)
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Mpn ganbHenweM yBenmyYeHnn Harpyskm
B 9TWMX 30HAX npoucxoauna rokanbHas
noTeps yCTOMYMBOCTM, NPOSIBASBLUAACH Ha
obornoykax npu onpegerneHHoM 3HavyeHuu
BHELUHEW Harpysku B 3aBUCUMOCTU OT KOJSn-
YecTBa M pa3Mepa OoTBepcTui, ¢ obpasoBa-
HUem OBYX-TPEX BMATUH, KOTOPbIE pacnona-
ranucb CUMMETPUYHO UMM KOCOCUMMETPUY-
HO no obpa3sylolen, npoxodllen uyepes
LeHTp oTBepcTusa (puc. 2).

Mocne nokanbHOW NOTEPU YCTOMYMBOCTHU
ObinNy BO3MOXHbI TPU BapuaHTa NoBeAeHUst
obonoyek: 1) cpasy e nocne JokarnbHOn

Puc. 2. — llokankHas dopma noTepu yCTOMYMBOCTY Mpoucxoauna obLias
noTepy yCTO4MBOCTN OGONOUKM noTeps yCTOMYMBOCTH; 2) Nnpomucxoguna no-
¢ oteepcTvem d =8 mm KarnbHas noTeps yCTOMYMBOCTW, Aanee npu
HEN3MEHHOWN Harpy3ke BMSATUHbI YBENUYMBANMCh N Yepe3 HEKOTOpPOe Hemnpo-
OomxkuTenbHoe Bpems npovcxoauna obas noteps yctonumsocTy; 3) nocne
nokanbHOM NoTepu YCTOMYMBOCTM ODONOYKM HECITUM BO3paCTatoLLy0 Harpys-
Ky, NnokarnbHble BMATUHbI NPY 3TOM YBENUYMBANUCb, N B KAKON-TO MOMEHT
XNOMNKOM HacTynana obLias noteps YCTOMYMBOCTW, KOTOpas COMpoBOXAa-
nacb vcyepnaHMem Hecylleln cnocobHocTM mogenu. MpeBbilueHne Harpys-
KW, COOTBETCTBYIOLLEe 0bLLeln noTepe YCTOMYMBOCTW Had NOKaNbHOW, 4OCTU-
rano 12 %. Ha ob6onoykax ¢ 60MbWUM KONMYECTBOM OTBEPCTUI N> 6 unu ¢
oTBepcTnaMu Gonblioro gnametpa d > 20 MM nokanbHas NoTeps ycTonyu-
BOCTM He Habnioganocs.

3akpuTuyeckme hopMbl paBHOBECUS B OCHOBHOM HacneaoBanu KapTUHbI
npornboB AOKPUTUYECKOTrO NOBEAEHNST 0DOMOYKMN.

Onsa cnnowHbix obonodek (I cepus) noTeps yCTOMYMBOCTU CONPOBOXAA-
nacb XJionkom ¢ obpasoBaHMeEM OAHOrO-ABYX MOSICOB POMOOBUAHBLIX BMATUH.
KonnyectBo BMATUH Mo Ayre oBOMOYKM, Kak 3TO M CregoBano oxuaartb U3
Knaccuyeckux pelueHuii [1], 6bIno paBHO LLECTU.
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Puc.3 — ®opmbl noTepyu yCTOWYMBOCTU LIUITMHAPUYECKON 0G0NOYKMN Npu:
a) n=2, d=12,7 mm; 6) n=5, d=8 mm; B) n=2, d=15,5 mm; r) n=5, d=14 mm



OTMeTM HekoTopble OOLiMe 3aKOHOMEPHOCTU 3aKPUTUYECKOrO BOSHO-
obpa3oBaHus, xapakTepHble Ans oboroyek ¢ oTBepcTusMU. [pyu Manom
Konmyectse oTBepcTuit (n < 5), ¢ AnameTpoM He npesbiwatowem d < 20 mm,
noteps yCTOMYMBOCTW COMpOBOXAanachb NosiBIieHNEM, Kak rnpasuno, Hepe-
rynsipHbIX BMSATUH. [pyM aToM HaubGonblive M3 BMSATUH MPOXOAMNN Yepes
LeHTpbl oTBEpCTUn (puc. 3).

OGonoykn € ogHUM OTBEpPCTMEM BCerga Tepsnu YCTOMYMBOCTb MO
HecMMMeTpuyHON chopme (puc. 4). YBenuyeHne pasmepoB OTBEPCTUN U UX
KonmyecTBa NPUBOAUT K MOSIBNEHMIO PerynspHoro BonHoobpa3oBaHus, reo-
MeTpUs KOTOPOro onpeaenseTcs KONMYeCTBOM Y pa3MepPOM OTBEPCTUNA.

o
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a 6 B r
Pmc). 4 — HGCI/IMMeTpVI‘-IHb)Ie c¢opmbI notepu ycr)oﬁ-maocm oGono-n(L
Cc ogHUM oTBepcTueM: a) d=16 Mmm; 6) d=30 mm; B) d=40 mm; r) d=50 Mm
Ons obonoyek C LIECTbD OTBEPCTUSIMU, NPU UX OUAMETPE, U3MEHSIHO-
wumesa ot d=4 mm go d = 18 mm, gBa cocegHue nosica BMSATWUH, pacrnorio-
XEHHblE CUMMETPUYHO OTHOCUTENIbHO CpPEefHEero MoMnepeyHoro ceveHus,
obpasoBbIBany OOWH MOSIC «COBOEHHbLIX» BMSATUH, B LIEHTPE KaXOow U3 Ko-
TOpbIX Haxogunocb oTBepcTne. OBanoobpasHblie BMATUMHbI Bbinn BbITAHYTbI
KOCOCMMMETPUYHO OTHOCUTENBHO ObpasyloLlen, Npoxoasilen Yyepes LeHTp
oTBepcTui (puc. 5).

a) 6) B) r)
Puc. 5 — ®opmbl noTepu yCTONYMBOCTU C NOSICOM CABOEHHbIX BMATUH (n=6) :
a) d=4 mm; 6) d=9,5 mm; B) d=18 mm; r) d=16 Mm
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O6onoYykn ¢ oTBEpCTUAMU AnameTpoM d = 8—14 MM, Npu UX KONU4YecTse
n=8+10 Tepsinu yCTOMYMBOCTb C OOpa3oBaHMEM OOHOro — ABYX MOSICOB, B

KaoM M3 KOTOPbIX BbINO MO NATh — LWECTb BMSITUH, COOTBETCTBEHHO. [pn
3TOM KaxkAas BMATMHA Kak Bbl «onvpanacb» CBOMMW KpasiMn Ha ABa cocepn-
HUX oTBepcTud (puc. 6).

—

vse ..To S 1[0 @ ¢

88 119

6)
Puc. 6 — PerynsipHbie hopMbl MOTEPU YCTONYMBOCTH
c o6pa3oBaHuEM BMATUH MeXAYy OTBEPCTUAMM:
a) n=10, d=8 mm; 6) n=8, d=12 mm; B) n=9 , d=10 MM, 1) n=8, d=14 Mm

C yBenunyeHnem pasmepoB U KOMMYeCcTBa OTBEPCTUMA B HEKOTOPbLIA MO-
MEHT BpPEMEHW MOoTeps YCTOMYMBOCTM MNPUHMMAana «naHenbHyl» d¢opmy
(puc. 7). MNMpormbsl 060M04KM, COOTBETCTBYIOLLME HAMpaBfeHNo ee nepeme-
LeHun B obracTn BonHoobpasoBaHus Obinn HanpasneHbl MBo K LIeHTPY,
nnbo OT LeHTpa KpMBU3HLI. XapaKTepHOW OCOBEHHOCTbIO Takoro BOMHOO6-
pa3oBaHus ABMSIETCA TO, YTO MO AJIMHE 06OMNOYKM OHO pacnpOCTPaHseTCs Ha
BENUYMHY, PaBHYO NpMBIN3NTENBHO AnamMeTpy OTBEPCTUS.

6) B)

Puc. 7 — «lMaHenbHbIe» hopMbl NOTEPU YCTONUNBOCTH:
a) n=12, d=9 mm; 6) n=10, d=12,7 mm; B) n=8, d=17,5 mm; r) n=6, d=25 Mm



®opMbl NOTEPU YCTONYMBOCTH, Kak creayeT u3 pesynbTaToB UccneaoBa-
HWIA, 3aBUCENN OT KONMM4ecTBa M pa3MepoB OTBEPCTMN, YTO BrnosfHe obbsc-
HSeTCA MexaHW3MOM OoOpasoBaHus 3akpuTudecknx aedopmaumin. Kak yxe
yKasblBanocb Bblle, Kaxaas HOMMHaNbHO reOMeTPUYEecKM OAMHaKoBas
Mofenb, M3roTaBnuBanacb W MCNbiTbiBanacb B ABYX ak3emnnspax. [lpu
3TOM, 3HAYEHUS KPUTMYECKUX Harpysok, nofyyeHHble A5is Takmx obonovek
paBHOW CYyMMapHOW NIoLafbio OTBEPCTUIN, OKa3anmcb o4eHb 6nmskumu ans
BCEX MoJerien Bcex cepum.
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a) 6) B) r)
Puc. 8 — 3akputnueckme popmMbl paBHOBECUA FreOMEeTPUUYECKMN

OAWHaKOBbIX MoZernen ¢ MarnbIiMu OTBepCTUAMMU:
a) n=4, d=15,5 mm; 6) n=4, d=15,5 mm; B) n=9, d=10 mm; 1) n=9, d=10 Mm

| 149 | i

a)

b
[

Puc. 9 — 3akputnyeckme popmMbl paBHOBECUA FreOMEeTPUUYECKMU
OAWHaKOBbIX Mogernen ¢ 60NbWUMKN OTBEPCTUAMMU:
a) n=4, d=25 mm; 6) n=4, d=25 mm; B) n=4, d=30 mm; 1) n=4, d=30 Mm

BosHukaeT Bonpoc: OyAeT niv npy 3TOM OTNMYaTLCS 3aKPUTUYECKOE BOST-
HooOpa3oBaHMe Takux ABYX reoMeTpUYECKN Of4MHAKOBbIX Moaenein? MNpose-
OEHHbIN aHanua nokasan, 4YTo A8 ABYX reOMeTpU4eCckn OaNHaKOBbIX MoAe-
nen copmbl BONHOOGpa3oBaHUA MpakTMYeckn cosnagatot. Ha puc. 8 wu
puc. 9 npuBeneHsbl doTorpadun 3akpuTMYECKUX ¢opm paBHOBECUSA OIS
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yeTblpéx nmap obomnoyek. B kaxgon nape 6binmvM 0OONMOYKM rEOMETPUYECKU
HOMWHanNbHO naeHTuyHbIMU. MNepsas napa Ne 113 n Ne 114, BTopasa napa
Ne 121 n Ne 122, tpeTtbs napa Ne 149 n Ne 150, yetBépTasa napa Ne 165 un
Ne 166. lNMpuBegeHHbIe poTorpacmm cenMaeTensCTBYOT O TOM, YTO pasnuyve
OopM 3aKpUTUHECKOro BONMHOOOpasoBaHWs mexay AByMs obornoykamu of-
HOM Mapbl NPaKTU4eCKn OTCyTCTBYyeT. OTO MO3BONSAET yTBepXaaTb O Heco-
MHEHHO OYeHb BbICOKOM KayecTBe MPoBeAEeHHOro SKCnepMmMeHTa.

AHanu3 akcnepumeHTanbHbIX pe3ynbTaTtoB. B Tabn. 2 npuBeaeHsbl
pesynbTaTbl 3KCMEepPUMEHTanbHbIX UCCNeaoBaHMN YCTOMYMBOCTU 12-Tn ce-
pUA TOHKOCTEHHbIX UUNUHAPUYECKMX oboroyvek, ocnabneHHbIX KpyroBbIMU

oTBEpPCTUSIMM 06LLIMM KonuyecTBoM 160 moaenein. 3geck P n P, cooTBET-
CTBEHHO, abCONIOTHbIE N OTHOCUTENbHbIE 3HAYEHUS KPUTMYECKON cunbl, a F

n F - abcontoTHble U OTHOCUTENbHbIE CyMMapHbIe NoLLaamn OTBEPCTUIN AN
Kaxxgon cepum obonouek. Ha puc. 10 npeacrtaBneHa 3aBUCUMOCTb ycpef-
HEHHbIX ONS KaxOoW M3 ABeHaguaTV Cepuid OTHOCUTENbHBIX KPUTUYECKMX

Harpys3ok P=P/P0 OT OTHOCUTENbHOW CyMMapHOW Miowaan OTBEpPCTUA Ha

MOBEPXHOCTU kaxpoi obonoukw; F =F/F,, roe P - kpuTudeckas oceBast

cuna ans obonoyku ¢ otBepcTUaMY; Py - KpUTHYeckas cuna Ans ChnoLHOn
obonouky; F - cymmapHas nnowaab OTBEpCTM B kaxaom oborouke; Fy -
nrowaab OOKOBOM NOBEPXHOCTU 000MNOYKU. Pasbpockl KpUTUYECKUX Harpys3ok
B Npeaenax oAMHaKoBbIX 060NoYeK Kaxaon U3 cepum He npesbiwany 6-8 %.

Tabnuua 2 — AGContoTHbIE U OTHOCUTENbHbIE 3HAaY€HUS1 KPUTUYECKOM OCEeBOW CUrbl
1 COOTBETCTBYIOLME UM aGCONMIOTHbIE MU OTHOCUTENbHLIE 3HAYEeHUs
CyMMapHoOW nrolyaauv oTBepCTUMI AN KaXkaon cepum obonoyek

Cepus| 1 2 3 4 5 6 7 8 9 10 | 11| 12
P,H |602| 480 | 429 | 409 | 400 | 382 | 372 | 324 | 225 [153 | 105| 72
F,em | O | 0,76 | 0,98 [1,95]|2,55|3,81|4,97|7,45| 12,5 |19,4|28,2|37,2
10| 08 | 0,71 |0,68| 0,66 | 0,63 | 0,62 | 0,54 | 0,37 |0,25|0,17|0,12
0,0043|0,0055|0,011{0,014 {0,022 0,028 | 0,042 | 0,07 {0,11{0,16|0,21

1]
o

XapakTepHon 0COBEHHOCTbIO MOMYy4YEeHHOW 3aBMCMMOCTU BO BCEM Anana-
30HE M3MEHEHWs CYMMapHOM Mriowaan OTBEPCTUM ABMSETCA HepaBHOMEP-
HOE YMEHbLUEHNE KPUTUYECKUX YCUITMI C yBENWYEHMEM CYyMMapHOW nroLla-
QN OTBEPCTUI B Kaxkaon obonouke.

Mpn aTom, camoe MHTEHCUBHOE NMafeHue KPUTUYECKOW Harpysku mmeet

MeCTO Ha NepBOM yyacTke Auarpammbl P = f(F ), rae oceBas KpUTuyeckas

cuna ymeHbluaeTcsl NpuMepHo Ha 29 %, B TO BpeEMS kak CyMMapHasi OTHO-
cuTenbHas nnowage OTBEPCTUI AocTuraet Bcero nuwb 0,55 % ot nnowaau
o6Len 6okoBON NOBEPXHOCTM 060MNOYKU.
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Puc. 10 — 3aBUCMMOCTb OTHOCUTENbHBLIX KpUTUYECKUX Harpy3ok P oT oTHocu-
TenbHOM CVMMabHOM nyolwanun oTBenCTUIN Ha Kakoon o6ornouke

B panbHenweM WHTEHCUBHOCTb MNadeHus Harpy3km cCyuecTBeHHO

ymeHbliaeTcs. Tak yBenvyeHvne napameTtpa F (CyMMapHON OTHOCUTENbHOWN
nnowaan oreepctuin) ot 0,55 % o 7 % conpoBoxaaeTcs yMeHbLUEHUEM
Kputndeckon cunbl Ha 34 %. Takmm 06pa3oM, MHTEHCUBHOCTb NadeHus

Harpysku Ha BTOpoMm yuacTke (0,55 % < F =7 %) NpuMepHo B AECSiTb pas

MeHbLUe, YeM Ha nepBoMm (0% < F = 0,55 %).

BbiBoabl. MpeacrtaBneHbl pesynbTatbl CUCTEMHONO 3KCNEePUMEHTanbHO-
ro uccregoBaHus yctonumBoctu 160 Moaenen UMIUMHAPUYECKUX 0B0oNoYeK
npyv HanU4Mn pPasnMYHOro KonmMyecTsa U AMameTpa paBHOMEPHO pacmnoso-
YKEHHbIX B OKPY>XHOM HanpaBfeHWW CpeaHero nonepeyHoro CeYeHust Kpyro-
BbIX OTBEPCTUIA NPU OCEBOM CXaTuUMW.

MocTpoeHbl 1 NpoaHanM3npoBaHbl 3aBUCUMOCTU OTHOCUTENbHOW KpUTK-
YECKOM CUIbl OT OTHOLUEHUS CyMMapHOW NIoLwiaan BCEX OTBEPCTUI B KaX-
no n3 obonoyek K nrnowann 60KoBON NOBEPXHOCTH.

MonyyeHbl N NpoaHanuaMpoBaHbl pas3nuyHblie opMbl BoNHOoObGpasoBa-
HWSI NPY NOTEpPE YCTOMYMBOCTM B 3aBUCMMOCTU OT KONMYECTBA U Pa3mMepoB
OTBEPCTUMN.

Mcxoas u3 nonydeHHbIX pesynbTaToB, MOXHO Takke caenatb BbIBOA, YTO
HanMumne KpyroBblIX OTBEPCTUN, LIEHTPbI KOTOPbLIX PEryNspHO PacrosioXXeHbl B
cpenHeM rnonepeyHoM ceyveHnn 00OoNoYKM C NMOoLLAaAbo, COCTaBNSOLWEN Npu-
OnManTEnNbHO NATYHD OT YacTb O6LLE NOBEPXHOCTM CMIIOLHOW O0O0MOYKN,
NPUBOAUT K YMEHBbLLEHNIO HECYLLIEN CNOCOBHOCTU 0B0MOYKM NPUBNN3UTENBHO
B AecATb pas.

MokasaHo, YTO 3aBUCUMOCTb KPUTUYECKOW CUIbl MOTEPU YCTOMYMBOCTHU
NPOAOSIBHO CXAaTON LIMITMHAPUYECKOA 00OMOYKM OT OTHOCUTENBHOW CyMMap-
HOW nroLwaan paBHOMEPHO PACMONOXEHHbLIX B CPEAHEM NMONEPEYHOM ceye-
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HUW KPYroBbIX OTBEPCTUI GOKOBOW MOBEPXHOCTM MMEET HepaBHOMEPHbIN
XapakTtep.
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YK 539.3
1. A. O3t06a, kaHO. mexH. HayK

EKCNEPUMEHTAINbHI AOCTNIMXEHHSA CTIMKOCTI
OCJABJIEHMX KPYTOBUMU OTBOPAMU LIUNIHOPUYHUX
OBOJIOHOK NP OCbOBOMY CTUCHEHHI

MopaHi  pe3ynbTaTu  CUMCTEMHOIO  €KCNEPUMEHTaNbHOrO  AOCHIMXEHHSA
LOKPUTUYECKOI NOBeAiHKU, 3aKPUTUYHUX (POPM piBHOBAru i KPUTUYHMX HaBaHTaXEeHb
LMNiHAPUYHUX OGONMOHOK 3 perynspHoO po3TawoBaHUMNU B OQHOMY MOSICi cepeaHbLOoro
nornepe4YyHoro nepepisy KpyroBMMu oTBOpamMu nNpu ocboBOMY CTUCHeHHI. KinbkicTb
oTBOpiB i iX po3mipu 3miHOBanuMcCA B LWMPOKUX pAuana3oHax. Bunpobysani
ABaHapuATbL cepil mopenei. [Ans KoXHOI cepii 06ONOHOK cymapHa nnowa Bcix
OTBOpiB NuwianacsA He3MmiHHow. Pe3ynbTat nopaHi y Burnaai rpadikis, Tabnuub i
KapTUH chopm BTpaTu CTINKOCTI.

Knroyoei cnoea: yuniHOpudHa 06OMOHKa; Kpya208i 0Omeopu; OCbO8ULU  CMUCK;
cmilikicmb; ekcriepumeHmarbsHe O0CITIOXEHHS.

3abesneyeHHs CTIMKOCTI i HECY4Oi 34aTHOCTI TOHKOCTIHHMX OBOMOHOK 3
OTBOpPaMM NpU Aii Ha HUX Pi3HMX 30BHILLHIX HABaHTaXXEeHb € OAHIE 3 HalBa-
XKIUBILLUX IHXXEHEePHUX 3aJay.
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3acTocyBaHHS TEOPETUYHMX METOAIB i Cy4acHMX YMCMNOBUX 3acobiB aHa-
ni3y [03BOMsE€ AOCUTL YCMILWHO OOCHigKYBaTW Hanpy>XeHo-4edopMoBaHUN
CTaH TakuX TOHKOCTIHHMX aedopmoBaHMx cuctem. B 3agavax cTinkocTi goc-
TOBIPHICTb OTPUMAaHUX TakMM YMHOM pilleHb 4YacTO BMMarae A04aTKOBOro
0brpyHTYBaHHS. Lle noB’dA3aHo 3 TMM, IO HasABHICTb OTBOPIB B rnagkin umni-
HOPWYHIA  OOOMOHUI  NpM3BOAMTL OO0  iCTOTHOI  3MiHM  HanpyXeHo-
AecdopmMoBaHOro ctaHy B NpoLeci il HaBaHTaXeHHS.

lMopsAa 3 OCHOBHMM Hanpy>XeHUM CTaHOM, LU0 MOLUMPKOETLCS MO BCiv No-
BEpPXHi ODONOHKM, HABKOMO OTBOPIB BUHWKaOTb obnacTi KOHUeHTpauii Ha-
NpyXeHb NOKanbHOro Xxapakrepy, SKi HanyacTilwe i iHiUitolTb NoKarnbHY
BTpaTy CTINKOCTi 0GOOHKM B OKOSi OTBOPIB, SKa CyNpOBOAKYETLCS YTBOPEH-
HAM BeIMKnx gedopmadin i icTOTHOI 3MiHO MOJIA HanpyXeHb.

3miHa reomeTpii i HanpyxeHo-4eopMOBaHOro CTaHy B NpoLeci fokanb-
HOI BTpaTW CTINKOCTi HOCSATb HENiHIHUIA XapakTep, TOMy TeOpPeTUYHO BU3Ha-
YUTU OOCTOBIPHY BENUYMHY KPUTMYHOINO HaBaHTaXEHHS, WO Bignosigae 3a-
ranbHi BTpaTu CTIKOCTI 0OOMOHKKN, YacTO He NPEeACTaBMAETLCA MOXITMBUM.
Y uux ymoBax Hag3BMYaMHO BaXXIMBMMMK € eKCrepumeHTarnbHi MeTogmn oc-
NiJKEHHSA. Y TOW Xe Yac KOPEKTHE NpoBeaeHHS Taknx AOCIigKeHb NOB'A3aHO
3i 3Ha4YHMMU TpyOHOLaMM TEXHIYHOrO XxapakTepy. Lli o6ctaBnHu obymoBsnto-
0Tb aKTyanbHICTb eKCnepuMeHTanbHUX A0ChiAXKeHb Liei npobnemu.

Y cTaTtTi npeactaeneHi pesynbTaTu CUCTEMHOIO eKCrepuMeHTanbHOro
OOCTiAXEHHST JOKPUTUYECKOrO CTaHy, 3aKkpUTUYHUX DOPM piBHOBAru i Kputu-
YHUX HaBaHTaXeHb UUNiHAPUYHMX 06OMOHOK 3 perynsapHo po3TalloBaHUMU B
OAHOMY MOSICi CepeaHbOro NoNepeyvHoro nepepidy KpyrosMMmu oTBopamm npum
OCbOBOMY CTUCHEHHI. fAK mMaTepian Ans BUroToBreHHA moaenewn 6yno obpa-
HO YepTexHMIn nanip mapku «B». HaBegeHo obrpyHTyBaHHS KOPEKTHOCTI Ta
edeKTMBHOCTI BUKOPUCTaHHS Takoro matepiany.

Bcboro 6yno BunpobysaHo 12 cepivi 060M0HOK, 3aranbHOLO KinbkicTio 160
mogenen. OBonoHkn nepLuoi cepii 6ynu cyuineHMK. KinbkicTe Ta po3Mipu
OTBOpIB BapiloBanucs B LUMPOKUX AuanasoHax. KoxHa HOMiHanbHO reomMmeT-
PMYHO OAHAaKOBa MoAefb BUrOTOBMSANAcA B ABOX MPUMIPHUKaX. Y KOXHIN
cepil npu pi3HMX po3mipax i Pi3HiN KiNbKOCTI OTBOPIB iX CyMapHa nrnowa nu-
Wwanacsa He3miHHOW. Ha ogHin o6onoHui Bci 0TBOpKM Bynn ogHOro po3mipy.
BunpobyBaHHSA nNpoBoaunucA Ha creuianbHii yCTaHOBLI, WO OO3BOMSE Ha-
BaHTaXyBaTu 060MOHKY OCbOBOI CTUCKANbHOK CUIOLO.

MobynoBaHo i NpoaHanisoBaHO 3aneXHOCTi 0CepPefHEHHUX 3HAYEHb KpW-
TUYHOI cUNu Big cyMapHOI nnoLwi oTBopiB B 060M0HLi (BiANOBIAHO A0 KOXHOI
3 ABaHaUsTK cepii 0G0NOHOK).

OTpurMaHi kKapTUHK Pi3HMX POpM XBUNEYTBOPEHHS NpW BTPATi CTINKOCTI B
3arexHoCTi Bif KiflbKOCTi Ta po3MipiB OTBOPIB.

XapakTepHo OCOBMMBICTIO OTPUMAHOi 3anexHOCTi KPUTUYHOI Cumnu
BTpaTU CTINKOCTI NO3A0BXHBO CTUCHOI LUMMIHOPUYHOT 0BONOHKM BiA BiAHOC-
HOI CyMapHOi nnoLli piBHOMIPHO po3TalloBaHUX B cepeHbOMY MonepeyHo-
My nepepisi KpyroBux oTBOpiB OiYHii MOBEPXHi € HEPIBHOMIpHE 3MEHLLUEHHS
KPUTUYHMX 3ycunb 3i 36inbLUEeHHAM CyMapHOi NMoLLi OTBOPIB Ha KOXHi 060-
TNOHLU.
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EXPERIMENTAL STABILITY RESEARCHES
OF CYLINDRICAL SHELLS WEAKENED BY CIRCULAR
HOLES UNDER AXIAL COMPRESSION

The results of a systematic experimental study of the subcritical behavior,
supercritical forms of equilibrium and critical loads of cylindrical shells with circular
holes regularly located in one belt, symmetrically relative to the average cross-
section, under axial compression are presented. The number of holes and their sizes
varied within wide limits. Twelve series of models were tested, for each series of
shells the total area of all holes remained constant. The results are presented in the
form of graphs, tables and pictures of buckling forms.

Keywords: cylindrical shell; circular holes; axial compression; stability; experimental
study.

The results of a systemic experimental study of the subcritical state, su-
percritical forms of equilibrium and critical loads of cylindrical shells with
circular holes regularly located in one belt of the middle cross-section under
axial compression are presented. The number of holes and their sizes varied
within wide limits.

Drawing paper of "B" type was chosen as a material for making models.
The substantiation of the correctness and efficiency of using such a material
for the manufacture of models of cylindrical shells is presented in [4, 7, 9, 10,
14,19, 21, 25].

In total, 12 series of shells were tested, with a total of 160 models. For
each series of shells, the total area of all holes remained constant. The
shells of the first series were solid. Each nominally geometrically identical
model was made in duplicate. In each series, with different sizes and differ-
ent numbers of holes, their total area remained constant. On one shell, all
the holes were the same size. The tests were carried out on a special instal-
lation that allows the shell to be loaded with an axial compressive force.

The dependences of the averaged values of the critical force on the total
area of holes on the shell (in accordance with each of the twelve series of
shells) are constructed and analyzed.

Pictures of various forms of wave formation with loss of stability are ob-
tained depending on the number and size of holes.

A characteristic feature of the obtained dependence of the critical buck-
ling force of a longitudinally compressed cylindrical shell on the relative total
area of uniformly spaced circular holes of the lateral surface in the middle
cross-section is an uneven decrease in critical forces with an increase in the
total area of holes on each shell.
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9KCMNEPUMEHTAJIbHOE NCCITENOBAHUE PE3OHAHCHbIX

KONEBAHWW HEOOHOPOHbIX LIWIIMHAPUYECKUX OBOJIOHEK
C OTBEPCTUAMU METOAOM NrOJIOrPA®UYECKOU
MHTEP®EPOMETPUU

MpuBeneHbl pe3ynbTaTbl IKCMEPUMMEHTaNbHbIX MCCreAoBaHUMM YacToT U dopm
COOCTBEHHbIX KOne6aHWW HEOAHOPOAHbIX UWNMUHAPUYECKMX obonovyek c
oTBepCTUAMM. UccnepoBaHus BbIMOSIHEHbI MeToaoM ronorpacuyeckon
nHTepdepoMeTpun. YCTAaHOBNEHO BNUSHUE OTBEPCTUA U APYrMX KOHCTPYKTUBHbIX
0COOEHHOCTEN Ha OCHOBHble AMHaAMU4Yeckue XxapakTepucTuku obomnouek. OnucaHa
MeToamka npoBeaeHus 3KCNepUMeHTa. OKcnepuMeHTanbHble AaHHble
COMOCTaBMAITCA C YACNEHHbIMU pe3ynbTaTaMu, NONYYEeHHLIMU METOAO0M KOHEYHbIX
3M1eMeHTOB.

Knroyesble cnoea: uyunuHopudeckass HeOoOHOpoOHasi 0060s104Kka; 0meepcmusi;
cobcmeeHHble KonebaHus; nookpennsrouue pebpa; 2orozpaghuyeckast
UHMepghepoMempusi; Memod KOHEYHbIX 3/1eMEHMOS.

BBepeHue. TOHKOCTEHHble 000MOYEYHbIE 3MEMEHTbI  KOHCTPYKLMIA
LUMPOKO MPUMEHSAIOTCA B COBPEMEHHOW TEexXHWKe, 4YTO Bbl3blBaeT
HeobXo4MMOCTb MCCneaoBaHMsa X PE30HAHCHbIX konebaHun n onpegensieT
aKTyanbHOCTb paccmaTtpuBaemon 3agadn. [pu aToM Hanuune OTBEPCTUA U
OPYrMX  KOHCTPYKTMBHBIX HEOAHOPOLHOCTEN OKa3blBAeT CYLUECTBEHHOE
BNWSIHWE Ha aMNIIMTYAHO-YaCTOTHbIE XapaKTePUCTUKM ODOMOoYeK, KoTopble
OTNIMYATCS  HEOAHOPOLHbLIMW  MOMNAMW  pacrnpeneneHns  HanpsbkeHun,
gecdopmaumin 1M nepemelleHMn  NOBEPXHOCTM,  CIOXHOCTBIO U
MHoroo6pa3svnem dopm konebaHui.

Hapsagy ¢ uucneHHo-aHanuTudeckummn metogamm [1, 4, 5,7, 11 - 13, 15]
onpegeneHnst 4actoT U opm cobCTBEHHbLIX KonebaHuin obonodek ocoboe
3Ha4YeHne MMEKT HaOeXHble aKcnepuMeHTarnbHble meToabl [3, 5, 6, 8 — 10,
12, 14], koTopble He TONbKO [alT pearnbHY KapTUHY MNOBEeAEeHUN
KOHCTPYKUMI nog AeWCTBMEM AMHAMMYECKMX Harpy3oK, HO U MO3BOMSOT
OLEHUTb rpaHnLibl NPUMEHUMOCTN TEOPETUYECKNX MOLENEN.

KonebaHunsm obonoyek ¢ OTBEPCTUSMU MOCBSILLLEHO CPaBHUTENBHO He-
bonbLuoe KonmnyecTso nybnukaumin, o630p KOTOPbIX U NOMYyYEHHbIE pesyrib-
Tatbl NpyBeaeHbl B [3—5, 7, 13]. B oCHOBHOM paccmaTtpuBanuchb rnagkuie
LWapHUPHO onepTble 060M04YKN C OAHUM OTBepCTUEM. AHanM3 OaHHbIX UC-
CNefoBaHUA MoKasbiBAET, YTO 4S9 HEOAHOPOAHbIX OBOMOYEYHbIX CUCTEM
yaaeTcs onpeaenvTb C NPUeMnemMon TOYHOCTbIO TONbKO HU3LINE YacToTbl U
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dopmbl konebaHuii. Ha npakTnke 3TOro HeAOCTAaTOYHO, MOCKOMbLKY AN TOH-
KOCTEHHbIX KOHCTPYKLMI, B CUMY MX NOBbILLIEHHON YYBCTBUTENLHOCTU K BUG-
paunsam 1 B CBA3WM C POCTOM AMHAMUYHOCTU OEWCTBYIOLMX Harpys3ok, npeay-
cMmaTpuBaeTcsa onpegeneHne 6onee LUMPOKOW YacTu cnekTpa COOCTBEHHbIX
YacToT u dopm. [Ana aHanu3a aMnNNUTYAHbLIX NOMEN NOBEPXHOCTHLIX Mepe-
MeLLEeHU M NOBbILWEHNS [OCTOBEPHOCTM pPesyrbTaToB MNPUMEHUTENBHO K
3ajja4yam pe3oHaHCHbIX konebaHuin HeogHopoAHbIX obonoyek Hawnbonee
3(ppeKkTUBHBIMK ABNAOTCA MeToAbl ronorpaguyeckon MHTepdepomeTpun
[2, 3, 6, 8—-10, 12, 14], KoTOpblE NPOOOIMKAIOT pa3BMBATLCH N COBEPLUEH-
CTBOBATbLCS, HAXOAAT HOBblE MPAaKTUYECKNE NMPUNOXKEHUS.

Llenbto gaHHon paboTbl siBnseTcs pa3paboTka METOAMKWU IKCNepuMeH-
TanbHOro nccrnefoBaHns C NOMOLLBIO rororpadunyeckon MHTepdepomMeTpun
aMMNIIMTYAHO-YaCTOTHBIX XapaKTePUCTUK TOHKOCTEHHbIX KOHCTPYKTUBHO He-
OAHOPOAHbIX LUNUHAPUYECKUX 0BOMoYeK C OTBEPCTUSIMM, MOAKPENNSIoLM-
MU pebpamu, U aHanns3 Nony4YeHHbIX pe3ynbLTaToB.

M3noxeHne ocHOBHOro matepuana. ViccnegoBaHuns pe3oHaHCHbIX KO-
nebaHuii NpoBOAUNUCE ANS KOHCOMbHO 3aKpenfieHHbIX TOHKOCTEHHbIX Ln-
NMHAPUYECKMX O0DOMNoYeK, U3roToBMNEHHbIX M3 ctanu 20X, ¢ ABymMA anameT-
panbHO PacrnonoXeHHbIMM oTBepcTusMn 36x36 MM npu 0, = 2rn/3 pag.

OTHOCUTENbHbIE FEOMETPUYECKME XaPaKTEPUCTUKM MOLENEN COCTaBNSAOT:
L/R=23; Rh=115; R=75mm, rge R, L, h — paguyc, gnimHa u TOn-

WmHa obornoyku, 6, — yron B paguaHax Mexay LEHTpaMu OTBEPCTUIA.

CobcTBEHHbIE 4acTOThl U OpMbl KorebaHui onpedensinucb B pexmnve
pe30HaHCHOro BO30YXXOEHWUS MeToOOoM ronorpadunyeckon uHtepdepomeT-
pvK, KOTOPbIV NPY YCTAaHOBMBLLMXCS FraPMOHUYECKNX KornebaHusix no3sonseT
peructpvpoBaTb pacnpegeneHuss BuOponepeMeLLeHnin NoBepxHocTn o6o-
NOYKM NpW aMnnuTyge nopsiaka AnvHbl CBETOBOW BOSHbI. OKCMEPUMEHTHI
BbINOMHANUCL NO METOAMKE, M3MNOoXeHHON B [6, 12] Ha BuBpocTeHae, yHK-
LUMoHanbHas cxemMa KoToporo npefcrtasneHa Ha puc. 1. OnTuyeckasa cxema
BMbpocTeHaa aHanormyHa [12].

Mogenb obornoykn 7 ycTaHaBnuBarnacb B creuvanbHOM 3aXVMHOM
yCTponcTBe 6, peanuayloliemMm HeobXxoaMMble YCrOBUS 3aKpenneHUst KOHTY-
pa. MapmoHunyeckme konebaHus BO3bYXOannCb KOHTAKTHbIM MbE303MeKTpU-
YecknM BMOPaATOpPOM 8, KeCTKO CBA3aHHbIM C 3aXMMHbIM yCTpoicTBOM. Ya-
CTOThbl BbIHYXAEHHbIX KonebaHui perynuposanucb B guanasoHe 20...20000
Iy 3BykOBbIM reHepaTtopom 11 npy BapbUpPOBaHUKN CUMbl TOKa NepemMeHHON
4YacTOTbl B 3MNEKTPMYECKOW Lienn BubpaTopa Yyepes HU3KOYaCTOTHbIN BUBpO-
yeunutens 9. [1na aToro 3ByKOBOW reHepaTtop hopMupoBan anekTpuyeckue
CYHycouaanbHble MMMNYNbCbl NepecTpanBaemMon AnMTeNbHOCTU C perynupy-
E€MOW 3aJEPXKKON.

CocTosiHme pe3oHaHca onpeaensanocb ABYXNy4YeBbIM ocuunnorpacgom 4,
Ha ropM3oHTanbHbIN BXOA KOTOPOro NoAaBanuch aNeKTpuyeckme curHansl co
3BYKOBOro reHepatopa 11, a Ha BepTuKanbHbIA BXOL4 — 3NEKTpuyeckue
CUrHanbl, reHepupyemMble MHAYKLUMOHHBIM AaT4YMKoM 5, nponopuuoHanbHble
BENUYMHEe amMnnuTyabl konebaHun mogenu n cosnagarwlime no dase ¢ ee
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BMbponepemMelLeHnsMn. YacToTbl konebaHuin MU3Mepsnucb 3NEKTPOHHLIM
yactotomepom 10 ¢ ToyHocTblO 1 4.
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Puc. 1 — ®yHKUMOHanNbHasA cxema BUbpocTeHAaa:
1 — rennn-HeOHOBBIN ONTUYECKUI Na3ep; 2 — ANEeKTPOONTUYECKMIA MOAYNATOP;
3 — BbICOKOYACTOTHbIN ycunuTenb; 4 — AByxny4yeson ocuunnorpad;
5 — MHAYKUMOHHBbIN AaT4yuK; 6 — 3aXKMMHOEe YCTPOMCTBO; 7 — MoAenb 06GONOYKY;
8 — KOHTaKTHbIN BUOGpaTop; 9 — HU3KOYACTOTHbLIN BUGpPOyCHUNUTEnb;
10 — yacTtoTomep; 11 — 3BykoBOWM reHepartop; 12 — chasoBpawjarensb;
13 — UMNyNbCHLIN reHepaTop

MomeHT HacTynfneHus pe3oHaHCa Takke KOHTPONMpoBascs BU3yanbHO
Nno yCTaHOBUBLLEWNCHA CUCTEME MHTEP(EPEHLMOHHBIX MONOC nNpu Habnwge-
HWUM KONeOBMoLENCs MOAENN Yepes ONOPHYIO rofiorpaMmmy B peasrisHOM Bpe-
MEHW, YTO UCKIHOYano Nponyckn 4actoT U hOpM Pe30HAHCHbIX KornebaHui.
®opmbl konebaHun, COOTBETCTBYHOLLME PE3OHAHCHBIM YacToTaM U XapakTe-
pU3ytoLLMEeCs B OKPY)XHOM HarpaBfieHWM YUCIIOM OKPYXHbIX BOMH 7, a B
OCEBOM HarnpaBfieHUM COBOKYMHOCTbLIO MOSTYBONH m, Onpeaensnucs ¢ no-
MOLLbIO ocuunnorpacga nyTeM CKaHMPOBAHUSA KONMYECTBA Y3MOBbLIX NMHUNA
MeXay 3HakonepeMeHHbIMWU pagnanbHbIMU U NPOAONbHBIMU aMNINTYOHBIMA
nporn6amm 060M0YKM NpU NepeMeLLeHNN UHOYKLUMOHHOIO AaTtymka 5 napan-
NenbHO ee NOBEPXHOCTW BAOMb JIMHWI IMaBHbIX KPUBU3H.

MHTepdeporpammbl pe3oHaHCHbIX hOpM KonebaHuin perncTpmpoBanmch
Ha 3afaHHOM 4YacToTe MeTodoM ronorpaduyeckon UHTepdepomMeTpumn
yCpeaHeHNs MO BPEMEHM C UCMONb30BaHMEM [ABYXJIYYEBOW OMNTUYECKOWN
cxembl [2, 3, 9, 14]. Habniopaemble Ha doTomnsobpaxkeHnn nHTepdepeHUn-
OHHble MOJOChI YKa3bIBalOT rpaHuLbl Nonen BMGponepeMeLLeHnin NoBEPXHO-
CTWM MOZENW paBHbIX aMMnUTyA NPONOPLUNOHaNbHO NEpUoOAY BPEMEHU CyLue-
CTBOBaHUSA Kaxgoro u3 Hux. HapyxHble cBeTMnble 30Hbl COOTBETCTBYIOT He-
NOABWKHbIM y4acTkam KonebnoLencs NOBEPXHOCTM.

C uenblo NOBbILWEHNS KOHTPACTHOCTU MHTepdeporpaMmm Ans nocneqy-
tOLLEN MX pacLUnPpPOBKM NPUMEHSANOCH CTPOOMpPOBaHNE reHepmMpyemMoro ny-
Yya nasepa 1 anekTpoonTu4eckum mogynatopom 2 [3, 6, 9, 12]. Ansa cMHxpo-
HM3aumMmM cTpoboMMMynbLCOB C onpeaeneHHon dason konebaHun 060NoYKM
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ANEeKTPUYECKMIN curHan 3BykoBoro reHepatopa 11 yepes ¢asoBpawiartens 12
nocTynan Ha UMMyNbCHbIA reHepatop 13, reHepupyLWUn NPSAMOYrofibHble
WUMMYNbCbI, X NOCIE YCUIEHMS BbICOKOYACTOTHLIM ycunutenem 3 nogaBarncs
Ha 9M1eKTPOONTUYECKMIN MoaynaTop 2. YactoTa cTpobupoBaHusa 3agaBanach
KpaTHOM 4acToTe konebaHwu mogenu. KOHTponb CUHXPOHWM3aUMM CTPO-
6oMMNynbLCOB C YacTOTOW KonebaHuM MOLENW OCYLIECTBNSANCA OBYXIyde-
BbIM ocuunnorpadom 4. YpoBeHb BO30YyxaeHUs noadbupancst Takum, 4tobbl
aMnnuTyaHble npornbebl He npesbiwanu 1/20 TonwuHel ob6onoykn n obecne-
YMBanacb HopMarnbHas paspeLMMoCcTb MHTEPEEPEHLMOHHbBIX MOMOC Ha WH-
Tepdeporpammax.

PesynbTaTbl nccnegoBaHun. C nCnonb3oBaHMEM W3MOXEHHOW MEeTO-
ONKM  ronorpaduyeckon MHTEPdEPOMETPUM  BbIMNOMHEHO MCCneaoBaHue
BNUSIHUSA KBaApPaTHbIX BbIPE30B 1 NOAKPENMAIOLLMX SIEMEHTOB HA HMKHUIA 1
CpeaHu AmManasoHbl CrlekTpa 4acToT M (hOpM PE30HAaHCHLIX konebaHwui
KOHCOJSbHO 3aKpenseHHbIX LUITMHOAPUYECKNX 060noYek.

3aBUCUMOCTb HUKHE YacTU CnekTpa 4acToT f OT BOMHOBLIX YMcen n
Npn OUKCMPOBaAHHOM 3HadYeHUn m = 1 Ans uccredyembix Mogenen ¢ AByMs

LeHTpanbHbIMA OTBEPCTUSIMUA, PAaCMONOXEHHBIMU CUMMETPUYHO OTHOCU-
TenbHO TOPLUOB, NpvBeAeHa Ha puc. 2, rae f — yacTtoTa konebaHun; n —

KONMMYECTBO BOJSIH B OKPY)XHOM HampaBreHWu; m — KONMUYECTBO MONyBOSH
BOOMNb 06pasytoLLe.
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Puc. 2 - 3aBUCUMMOCTb HacTOT COGCTBEHHbIX KonebaHum
OT BOJNTHOBbIX Yucen n
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Kpuasa 1 cooTBeTcTBYEeT chnnowHon obonoyke 6e3 BbIpe3os, kpusas 2 —
obornoyke ¢ AByms KBagpaTHbIMM oTBepcTUsiMu 36x36 Mm co cBoBGOaHBIMU
KpoMkamu, kpmBasd 3 — o6orfoyke ¢ NoAKpensieHHbIMU KpOMKamMu OTBEPCTUN
pebpamn nNpsmMoyronbHOro cedeHns 4x1 MM, kpmeas 4 — obonoyke ¢ noa-
KpenneHHbIMY OTBEPCTUAMUN U LWINAHITOyTOoM 7x1 MM B BepxHeM Topue. Yuc-
NeHHble 3HA4YeHUs 4acTOT onpefensanncb MeTodoM KOHEYHbIX 3f1eMeHTOB
[7]. Mpwn aTOM OTBEPCTUSA, KaK BCAKAs HEOQHOPOAHOCTb, BbI3bIBAIOT pacLuen-
nieHne crnekTpa COBCTBEHHbLIX KonebaHui, Nomny4YyeHHbIX B pesynbTate pac-
4YeTOoB, Ha NapHble YacToThbl, AN KOTOpbIX hopMbl konebaHui coBnagatoT no
obLwen n3mMeHseMoCTH, HO COABUHYTbI OAHA OTHOCUTENbHO APYrOM B OKPYX-
HOM HarnpaBfneHuu Ha yron ¢ =n/2n. bonbWMHCTBO ¢hopm konebaHui

HWXKHEW 4YacTu crekTpa npeacTaBnseT coboi npocTble opMbl, TO €cTb
OMNUCLIBAOTCA COOTBETCTBEHHO (DYHKLMAMU coS (nx) unu sin (nx), 3a Uckmio-
YeHMEeM OKPECTHOCTU OTBEPCTYUS.

M3 npvBegeHHbIX pe3ynbTaToB BUAOHO, YTO OTBEPCTUS CO CBOBOAHLIMU
KpOMKamu Jaxke CpaBHUTENbHO HEGOMbLUMX pasmMepoB NMPUBOAAT K MOHXe-
HUIO CMEeKTpa 4YacToT, U OCOBEHHO HuM3LWel 4yacToTbl. [pu 3TOM 4YacToTbl
pacnonaratoTcsl HacTOMbKO MMOTHO, YTO POPMbl KonebaHuin Npu HeaHauw-
TEnbHOM MNNaBHOM U3MEHEHMN YacTOTbl NEpPexoaaT oaHa B APYryto U Npouc-
XOOUT HanoXeHWe pasnmuHbIX (OpPMOOGpa3oBaHUii.

MoakpenneHne KOHTYPOB OTBEPCTMIA YBENUUMBaET FOKanbHYI XecT-
KOCTb KOHCTPYKUMM U NPUBOOUT K MOBLILIEHWIO CMEKTpa YacToT konebaHun
[0 3HaYEeHWUIA, COOTBETCTBYHOLLMX OOHOPOAHbLIM CMMOLWHbLIM o6onoykam. Mpu
3TOM NOTHOCTb HKHEN YacTu CreKTpa CHUXAETCs, a Takke YMeHbLUAaTCs
amMnnTyabl BUGponepeMeLleHunii BAONb KOHTYPOB OTBEPCTUIA.

Mpv NoAKpenneHnn BepxHEro TopLa OGOMOYKM LUMNAHrOyTOM BRMSIHWE
BbIPE30OB Ha YacTOThl KonebaHuii ckasbiBaeTCs 3HAYUTENBHO MEHbLLUE.

NHTepdeporpaMmbl XapakTepHbIX HU3LLIMX pe3oHaHCHbLIX hopM Koneba-
HWIA uccrneayemblx 06onoYek NpeacTaBneHsl Ha puc. 3.
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Puc. 3 — Huswme pe3oHaHCHbIe hopMbl Kone6aHuit 060M04€eK C OTBEPCTUAMU
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OcobeHHOCTLIO NpuBeaeHHbIX hopmMoobpa3oBaHun ABMNSIETCS foKanbHas
KOHLIEHTPaUNsl Yy3MNOBbIX JIMHWUA B OKPECTHOCTU OTBEPCTMIA. 3TO XOPOLUO
BMOHO Ha WHTepdeporpamme OCHOBHOW hopmbl konebanui (7 =4) obo-

NOYKM C HenoakpenneHHbIMU OTBEPCTUSIMU Ha Hu3lwen 4vactoTe 465 My
(puc. 3,a). Ha npeactaBneHHOM M306paxkeHMM YETKO BbiAensaiTcs koneba-
HUS1 BEPXHEW YacTn MOZENWN N B yrnax OTBEPCTMIN, KOTOPble ABMNSAOTCS KOH-
LeHTpaTopamMm HanpsiKeHnin. AMNIUMTYAbl KonebaHuin y3noBbiX NUHWIA paBHbI
HYJ0, @ TOYKM MNOBEPXHOCTU, PACMONOXKEHHbIE MO 06ENM CTOPOHAM Y3r0BbIX
nHUIA, coBeplualoT konebaHus B npotuBodase. OaHHoe cdhopmoobpasosa-
HMWEe OTNMYaeTCs OT Hu3lWen (opMbl KornebGaHW CnMoLHON OAHOPOAHOMN
o6onouykm [12] n xapakTepusyeTcsa nokanusaumen nepemeLleHnin NoBepxHo-
cTn B obnacTu Bbipe3oB. HanbonbLumne nporndbl 06pasytoTcs BAOMb KPOMOK
OTBEPCTUS, YTO CornacyeTca ¢ pesysibTataMmu, NofnyvyeHHbIMU gnsi o6onoyek
C pasnuyHbiMK npodunsamn oteepctuin [3, 7]. Popmbl konebaHun npu yaa-
NEHNN OT OTBEPCTUSA HOCAT PErynsipHbli XapakTep, CBOMCTBEHHbIN 060M04-
kam 6e3 Bblpe30oB. [MoHWKeHne Hu3Lwen COBCTBEHHOW YacTOTbl BbI3BAHO f10-
KanbHbIMW KOnebaHWsiIMM y4acTKOB MOBEPXHOCTM Yy KpaeB oTBepcTusa. Ha
CpedHMX YacToTax M B BEPXHEN 4acTu cnekTpa obpasyoTcs croxHble op-
Mbl konebaHuin, xapakTepHo 0COBEHHOCTLIO KOTOPbIX SIBMISIETCA MOBbLILIEH-
Hasi U3BMEHSEMOCTb NepeMeLLeHM NMOBEPXHOCTU MOLENW B 30HE pacroro-
XKEHUs1 OTBEpPCTUsl. DKCNepuMeHTarnbHble pesynbTaTthl, B OTNMYMe OT pac-
YeTHbIX, HEe coaepKaT COMPsPKEHHbIX (hopM.

MoakpenneHne KOHTYpPOB OTBEPCTMI pebpamu nokanusyet amnnuTyabl
nonen BubponepemeleHnin. Huswas dpopma konebaHuii 060M0YKM C YacTo-
Ton 517 'y (n = 4) npeacTtaBneHa Ha puc. 3,6.

WHTepdeporpamma ocHOBHOM hopMbl kKonebaHmm obonoykn ¢ nogkpen-
NEHHbIMU KOHTYpaMun OTBEPCTUI M LUMAHroyTOM, PacrofioOXeHHbIM B BepX-
Hem Topue, npvBedeHa Ha puc.3,B. Ha Hen HabniogaeTcs xapakTepHas
CTpykTypa npornboB noBepxHocTU. ObBonouvka konebnercss Ha 4vacTtoTe
848 'y ¢ BonHOBbLIMM 4ucnamm n=2 n m =1. BnuaHne oTBepcTUN Ha

dopmoobpasoBaHmne Gonee foKanmM3oBaHo.

AHanu3 nonyyYeHHbIX pe3ynbTaToB NokKasbliBaeT, YTO OTBEPCTUS co3aatoT
noKanbHyl0 WHEPLUOHHYH HEOAHOPOAHOCTb 060MOoYEeYHbIX KOHCTPYKLWNA,
OKasblBas CyLLECTBEHHOE BIUSIHWUE Ha WX OCHOBHblE AMHaMUYECKMe xapak-
TEPUCTUKW, pacnpederneHne BHYTPEHHUX HanpsbkeHun n gedopMauui, YTo
Bbl3blBaeT HEO6XOAMMOCTb OCYLLECTBNEHNS MEPOMPUATUIA MO OTCTPOWKE OT
HexxenaTternbHbIX pe3oHaHcoB. [py nogkpenneHnn oTBepCTUA U obonoyek
pebpamn XeCTKOCTU pe3OHaHCHble YacTOTbl 3HAYUTENbLHO BO3pacTaloT, a
BOJTHOBbIE YMCMa B OKPYXHOM HanpaBneHWn yMeHbLUAKTCs, BHOCA NnoKanb-
Hble UCKaXeHNs1 B aMNnuTyaHble nonsi BubponepemMeLleHnin NoBEPXHOCTU U
n3meHss popmbl kKornebaHui, YTo noaTBEpPXKAaeTCsa pedynbtatamm [7].

Mony4eHHble pe3ynbTaTthbl B LLENIOM COOTBETCTBYHOT U3BECTHLIM 3KCMepu-
MEHTarnbHbIM M TEOPETUYECKMM AaHHBbIM ANS HenoAKpenreHHbIX obonoyek
[3, 4]. XapaKkTepuCTMKn pe3OoHaHCHbIX KonebaHui, MornyyYeHHble 3JKcnepu-
MeHTanbHO (puc. 2), AOCTAaTOMHO XOPOLUO COrfacylTcs C pesdynbtatamu
pacyeTa KOHCTPYKUMU METOAOM KOHEYHbIX 3fieMeHTOB. PacueTHble 1 akcne-
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pumMeHTarnbHble 3Ha4YeHusA CcOBCTBEHHbIX YacToT And GonblMHCTBA CbOpM
konebaHun oTnM4aTCs MeHbLle YeM Ha 6%, a camu d)OprI, BKItO4adA Bbl-
COKO4YaCTOTHble, coBMagakT Nno napamMeTpy n .

BbiBoabl. PaspabotaH apdeKkTuBHbIM NOAXOA K MCCregoBaHWio peso-
HaHCHbIX KornebaHWn TOHKOCTEHHbIX 060MOYEYHbIX KOHCTPYKLUA C MOMOLLbIO
ronorpadunyeckon nHTepdepomeTpumn. MNonyyeHsl HOBbIE 3KCNEPUMEHTarb-
Hble pesynbTaTtbl, XapakTepusylowue BNUsSHWE OTBEPCTUA W MNOAKPennsto-
wmx pebep Ha cOBCTBEHHbIE YacTOThl U DOPMbl KONeBaHW KOHCTPYKTUBHO
HeoaQHOPOAHbIX LMNUHApUYeckux obornovek BpalleHus. PesynbtaTbl paboTbl
MoryT 6bITb MOME3HbIMKU NpU pa3paboTke HOBbLIX pacyeTHbIX MoAdenen Ans
MOZanbHOro aHannsa HeogHOPOAHbIX 060NOYEK C OTBEPCTUAMMU.
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YK 539.3

O. C. Kaipos, 0-p mexH. Hayk, J1. O. JlamaHcbKa, kaHO. bi3.-Mam. HayK,
B. O. Kaipos, kaHO. mexH. HayK

EKCNEPUMEHTANBbHE OOCNIOXXEHHA PEBOHAHCHUX
KONUBAHb HEOOHOPIAHUX LIMNIHAPUYHMX OBOJIOHOK 3
OTBOPAMU METOLOOM IroyiorPA®I4YHOI IHTEP®EPOMETPII
HaBepeHo pe3ynbTatm ekcnepuMeHTanbHUX AocnifXeHb 4acTtoT i dopm

BNacHUX KONIMBaHb HEOAHOPIAHUX LWUNIHAPUYHUX OGONOHOK 3 OTBOpaMu.
DocnioxeHHss BMKOHaHi meTtogom ronorpadivyHoi iHTepcdepometpii. BctaHoBneHo
BM/IMB OTBOPIB Ta iHWMX KOHCTPYKTMBHUX OCOGNMBOCTEA Ha OCHOBHI AWHaMi4HI
XapaKTepucTukm ob6onoHok. OnucaHa MeToAMKa NPOBEOAEHHS EeKCMepUMEHTY.
EkcnepvmeHTanbHi AaHi NOPIBHIOIOTLCA 3 YUCNOBUMMM pe3ynbTaTaMu, OTPUMaHUMU
MeTOAO0M CKiHYEHHUX eNleMeHTIB.

Kmro4doei cnoea: yuniHdpuyHa HeOoOHOpiOHa OBOsIOHKa, 8r1acHi KonueaHHs; 0meopu;
nidkpinntorodi pebpa; 2onoepaghidyHa iHmepghepomempisi; Memod CKIHYEeHHUX eflieMeHmis.

TOHKOCTIHHI OBOMOHKOBI €NeMEHTU KOHCTPYKLIA LUMPOKO BUKOPUCTOBY-
IOTbCS Y CyYaCHIN TEXHIL, WO BUKIIMKAE HEODXIAHICTb JOCHIOXKEHHS iX peso-
HaHCHMX KONMMBaHb i BU3HA4Ya€ akTyanbHICTb AaHOi 3afavi. HasBHICTb OTBO-
piB Ta iHWNX KOHCTPYKTUBHUX HEOOHOPIOHOCTEN OKa3ye iCTOTHUWA BMMMB Ha
aMnniTygHO-4acTOTHI XapaKTepuCcTMKn OBONOHOK, SAKi BiApi3HATbCA Heoa-
HOPIOHUMK MONAMU PO3NOAiNy HanpyXeHb, Aedopmalin i nepeMilieHb no-
BEPXHi, CKNagHICTIO i PI3HOMaHITTAM (OOPM KONMBaHb.

Pasom 3 umncenbHo-aHaniTnyHMmMnM metogamum [1, 4, 5, 7, 11— 13, 15] Bu-
3HAYeHHs 4acToT i opM BMACHMX KOnMBaHb OCOBNMBE 3HAYEHHSI MatOTb Ha-
DirHI ekcnepuMeHTanbHi metoam [3, 5, 6, 8 — 10, 12, 14], ski He TinNbkK gaTb
pearbHy KapTVHY NOBEAIHKN KOHCTPYKUIM Nig Aieto AUHAMIYHUX HaBaHTaXeHb,
ane i 4O3BONSAOTb OLHUTY MeXi 3aCTOCOBHOCTI TEOPETMHHUX MOZENEMN.

KonueaHHAM 0OOMOHOK 3 OTBOpPamMU MPUCBSAYEHO MOPIBHSAHO HEBENuKa
KinbKiCTb nyGnikauin, ornag akux Ta oTpMMaHi pesynbTaty HaBefeHi B [3 — 5,
7, 13]. B ocHOBHOMY po3rnsganqca rmagki WwapHipHo obnepTi 060MoHKN 3
O4HMM OTBOpPOM. AHani3 gocnigXeHb Nokasye, WO Ans HeogHopigHux obo-
JNIOHKOBUX CUCTEM BAAETHCS BU3HAYMTU 3 NMPUAHSATHOI TOYHICTIO TifTbKM HUXK-
Yi yactoTn i hopmmn KonmuBaHb. [na aHanisy amnniTygHWX Nonis noBepxHe-
BMX MepemilleHb i NiABULLEHHA JOCTOBIPHOCTI pesyrbTaTiB CTOCOBHO [0 3a-
Aay pe3oHaHCHUX KONMBaHb HEOAHOPIAHMX OBOMOHOK Halbinbl edeKkTmB-
HUMK € MeToau rornorpadivyHoi iHTepdepomeTpii [2, 3, 6, 8 — 10, 12, 14], ki
NPOAOBXYIOTb PO3BMBATUCS | BOOCKOHAMNOBATUCS, 3HAX0ASATb HOBI MPaKTUYHI
3aCTOCYBaHHS.

MeToto gaHoi poboTn € po3pobka MeToAMKM eKCnepUMEHTaNbHOro A0C-
NigXXeHHs 3a [ornomoro ronorpadiyHoi  iHTepdepomeTpil amnniTygHo-
YaCTOTHUX XapPaKTEPUCTUK TOHKOCTIHHMX KOHCTPYKTMBHO HEOOHOPIOHUX LM-
NiHAPUYHMX 0BONOHOK 3 OTBOPaMM, MiAKPINtoBanbHUMKM pebpamu Ta aHani3
OTPUMaHUX pe3ynbTaTiB.
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A. S. Kairov, Dr. Sci. (Tech.), L. A. Latanskaya, PhD (Phys.-Math),
V. A. Kairov, PhD (Tech.)

EXPERIMENTAL INVESTIGATION OF RESONANT VIBRATIONS OF
NON-HOMOGENEOUS CYLINDRICAL SHELLS WITH HOLES
BY HOLOGRAPHIC INTERFEROMETRY

The results of the experimental studies of natural frequencies and waveforms of
natural vibrations of non-homogeneous cylindrical shells with holes are presented.
The investigations have been carried out by holographic interferometry method. The
influence of holes and other design features on the main dynamic characteristics of
shells is established. The method of conducting the experiment is described. The
experimental data are compared with the numerical results obtained by the finite
element method.

Keywords: non-homogeneous cylindrical shell; free vibrations; holes; reinforced ribs;
holographic interferometry; finite element method.

The non-homogeneous shells constructions with cutouts are widespread
in modern technique. Therefore, the problems which deal with resonant vi-
brations of the structurally non-homogeneous shells are very relevant actual.
To determine the amplitude-frequency characteristics, together with numeri-
cal and analytical methods, experimental methods are used, which are of
particular importance. They give a real picture of the behavior of thin-walled
constructions under the influence of dynamic loads and allow us to assess
the limits of applicability of computational models.

Relatively few publications are devoted to the vibrations of shells with
holes, a review of which and the results obtained are given in [3-5, 10].
Analysis of the research data shows that for non-homogeneous shell sys-
tems it is possible to determine with acceptable accuracy only the lowest
frequencies and forms of natural vibrations. In practice, this is not enough,
since it is necessary to know a wider part of the spectrum of natural frequen-
cies and waveforms. Holographic interferometry methods [2, 3, 6-8, 11] are
the most effective for analyzing the amplitude fields of displacements due to
their high accuracy and increasing the reliability of the results of resonant
vibrations.

The main aim of this work is to investigate the natural frequencies and
waveforms of vibration of the cylindrical shell with holes and stiffening ribs by
holographic interferometry and to compare the results obtained with the cal-
culations performed.

The investigations were performed by holographic interferometry method.
The method of conducting the experiment is developed. The interference
patterns of the waveforms of the research object and new dependences of
the influence of its structural non-homogeneity on the resonant vibrations
were obtained. It is found that the presence of cutouts, reinforcing ribs and
their discrete arrangement create a local inertial inhomogeneity and signifi-
cantly affect the amplitude-frequency characteristics of the structure. Such
dependencies have a great practical value. The experimental data are com-
pared with the numerical results obtained by the finite element method and
show good convergence.
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MPO CNOCIb 3HAXOOXEHHA MAPAMETPIB
PYUHYBAHHA ONA TPILWWH MDK OBOMA MATEPIAITAMU

3anponoHoBaHa Mopenb Afsi BU3HAaYeHHA NapameTpiB PyMHYBaHHA TPIWMWHU
3CyBY, WO BUHUKAE Ginsi KYTOBMX TOYOK ObGnacTi, CKnageHoi i3 ABOX Pi3HOPIAHMX
NPSIMOKYTHUKIB pi3HOro poamipy. Mogenb ocHoBaHa Ha BBeAEeHHi 30H NNacTUYHOCTI
Ha NMPOAOBXEHHI TPIWWHM Ta 3HaXOAXEeHHi NoKanbHOI Ta rnobanbHOI CKNagoBUX
WBMAKOCTI 3BiNbHEeHHA eHeprii. Komb6iHauwia uux cknagoBux pAo3Bonsie 6e3
3HaAXOMKEeHHS1 JOBXWHU NMJIACTUYHOI 30HM 3HAUTU HEOOXIAHUIA KPUTUYHMIA NapameTp,
Wo BU3Ha4ya€e poO3BUTOK TpiwmHWU. [lligTBepaXXeHHs 3anponoHOBaHOI METOAUKU
NPOAEMOHCTPOBaHO LUNIAXOM 3aCTOCYBaHHA aHarnorivyHoi Moaeni Ansa TpiwmHn Tuny |
B oAHOpiAHOMY MaTepiani.

Kmroyoei cnoea: 6imamepian, mpiwuHa Mk 0eoma Mamepianamu; 30Ha
rnepedpyLiHy8aHHsI.

BeTtyn. JocnigjkeHHA BHYTPILWHIX Ta MiXgasHnX TpiLuH € nepLloveproBo
Ba>XNMBMMW A8 NPAKTUKN, OCKINbKM Taki AedeKTn YacTo € NPUYNHOI Mexa-
HiYHVMX PpYMHYBaHb KOHCTPYKLiN. ICHye Kinbka KpuTepiiB pynMHyBaHHS, LO
BM3HaYalTb MOXIUBICTb PO3BUTKY TPILLMHKU, cepel SKMX Big3HauYMMO eHep-
reTudHu kputepin Mpidbdpitca [6] Ta aedopmauinHni kputepin JleoHoBa —
Manactoka — [Oargenna [2, 4]. OetanbHe obroBopeHHs AedopmaliiHoro
KpuTepito npoBeaeHo B [3], a Ans TPILWWHKU Mk JBOMA MaTepianamMmm MOXnun-
BOCTi MOro BMKOPWUCTaHHA NpoaHarizosaHi B [1]. Peanisauis eHepreTnyHoro
KpuTepito Ans TiN CKIHYEHHUX PO3MIpiB 3apa3 Han4vacTille NpoBOAUTLCS 3
BMKOPWUCTaHHAM iHBapiaHTHOrO iHTerpana YepenaHosa — Panca ta metoay
ckiHyeHHuXx enemeHTiB (MCE). B gaHin poboTi npogemMoHCTpoBaHO ChifnbHe
BMKOPUCTAHHA BKasaHWX BULLE KPUTEPIIB Ta BKa3aHi cnocobu 3HaXOmXeHHs
LUBWUAKOCTI 3BiNIbHEHHSI eHepril 3 iX BUKOPUCTaHHAM.

Tpiwmna Tuny L. Onga intoctpauii MeToguKM, WO NPONOHYETLCH, PO3rns-
HEeMO MoZenb, aHanoriyHy o mogeni JleoHoBa — MNMaHactkoka — Jargenna [2,
4], aka Gyna pos3BuHYyTa MNPV AOCNIAXEHHI MMAOCKOr0 HarnpyXeHoro CTaHy
TOHKOi NNacTuHM 3 TpiwnHOW. Bigomo, o B LboMy BUNaAKy Ha NPOAOBXKEH-
HSX TPILLMHN PO3BMBAKOTLCHA TOHKI 30HW MAACTUYHOCTI i 3HaYUTL PaKTUYHO
3afada crae npyxHo-nnactu4How. Arne meTod, 3anpornoHoBaHun B [2, 4]
[03BOSISIE 3BECTU MPYXHO-MNACTUYHY 3agadvy A0 3adadi MiHiMHOT MeXaHiku
PyWHYBaHHA 3 HEBiJOMOW [OBXWHOK 30HW OcCrabneHux MiK4aCTUHHMX
3B’A3KIB (NepeapyriHyBaHHS), KO MOOENIOETLCSA 30Ha NNACTUYHOCTI.

Ons onucy uiei mogeni, po3rnNsHEMO CrnoYaTKy HECKiHYEeHHY OOHOPIAHY
i30TpOMHYy nnacTuHy nocnabneHy i30fbOBaHO MPAMOSIHIMHOK TPILLMHOK
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210 (pnc. 1). Hexan y HeckiHY4eHHO BigganeHux ToYkax nnacTuHW npukna-
OeHi 30BHiLLHI PO3TAryBanbHi HanpyXeHHA p, HanpasneHHi nepneHanKyns-

PHO 00 MNiHii pO3MiLLEHHS TPILLUHM.
BigHecemo U0 nnacTuHy 40 NPSIMOKYTHOI CUCTEMWU OEKApPTOBMX KOOpAU-
HaT xOy, BBaXxaluu, L0 TOBLUMHA NNACTUHM AOPIBHIOE OAUHMLI, a TpilluHa

po3TalloBaHa B3[OBX OCi x Ha Bigpi3ky |x| Slo (puc. 1). 3asHaummo, Wwo
AKMMU © ManvMMmn He Bynu Hanpy>XeHHS1 p, B OKOMI KiHLiB pearnbHOi TPiLLMHK
Hanpy>XeHHs o-y(x,O), BM3HaYeHi MeTogamu MiHiINHOT Teopii MpPYXHOCTI,

NnepeBULLYIOTL MEXi KPUXKOI MiLHOCTI MaTepiany, To6TO B Uil YacTuHi Tina
BMHMKAOTbL 0bnacTi nocnabneHux 3B’A3kiB. 3 CMMETpIi 3agadi Ta BNacTMBOC-

Ten 5C -mogeni [3], ui obnacTi MoxHa po3rnagaTtv sk po3pisn B34OBX OCi X
npu [, S|x|£l, NPOTUNEXHI Bepern AKMX NPUTATYIOTLCS 3 HamMpPy>XeHHAM

O, - 3HaveHHs napameTpa [ € Hesinomum.

TTETTITIrrrerereeereeeererrersse

WAL VLV L L 2

Puc. 1 — TpiwmHa B ogHopigHOMY MaTepiani 3 o6nactamm
nocnabneHux Mixk4yacTUHHUX 3B’A3KIB

TakvM 4uHOM, 3adaya Mpo HanpyXeHo-AedOopMOBaHWI CTaH B nnac-
TUHI 3 TPILLWMHOI 3BOAMTBLCA A0 HACTYNHOI 3afadvi MaTeMaTu4Hoi Teopii npy-
XHOCTi. B npyxHin nnowmHi xOy (puc. 1) MaeMo po3pi3 [OBXUHO

21 (—l <x< l) . Ha noBepxHi uboro po3apisy gie HanpyXeHHs
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0, |x|$lo;

7, (x.0)=0; o,(x0)= { (1)

a B HECKIHYEHHO BigganeHuX ToukaxX MIOLNHU O'y(x,oo)=p. BigHimatoun

0y, Iy S|x|£l,

Bi, HanNpy>XeHoro cTaHy, KM Npu LbOMY BUHUKaE, OQHOPIOHUA HAMpPYXeHUN

CTaH o =rxy =0, o-y (x,y)=p, OTPUMAEMO OESAKUA OOMOMIXKHUA Hanpy-

KEHUN CTaH, 3HMKaKYUN Ha HECKIHYEHOCTi. Ha noBepxHi po3pi3y Len cTaH
BM3HAYaETbCSA rPaHUYHNMN YMOBaMu

-p, |x|£lo;
90 :09 , 50 = 2
R @

a Ha HeCKIHYEHHOCTi BCi KOMMOHEHTWM [OMOMIXKHOIO HanpyXeHoro CTaHy
NpAMYIOTb A0 Hyns.

Po3B’a30k chopMynboBaHOi 3agadi NiHIHOI MexaHiku pyWHyBaHHA Ha-
BeaeHun B [2, 3]. 3okpema, nepemilleHHs BepXHboro Gepera TpilMHM Ta
HOpManbHe HanpyXeHHs Ha il NPOOBXEHHI BU3Ha4arTbca hopmynamm

v(x,0) = 27mepN 1> — x* + coy X
} {(x 1Ol )~ (5 + 11ty )~ 447 — 22 arCCOSITO}, @)
|x| <l

/
Uy (x,0)= %{7[(}7 —0y )(x— Vx? =12 )+ 20'0x arcsinTO +

aNx- =1
1> —xl 17 +xl
+onVx° =17 x| arcsin———— —arcsin——— |}, >/, 4
“ov* { 1Gi—1y) l(x+lo)}} b @

ae

2 2 2472 2
1" =xE -7 —x" " =-¢ (Ix|£l)

c=i,r(1,x,§)=1n
nE 12 —xE+ 12 =x2 1% = &2

()

Ha ocHoBi dhopmynu (4) koedilieHT iHTeHCcMBHOCTI HanpyxeHb (KIH)
K, = Xll_i)rgr}()JZﬂ(xl -1,) 0,(x,,0)

BU3HA4YaETbCA d)opmynmo

20 /
K, :\/E(p——oarccos%} (6)

T
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a Ha ocHoBi opmynu (3) nepeMilleHHs BepxHbOro Gepera TpilwMHK B il
noyaTKOBIl BEPLUNHI HACTyMNHe

/
v(l,,0) = 27epA|I” =[] + co, {—2101“(1,)@ ~1) =4I =%’ arccos7°} ,
Lo Nicns NepeTBOpeHb NPUBOAUTL 40 BUPA3y

2 I} I}
v(l,,0) = 2c{7z,/12 -1 (p— ZO arccosTOj—ﬂOO'O ln7°}. (7)

BpaxoBytoun, wo npn x —>71+0

K 2 l
o-,,(x,O)z—lz(p—ﬂarccos—oj / ! ,
27z(x—l) 7 L)\ 2(x=1)
anpm x —>1-0
, IR l
v'(x,0) =2¢| 20, arccos——rp ,
/ 2(I—x)

O[lepPXYEMO, O WBUAKICTL 3BiNbHEeHHs eHeprii (LU3E), nos’asaHoi 3 KIH K,
BM3HaYaeTbCs POPMYIIOHD:

G, =K} .

3rigHo 3 TepmiHonorieto po6otn [5] us cknagoBa Ha3MBaETbLCS JlOKallb-
Hoto LUIBE. Cknapnosa x LU3E, 1o nos’dA3aHa 3 HanpyeHHAM o, , HacTynHa:

P-r 2
G, =20,v(l,,0) = 4co, ETKI —-8cl,o, lnT .

Lis LWW3E BusHavaeTbcst po6oTO0, BUKOHAHOK HaMpPy>XeHHSM o, Npu po-

3puBi MaTepiany Ha NPOMDKKY (lo,l) . 3rigHo 3 [5] us cknagoBa Ha3MBaeTbCA

rnobansHoto LLSE.
MoBHa BenuunHa LWU3E Bu3HavyaeTbcst hopmyrioto:

G=G +G,. 8)

HanpyxeHHs o, (x,0), npeactasneHi copmynoto (4), npu AOBifbHOMY
3Ha4YeHHi napameTpy / € HeobMmexeHnM, aKWwo x — [ . Ane BBaXawuu, Lo
x =1/ i NpMPIBHIOYN OTPUMAHUI B LbOMY BMNaAKy BUpa3 B irypHUX OyXx-
Kax (4) A0 Hyns, OTPMMYEMO HaCTynHy OpMynu Ans BU3HAYEeHHS napameT-
pa L, npu sikomy o, (x,0) € obMexeHnm:
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L =1,sec X 9)
20,
B 1abn.1 HaBegeHi sHaveHHa G, G, Ta G, OTpUMaHi ANa pisHMX 3Ha-
YeHb [, WO BMGMpanuce 3 mpomixky [l L], npu I, =1m, p=10°Pa,
o, =20p . B ubomy Bunagky L =1.00309%, G=G, =157.24 H/mnpu [ =1,

G=G,=157.08 H/mnpu [ =1,.

Tabnuusa 1 — 3MiHa nokanbHoiI Ta rno6anbHoi L3E
npm [, =1m, p= 10° Pa, 0, =20p Ta pi3HUX NonoxeHHsAX Toukn [ € [10, l*]

10°(-1,)/1, | G, Him G,, Him G, Him
0 157.08 0 157.08
0.31 73.3857 83.7322 157.118
0.62 47.949 109.199 157.148
0.93 32.091 125.081 157.172
1.24 21.189 136.002 157.192
1.55 13.4543 143,754 157.208
1.86 7.96726 149.253 157.22
2.16 4.18337 153.046 157.23
247 1.74744 155.489 157.236
278 0412837 | 156.827 157.24
3.09 0 157.241 157.241

Ak BugHO 3 Tabn. 1 3HayeHHa G, oTpuMaHi Ons 3HayeHb [, Lo 3Haxo-
OATbCA B NPOMIKKY [IO,Z*] NPaKTUYHO He BiApi3HATbCS Big 3HavyeHb G B
KpaliHix Toukax BKa3aHOro Bigpiska, T06To G € NpakTU4HO iHBapiaHTHUM Mo
BiJHOLLEHHIO A0 NMOMNOXEHHS TOYKM [ .

Cnig Takox BiA3Ha4UTW, WO ONA PiSHUX 3HAYeHb O, BEMUYUHK /., LIO
BmaHaqawam dopmynoto (9), Takox OyayTb pisHUMKW, ane BenuyMHa

=20,6,, e o0, =2v(l,,0) , e rnobanesHoto LLI3E i € BennMunMHO0 NocTin-
Hoto. BoHa gopiBHoe nokanesHin LWWSE gna signosigHoi TpiwmHm MpidhdiTca.

3cyBHa TpilWwmHa. AHanoriyHMM aHania MoXxHa NpoBecTU AN TPILLWHW,
npu gedopmadii AKOI BU3HAYanbHUMKU € 3CYBHi HanpyxeHHs. Po3rnsHemo
ONs UbOoro 3agavy, cxema sikoi 306paxkeHa Ha puc. 2. TobTo Mae MicLe KOH-
TaKT OBOX i30TPOMHUX MPAMOKYTHUKIB 3 MEXaHiYHMMU XapakTepucTvkamm
E.,v, (BepxHinn) i E,,v, (HWKHIA). HWXHI NPAMOKYTHUK XOPCTKO 3akpinne-

HWA 3HWU3Y, @ Ha CTOPOHN BEPXHLOrO Ail0Tb HOPMAsbHI HaMpPYXeHHs ¢, i g, .
BBaxaeTbCs, WO Ha YacTMHax a <|x|<b iHTepdency BMHUKNIO po3LLapy-
BaHHSA, TO6TO YTBOPUIUCH TPILLMHK, AKi Npy ¢, < 0 BiAHOCATLCA 4O 3CYBHOO
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Tiny. Take poswiapyBaHHA MOXe BUHUKATU y 3B‘ﬂ3Ky 3 BUCOKOK KOHLEHTpa-
uieto HamnpyXeHb Yy KyTOBUX TOYKax 3'eQHaHHs, LWo po3rnaaaeTbCca.

Y

g

A

q; 1 q,
i El - hl é -
=5

-b —a a b

hy E;. v

/1177 ///////////////2//////////////////////////
2

Puc. 2 — BimaTepianbHa obnacTb 3 TpilWuHaMm 3cyBY 6insA KyTOBMX TOYOK

3acTtocyeMo anga aHanisy uux TpilwMH MOAenb, aHanoriyHy mogeni Jleo-
HoBa — [MaHacioka — Jargenna, ane B ii 3cyBHOMY BapiaHTi. BBeaeMo Ha
NPOAOBXEHHAX TPILMH ¢ <| X |<a 30HM nnacTuyHocTi. Lli 3oHn B6yaemo mo-

JenoBatn po3pisamu, B AKUX [il0Tb 3CYBHi HanpyXeHHs BenuuuHun z, . lo-
TNOXXEHHSI TOYOK —c¢ i ¢ BMOUpaeTbcs AoBinbHUM (Puc. 3).

3
s q,
é 3
..;%,,*,: 2 ,‘

@R

Puc.3 — KoHdpirypauis npuBepLUMHHOT 30HM TPILWMHK

Po3B’s30k uiei 3agadi 6yaemo posiwyKkyBaTM METOLOM CKiHYEHHUX ene-
MeHTiB. Ha puc. 4 nokasaHa CKiHYEHHO-eNneMeHTHa CiTKa, dKka 3ryLlyeTbecs
npwv nigxodi 4o BepLlmMH TpiwmH (puc. 5). [Ana aHanisy BUKOpPMCTaHi BOCbMU-
BY3I10Bi €1EMEHTMW.
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Puc. 4 — Po36uTTa obnacTi Ha CKiH4YeHHi enleMeHTH

Puc. 5 — CKiH4eHHO-enemMeHTHa CiTka B OKOJi BepPLUMHMU TPiWMHN
Bubupanuce d=0,20 m; b=0,1 m; a=0,085m; ¢=0,08 m; A =0,02m;
h,=0,04 v; E=10H/m*; v, =0,3; E,=10"H/™’; v,=0,3;

q,=-2x10°H /M*; q,=5x10H /™.

3HaveHHss 7, BapiloBanocb. O6uMcnioBanMCb 3HA4YeHHs iHBapiaHTHOro
iHTerpany J B HOBIN BeplwuHi TpiwmHK (c,0), ropusoHTanbHe nepemileHHs
u,(a,0) no4aTKkoBOi BEPLUMHM TPILUMHK, 3HAYeHHa rnobanbHoi LLISE

G, =71,u(a,0), a Takox cymapHe 3HaqeHHs LLI3E
G=J+G,. 9)

PesynbTaT po3paxyHkiB HaBeaeHi y T1abn. 2.
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Tabnuusa 2 — 3Ha4yeHHs J-iHTerpany B HOBill BEPLUMHI TPILLWHM,
nepemiwennn i, (a,0) , mo6ansHoi LU3E G, =17,u(a,0) Ta cymapHoi LU3E G

ANsA pi3HUX 3HaYeHb 7.

10z, , 0 20 40 60 75 90 102
H/w?

J H/m 536 | 3,40 | 1,91 0,89 | 045 | 0,27 ~0
10 -u,(a,0) M 969 (847 |725 |[6,34 |543 |51
G,, Him 0 1,93 339 |435 476 |4,88 |5.22
G, H/m 536 | 5,33 | 5,30 | 524 |5.21 5,16 | 5,22

3 pesynbTaTis Tabn. 2 BuaHO, Wo cymapHe 3HadeHHsa LU3E e npaktuyHo
HesanexHuM Bif BeNUUMHK 7, (MakcumarbHa po3biKHICTb 3Ha4YeHb cknagae

2,6%). 3okpema, npu 7, = 1,02x10° H /M nokaneHa LU3E B Touui a obep-

TAETLCA B HYMNb, TOGTO HaNPY>XEHHS B L TOYLi CTae CKiIHYEHHUM, @ 3HAYEH-
HA rnobanbHoi LBE nobpe y3romkyeTbca 3 BignoBigHUM 3HAYEHHSAM JlOKa-
nbHoi LWW3E npw BiacyTHOCTI NnacTuyHoi 30HU. OTpUMaHe 3HaveHHs 7, siB-

nse cobol Mexy TeKy4yoCTi Takoro matepiany iHTepdelncy Ha 3cyB, Ans
SIKOrO NMpu BMOpPaHOMY 3HAYEHHi C HaMnpPyXeHHst B Uil TOYLi € CKIHYEHHUM.
lMpoBeneHWin aHani3 nokasye, WO NPy BUKOPUCTAHHI 3anponoHOBaHOI Moae-
ni He 0bOB’A3KOBO 3a3garnerigb BU3HayaTh NOSIOKEHHS TOYKM C, a JOCTaTHbO
ANt KOXXHOTO KOHKPETHOTo 7, i ¢ BU3Haunt J i G, . Cyma Lumx Benu4nH 3

BMCOKMM CTyneHeM TouHocTi byae pieHa LU3E ana 3agaHoi TpilmHM.

BucHoBku. [ins TpiwuHn Tvny | B ogHOpigHOMY maTepiani po3rnsHyTi
30HU OocnabneHnx MiXKYaCTUHHUX 3B’A3KIB HA MPOOOBXKEHHSAX TPILMHU O0BI-
NbHOI AoBXMHW. OB4YMCNEHO nokanbHy Ta rnobanbHy LUBUAKOCTI 3BiflbHEHHS
eHeprii. [Jns KOHKPETHOro MaTepiany Ta 30BHILIHLOrO HaBaHTaXXEHHSA MOKa-
3aHO, L0 CymMa UUX 3Ha4YeHb MPaKTUYHO He 3MIHIETLCA. PO3rnsaHyTO Takox
TPILLMHY 3CYyBY, WO BUHMKAE Bina KyTOBUX TOYOK 0bnacTi, CKnageHoi i3 ABOX
Pi3HOPIOHUX MPSAMOKYTHWKIB Pi3HOro po3mipy. BBeaeHHi 30HM NnacTUYHOCTI
Ha MPOAOBXEHHI TPILWMHN Ta 3HAWOEHi nokanbHa i rnobanbHa cknagoBi
LLUBWAOKOCTi 3BifIlbHEHHS1 eHepril 4Nsi Pi3HNX 3HaYeHb 3CYBHOIO HarMpyXeHHs B
UMX 30HaX, BENMUYMHA SIKOTO BU3HAYAETbCS XapaKTepuUCTUKaMu aaresiHoro
wapy. MNokasaHo, Lo koMOiHaLis CKNagoBMX LUBWAOKOCTI 3BINIbHEHHS eHeprii
Jo3Bonse 6e3 3HaxXooKEeHHSA JOBXWHU MIIacTUYHOI 30HU 3HAUTU HEeobXigHU
KPUTUYHUI NapaMeTp, AKUN BU3HAYa€e MOXIUBICTb PO3BUTKY TPILLMHW.
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YK 539.3

A. B. Muxaun, B. B. Jloboda, 0-p ¢hus.-mam. HayK
O CNOCOBE HAXOXOEHUA NAPAMETPOB PA3PYLUEHUA
and TPEWKWMH MEXAQY OABYMA MATEPUATNTAMUA

MpepnoxeHa moaenb ANA onpefeneHUs NapameTpoB paspylueHUs TPeLUHbI
cABu1ra, Kotopasi BO3HMKaeT Bo3re YrinoBbIX To4ek 06racTu, cocTaBreHHOW U3 ABYX
Pa3HOPOAHbLIX MNPSAMOYroNIbHUKOB pasHoro pasmMepa. Mogenb oOCHoBaHa Ha
BBeAEHMU 30H NNAaCTUYHOCTU Ha NPOAOIKEHUN TPELUMHBI U HAXOXAEHUMN NOKanbHOW
M rnoGanbHOW COCTaBMSAIOWMX CKOPOCTM OcCBoGoxaeHusA 3Heprun. KomGuHauums
3TUX COCTaBnSAKWMUX NO3BONSAET 6e3 HaxoXAeHUA AMUHbI NNacTU4EeCKOW 3OHbI
HaWTU HeOOXOAUMbIA KPUTUYECKUI NapamMeTp, onpeaensowmin pa3BuTMe TpPeLMHbI.
MoaTBepxaeHMe  NpeanioXeHHOW  MeTOAUKM  MPOAEMOHCTPUMPOBAHO  MyTem
NPUMMEHeHUA aHanNorMYyHon Mmoaenu Ansa TpewmHbl Tuna | B ogHOPO4HOM MaTepuane.

Knioyeenie crnoea: Gumamepuas; mpewuHa Mexdy 0syMs Mamepuanamu; 30Ha
npedpaspyweHus.

UDC 539.3
O. V. Mikhail, V. V. Loboda, Dr. Sci. (Phys.-Math.)

ON THE WAY
OF THE FRACTURE PARAMETERS DETERMINATION
FOR CRACKS BETWEEN TWO MATERIALS

A model is proposed to determine the parameters of shear crack failure that
occurs near the corner points of an area composed of two dissimilar rectangles of
different sizes. The model is based on the introduction of zones of plasticity on the
continuation of the crack and finding the local and global components of the energy
release rate. The combination of these components allows to find the necessary
critical parameter that determines the development of the crack without finding the
length of the plastic zone. Confirmation of the proposed technique is demonstrated
by applying a similar model for type | cracks in a homogeneous material.

Keywords: biomaterial; crack between two materials; pre-fracture zone.

Introduction. Investigations of internal and interfacial cracks are of par-
amount importance for practice, as such defects are often the cause of me-
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chanical failure of structures. There are several failure criteria that determine
the possibility of crack development, among which we note the Giriffiths en-
ergy criterion [5] and the Leonov — Panasyuk — Dagdale deformation criteri-
on [1, 2]. A detailed discussion of the deformation criterion was conducted in
[3], and for the gap between two materials, the possibilities of its use were
analyzed in [4]. The realization of the energy criterion for bodies of finite
dimensions is now most often carried out using the invariant Cherepanov-
Rice integral and the finite element method (FEM). This paper demonstrates
the joint use of the above criteria and the methods of finding the energy
release rate by using them.

The crack mode I. A crack |x| <1,,y =0 in an infinite homogeneous iso-

tropic plate under remote external tensile stresses is considered in this sec-
tion. The zones |/, £|x| <[ of weakened interparticular links with prescribed

normal stresses in these zones are introduced at the crack continuations.
Analytical solution of the correspondent problem is found for any value of [
and local and global energy release rates are found. The variation of these
energy release rates with respect to / is analyzed and the results are pre-
sented in table form.

Sliding crack. A similar analysis was performed for a crack, the defor-
mation of which is determined mostly by shear stresses. The contact of two
isotropic rectangles with mechanical characteristics E,, v, (upper one) and

E,,v, (lower) is considered. The lower rectangle is rigidly fixed by the lower
side, and normal stresses ¢, and ¢, . act on the sides of the upper one. It is
believed that stratification occurred on parts a <|x|<b of the interface, i.e,
the cracks were formed, which for ¢, < 0 belong to the shear type. We use a
model similar to the Leonov — Panasyuk — Dagdale model for the analysis of

these cracks, but in its shear version. We enter the plasticity zones on ex-
tensions ¢ <|x|<a of the cracks. These zones will be modeled by sections

in which shear stresses of magnitude z, act. The position of the points —c

and ¢ was chosen arbitrarily. The solution of this problem was found by
means of finite element method.

Conclusions. For a crack type | in a homogeneous material, the zones
of weakened interconnections on the crack extensions of arbitrary length are
considered. Local and global energy release rates are calculated. For a
specific material and external load, it is shown that the sum of these values
does not change. Also a shear crack that occurs near the corner points of an
area composed of two dissimilar rectangles of different sizes is considered.
The zones of plasticity on the continuation of the cracks are introduced. The
local and global components of the energy release rate are found for differ-
ent values of shear stress in these zones, the value of which is determined
by the characteristics of the adhesive layer. It is shown that the combination
of the energy release rate components allows to find the required critical
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parameter that determines the possibility of the crack development without
finding the length of the plastic zone.
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CKINAOHWK 3CYB NPYXXHO-MIACTUYHOIO BPYCA
3 MDK®A3HOIO TPILLMHOLIO

Po3rnsiHyto 3agayy npo BWU3Ha4YeHHs HanpyxeHo-AeOpMOBaHOro CTaHy
NPYXHO-NNacTuYHoro 6pyca 3 Mixkda3HO KpaloBOK TPIWMHOW B YMOBax
CKNMagiHOro 3cyBYy. 3anponoHOBaHO YMCIIOBUA anroputM po3B'si3aHHA  3ajadi,
3acCHOBaHUW Ha 3acToCcyBaHHi MeToAy CKiHYEHHMX ereMeHTiB i AudepeHuUianbHoO-
HeniHinHOro BapiaHTy Teopii MNMacTUYHOCTI, WO BpaxoBye Mikpogedopmauii
(HoBoxunoBsa, KapaweBiya, YepHsikoBa). [lpu pi3HUX cxemax HaBaHTaXeHHsI
nobynoBaHi 30HM nNNacTUYHOCTI B nepepisi 6pyca. [ocniaxeHo BNnMB icTopii
HaBaHTaXeHHA Ta i3nKo-mexaHiYyHMX BRacTUBOCTeN MaTepianiB Opyca Ha
KOHdpirypauito 30H NNacTUYHOCTI B OKONi BEPLUMHU TPILLIUHM.

Kmroyoei cnoea: cknadeHuli 6pyc;, MixghasHa mpiwuHa; cknadHuli 3cys; meopis
nnacmu4Hocmi, wWo epaxosye Mikpodegopmauii; Memold CKIHYEHHUX erleMeHmie; 30Ha
nnacmu4Hocmi.

BcTtyn. Y 3B'A3Ky 3 LUMPOKUM 3aCTOCYBAHHSIM B TEXHiLi KOMMO3ULINHMX
MaTepianis 4OCUTb akTyanbHOW € 3aJadva AOChiIKEHHS NOBEAIHKN TPiLLMHU
B obnacTi noginy ABox cepeposul,. barato po6iT LUbOro HanpsMKy NpuUcBs-
YeHO 3agavaM Npo TPILMHY Ha rpaHuui po3ainy ABOX NPYXHUX obnacTen.
3Ha4yHO MEHLUA KiNbKiCTb pobIT NpucBAYEHa AOCMIOKEHHIO 3a3Ha4YeHOl Npo-
6rnemMu B Npy>XKHO-NNACTUYHIA NOCTaHOBL.

MocTtaHoBKa 3apavi. Po3rnagaetbca piBHOBara npm3aMatuUYHOro Cckna-
AeHoro 6pyca kBaapaTHOro nepepisy (axa), KM NocrnabneHnn KpanoBow

TPILLMHOK O0BXWHOM l:a/2, O NpoxoauTb B3OOBX MiHil po3giny ABOX
maTepianis (puc. 1).

® W ©
@ 2 ®
T T,
@ 1 ®
@ 1, &

Puc.1 — Nepepi3 cknageHoro 6pyca

© K. B. MaHuH, A. B. WymixiH, 2020
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Bpyc 3HaxoguTbcs nig Ai€l0 MNOCTIMHUX OOTUYHUX 3yCUnb 7 =rl(t) 7
Ty = rz(t), LLO AitoTb Mo Moro rpaHax. HaBaHTaxeHHs Bpyca — kBasictaTny-

He. Moro mMaTepian — NpPYXHO-NNacTUYHWUIA Ta Takui, WO 3MiuHETbCA. MoT-
PiOHO BM3HAYMTN KOMMOHEHTM HanpyXeHo-AedopmMoBaHoro ctaHy bpyca B
Oyab-SIKU MOMEHT HaBaHTaXEHHS.

[na onucy npoueciB cKNagHoOro nNpPy>XHO-NacTUYHOro AedopMyBaHHS
Opyca BMKOPUCTOBYIOTLCS PIBHAHHS CTaHy Teopil NNacTU4YHOCTI, WO Bpaxo-
Bye wMikpogedpopmauii [1]. Y [2] nokasaHo, WO uew AudepeHUinHo-
HeniHiMHMN BapiaHT Teopii nnacTU4HOCTI gocuTb Aobpe onucye cknagHe
Npy>XHo-nnactnyHe gedopmyBaHHA NOMiKpUCTaniYHUX Tin.

3 ypaxyBaHHAM TOro, WO y pasi CKNagHoro 3cyBy TpaekTopil HaBaHTa-
XEHHS | AedhopMyBaHHS € NIOCKMMU, TO BU3HAYarbHi CNiBBiAHOLLEHHS Teopil
NMAacTUYHOCTI, LLIO Bpaxoa(e Mikpogedopmalii, NpuuMatoTb Takni BUrnsa:

$4 226160 GO B, (km=12);

km J~m

(5kn + BzG;(f,))_l G2 (1)

nm

Gl

m =

1 U
W-_"lg M _pp |
nm B1 nm l-’rlLllQ n-m
F = J'/l,;dQ'; G = j/l,;,z;ndg'; Q= J'dQ' ,
Q Q Q

e Sk =043, 9k = &3 — KOMMOHEHTN BEKTOPIB LUBUAKOCTEN HAMpyxXeHb Ta
Aecopmallii; G — mMoaynb 3CyBy; sy = B3y/By; B; — yHiBepcanbHi cyHKLi
maTepiany;, 1'1 =cosf, 1'2 =sin# cos@, — HanpsAMK akTUBHOro Mikponnac-
TUYHOro AedopMyBaHHS; dQY' =sin’ o sinzﬁzdﬁldﬁz— AandpepeHuiansHa
dopma “TinecHun kyt”.

O6nacTb HanpsIMKIB aKTMBHOIO MiKpOMMacTUYHOrO AedopMyBaHHSA €
OyayeTbCcs 3a 4ONOMOrO0 ChiBBigHOLWEHD

’ ’ <At H -
EA,t)< D, A1, A — Fr. >0, 2
(Ah.1)< A kkl+mkk (2)

ne r, = Sk —BZG](;B,S',”— KOMMOHEHTU BEKTOPY aKTUBHUX AedopMaLliid.
IHTEHCUBHICTL Aedopmauin E(/l,'(,t) BU3HA4Ya€ETbCA 3a JONOMOrow ¢op-
Myn
9/(/1/;» A =1
E(2.0)=¢,5 E(4,1)= B, + 4, M, ==1; 3)
7731{1/: + 323.15%1; +(+n) 144 =1
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U
1+ Q)
rpaHuus Teuii.

C ypaxyBaHHsIM TOroO, L0 BU3Ha4YarnbHi CniBBigHOLEHHS 0bpaHoro Bapia-
HTY Teopil NNacTUYHOCTI 3anUCYOTLCA Y LUBUOKOCTSX, KpanoBa 3agadva 3a-
MUCYETLCS TaKOX Y WBMAKOCTAX. BoHa 3BoauTbes o nobyaoBu nonis 3MiHM
HanpyxeHb 03, Oy3, Aedopmauin &3, £y3 W NEPEMIlLeHb V3 3 HACTYMHOI

ae y= F,7.; n — yHiBepcanbHa (yHKUia MaTtepiany; &,— novaTtkosa

cuctemu andepeHuianbHUX PiBHAHb:

80"13 +6d'23 _ 1 61)3 . l%

0, é3=-—> &e3= (4)
o, Oxp 20x 200y

00 sKoi HeobXigHO Jo4aTu BM3HAYarnbHi CNiBBiAHOLLEHHST Teopii nnacTu4Ho-

CTi, Wo BpaxoBye MikpogedopmaLii (1) — (3), Ta kpanosi ymoBu
O3 =Pk Ha Sp,;v3=v3g Ha S,. (5)
MeTtoa po3B’sizyBaHHA. [pyxHO-NnacTnyHa kpawnosa 3agada (1) — (5)
poO3B’A3yeTbCA Y NpupocTax. 3a4aeTbCs TPAEKTOPIA HaBaHTaXXeHHs B MpOC-
TOPI 30BHILUHLOrO HaBaHTaXXeHHs. [ani JaeTbCcA NPUPICT HaBaAHTaXEHHS, i Ha
KOXXHOMY KpOLji MPUPOCTY PO3LLYKYETbCS PO3B’A30K 3adadi. 3HanaeHi Ha Ko-
YKHOMY KpOLji pO3B’A3KM MiACYMOBYHTbLCA 00 TUX Mip, MOKM HABAHTAXEHHSA He
JOCsArHe 3a4aHoro 3HayeHHs. Y pesynbTaTti 3HaxogAaTbCs WykaHi nond. Ta-

KM YMHOM, MOXHa 3anucaTu:

{P}i = {P}z’—l +{AP}1' {”}l = {”}i—l +{A”}ia
o =lohi +1do);, le) = e +1ae);.

TyT HWKHI iHOEKCK BigNOBIAalOTb HOMEpPaM KPOKiB; {P} {u} {0}, {g} — Ha-
BaHTa)KEHHs1, NepeMiLLeHHs1, HanpyXXeHHst Ta gedopmalii, BignoBigHo; {AP}
{A } {4c}, {Ag} — ix npupocTw.
Bekrtopu {AP} {A } {Ao-} Ta {Ag} MOXyTb BYTV npeacTasneHi y Bu-

rnagi

(P} = ) ar, {au}= ) ar,

{aot={o} ar, {aej={e}- ar,
ae f— napameTp, O MOHOTOHHO 3MiHIOETBCH.

[na po3B’aA3yBaHHA 3aayi HA KOXHOMY KpOLi BUKOPUCTOBYETLCA MPUH-
LUun MakcMMymy Ang LWBMAKOCTEN nepeMilleHb [3]

Sp1 sz

L. o ..
oW = —51(0'135813 + O'23€23)dV + jp15V3dS + jp25V3dS =0. (6)
4
[Ona 3HaxomkeHHs nons {V}, O 3a40BOJIbHAE (6), 3aCTOCOBYETbLCA Me-

TOLO CKIHYEHHWUX ernemeHTiB. Ha i-my Kpoui npouecy MOCRigoBHUX Habnu-
XXEHb PO3B’A3aHHsA MPYXHO-NNACTUYHOI 3afadi 3BOAMTLCA OO0 BU3HAYEHHS
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LUBWAKOCTI MepemileHb 3 rnobanbHOi cucTemMmn anrebpuyHMX PiBHSHb BU-
rnsgy

[K (oo v} = (B2

[nsa po3B’a3aHHA Uiel cMCTeMn BUKOPMCTOBYETLCA METOA MPOCTOi iTepa-
Lii, Wwo onucyeTtbcs hopMynoto

=k, B

Ons oB4YucneHHss MaTpuub XOPCTKOCTI CKIHUEHHMX ereMeHTIB BUKOpUC-
TOBYETLCH anroputm [4], AKMiA JO3BOSISAE 3HN3UTM YMCNO KPATHUX iHTerpanis
y BU3HayanbHMX CMiBBIAHOLIEHHAX Teopil NNacTUYHOCTI, WO BPaxoBYeE MiK-
poaedopmalii, 3 N’aTn 4o ABOX.

Pe3ynbTaTtv uMcnoBoro mopaentoBaHHA. [1poBedeHi po3paxyHkU Ha-
npyxeHo-gedopmMoBaHOro ctaHy Opyca 3 TpIilWMHOK Ha rpaHuui posainy
ABox matepianis (puc. 1). [lna nepworo matepiany npunHATa giarpama ge-
cdopmyBaHHa 3, a ana gpyroro — giarpamum 1-3 Ons pisHWX po3paxyHKis
(puc. 2).

MMa
1000 { G, MMal 1
800
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e
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000 0,01 002 003 004 005 0,06 0,07

Puc. 2 — Oiarpamu gedopMyBaHHA maTepianiB 6pyca
Mpu ubomy Ans giarpamm 1 B pamkax Teopii NNacTUYHOCTI, WO BpaxoBye
MikpogedopmaLlii, NPUAHATI HacTynHi koHcTaHTu: G =80 [Tla; 7,=70 M[la;
£,=1,3110°, B,=2,74; B,=B;=0; n=1. Ana piarpam 2 Ta 3 npuitHsaTi
=90 Mrla ta 7,=110 Mlla BignosigHo.

Ha pwc.3,a npeacrtaBneHi pesynbTaTu  poO3paxyHKY HarnpyxeHo-
aedopmoBaHoro ctaHy B nepepisi 6pyca B 3anexHOCTi Big BNacTMBOCTEN
apyroro matepiany. lNpuiiHATa cxema HaBaHTaxeHHs 6pyca — OBA. [Mpu
LUbOMY B TOYKax nepeTuHy bpyca peanisyeTbCs CKragHe HaBaHTaXeHHS [4].
[ns 3py4HOCTi NOPIBHSIHHS MoKasaHi Tinbkw isoniHii o, /7, =1. CyuinbHa

niHis BigNoBiAae BUMAAKy, KOMW MeXaHiyHi BnacTMBOCTI 000X MaTtepianis

64



onucyloTbeA giarpamoto gepopMyBaHHA 3, a WTPUXOBA i NYHKTUPHI NiHii —
KOnwu BrnacTMBOCTI MaTepiany 2 onucytoTecs giarpamamu 2 i 1 BignosigHo.

Ha pwuc. 3,6 npegcraeneHi pesynbTaT  po3paxyHKy HamnpyxeHo-
AedopMOBaHOro cTaHy B nepepisi 6pyca B 3anexHocTi Big Buay TpaekTopii
HaBaHTaXXeHHSA B NPOCTOPI 30BHILLHLOIO HaBaHTakeHHs. BrnactusocTi nep-
LIOro i Apyroro martepianis onucytoTbcs giarpamamu 3 i 2 BignosigHo. dop-
Ma noJaHHs Taka X, K Ha puc. 3,a. CyuinbHa niHia BigNoBigae TpaekTopii
OCA, wrpuxosa — ODA, nyHkTupHa — OBA.

Ha pwvc. 3,8 npeactaBneHi pesynbTaTtu poO3paxyHKy HanpyXeHo-
AedopMOBaHOro CTaHy B nepepisi bpyca B 3anexHOCTi Big 3aCTOCOBYBaHOro
BapiaHTa Teopii nnactudHocTi. MNpuiiHATa cxema HaBaHTaXeHHst Opyca —
OBA. TyT Takox noka3saHi Tinbku i3oniwii o, /7, =1. MaTepianu — sik B none-
peaHboMy po3paxyHky. CyuinbHa fiHis Bignosigae Teopii NacTUYHOCTI, Wo
BpaxoBye Mikpoaedopmadii, WTpnxoBa — Teopii Tevii 3 i30TPONHUM 3Mil-
HEHHSIM, a NYHKTMPHa NiHis — gedpopMadinHin Teopii.

T,/ T
T,/ . 0752
05 A 05[6—>A
0.25[F
L+ > L+ >
0 osTi/T 0 05 T/Ts

a) 6)
T,/T4
0.5 A
0 05Ti/Ts
Vo
Y/

B)

Puc. 3 — Po3paxyHku HanpyxeHo-Aed)opMOBaHOro cTaHy y nepepisi 6pyca
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BucHoBku. OTpumaHi pesynbTaTh cBigyaTb Mpo Te, WO Hanpy>XeHo-
AedopMoBaHUn cTaH Gpyca ICTOTHO 3anexuTb SK Bif TPaekTopii HaBaHTa-
XKEHHS, TaK i Big isMKo-MexaHi4YHMX BracTuBocTen maTtepianiB. PisHnusa B
pe3ynbTaTax, OTPUMaHNX 3 BUKOPUCTAHHAM Teopil NIIacTUYHOCTI, L0 Bpaxo-
BYye Mikpoagedopmauii i Teopii Teuii, Nnos'a3aHa 3 TMM, WO OCTaHHS He 3aB-
XOW MOXe 3afOoBiflbHO onucaTu npouecu cknagHoro aedopmysaHhs. Lo
CTOCyeTbCS AedopmMalifHOT Teopii, TO pamku ii BUKOPUCTaHHS OOMEXeHi
npocTMMn Ta OGNU3BKMMW OO0 MPOCTUX MNpoLecamMy HaBaHTAXKEHHHA. Tomy
cnpoba 3actocyBatu ii Anst ONUCY CKIMAgHOro MpY)XHO-MNacTu4Horo gedop-
MYBaHHSI TaKOX NPU3BOAMTL 40 HE3AOO0BINbHMX pe3ynbTaTiB.

lMepcnekTMBHUM HanpsiMKOM noganblunxX AOCHILKEHb € 3acCTOCYBaHHS
AndepeHLinHo-HeNiHIMHUX BapiaHTiB Teopii NNacTUYHOCTI ANS BU3HAYEHHS
HanpyXeHo-4e(OPMOBaHOIo0 CTaHy MPYXXHO-NNACTUYHUX Tifl 3 MiXXdasHUMK
TpiLLMHAMMU, SKi 3HAXOLAATLCS B YMOBAX CKNaAHOr0 HaBaHTaXKEHHS.
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K. B. lNaHuH, kaHd. ¢pus.-mam. HayK, 5. B. LLlymuxuH

CNOXHbIX COBUT YNPYTOMNIACTUYECKOIO EPYCA
C MEXX®A3HOW TPELLUHOWU

PaccmoTpeHa 3agaya 06 onpepeneHMuM HanpsikeHHo-AedOpPMMPOBAHHOIO
COCTOSIHUSI COCTaBHOrO ynpyronnactuyeckoro 6pyca c MexdasHoW KpaeBoW
TpewmHONn B YcnoBuAX crnoxHoro caBura. lpeanoxeH YWUCNEHHbLIA anropuTm
pelleHnsa 3ajayun, OCHOBAHHbLIN Ha MPUMEHEHUMM MeToAa KOHEeUHbIX 3NIeMEHTOB U
AnddpepeHUnanbHO-HENIMHEWHOrO BapuaHTa TeoOpMM NNAcTUYHOCTU, YYUTbIBatoLLen
mukpopedopmaumm (HoBoxunoBa, KapaweBuya, YepHsikoBa). lpu pasnuyHbIX
cxemax BHELHel Harpy3ku NOCTPOeHbl 30Hbl MAACTUYHOCTU B cevyeHun 6Gpyca.
UccnepoBaHo BNUsiHMEe UCTOPUM HArpyXeHust U (PU3MKO-MeXaHU4YeCKUX CBOMUCTB
Bpyca Ha kKoH(Urypauuio 30H NIACTUHHOCTU B OKPECTHOCTM BepLUMHBbI MeXda3Hou
TpeLmHbI.
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3/1eMEHMO8; 30Ha riacmu4yHocmu.
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ELASTIC-PLASTIC BEAM WITH INTERFACIAL CRACK
UNDER LONGITUDINAL SHEAR

The problem of determining the stress-strain state of a composite elastic-plastic
beam with an interfacial edge crack under complex shear conditions is considered.
A numerical algorithm for solving the problem is proposed, based on the application
of the finite element method and a differential-nonlinear version of the theory of
plasticity, taking into account microstrains (Novozhilov, Kadashevich, Chernyakov).
For various schemes of external loading, plastic zones are constructed in the
section of the beam. The influence of the history of loading and the physical and
mechanical properties of a beam on the configuration of plastic zones in the vicinity
of the tip of an interfacial crack is investigated.

Keywords: composite beam, interfacial crack, complex shear, plasticity theory, taking
into account microstrains, finite element method, plastic zone.

The equilibrium of a prismatic composite beam of square cross-section,
which is weakened by an edge crack running along the line of separation of
two materials, is considered.

The beam is under the action of constant tangential forces acting on its
faces. The load of the beam is quasi-static. Its material is elastic-plastic and
reinforcing. It is necessary to determine the components of the stress-strain
state of the beam at any time during loading.

To describe the processes of complex elastic-plastic deformation of the
beam, the equations of state of the theory of plasticity, which takes into ac-
count microdeformations [1], are used. In [2] it was shown that this differen-
tial-nonlinear variant of the plasticity theory describes well the complex elas-
tic-plastic deformation of polycrystalline bodies. In it, the non-uniformity of
plastic deformation due to the structure of the material is approximately tak-
en into account by representing the tensor of plastic deformation as a sum
(or in the limit as an integral) of elementary plastic deformations, each of
which has its own yield surface and a system of internal microelastic forces.

Given that the defining relations of the selected variant of the theory of
plasticity are written in velocities, the considered boundary problem is also
written in velocities.

The trajectory of loading in space of external loading is set. Next, the load
is increased, and at each step of the increase, the solution of the problem is
sought. The solutions found at each step are summed until the load reaches
the specified value. As a result, we obtain the required fields.

To solve the problem at each step, the principle of maximum for velocity
of displacements is used [3].
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To find a field of velocity of displacements that satisfies the principle, the
finite element method is used. After assembling in the i-th step, the solution
of the elastic-plastic problem is reduced to determining the velocity of dis-
placements from the global system of nonlinear algebraic equations. To line-
arize this system, the method of simple iteration is used. At each step of the
simple iteration method, the linear system of algebraic equations is solved
using the Gaussian method.

Calculations of the stress-strain state of a beam with a crack at the inter-
face between the two materials were performed. The calculations were car-
ried out within the framework of the chosen version of the theory of plasticity.
For comparison, similar calculations were performed using deformation theo-
ry and flow theory with isotropic hardening.

The results obtained indicate that the stress-strain state of the beam de-
pends significantly both on the loading trajectory and on the physical and
mechanical properties of materials.

The difference in the results obtained using the theory of plasticity, taking
into account microstrains, and the indicated theory of flow is due to the fact
that the latter cannot satisfactorily describe the processes of complex load-
ing. As for the deformation theory, the scope of its applicability is limited to
simple and close to simple loading processes. Therefore, an attempt to apply
it to describe complex elastic-plastic loading also leads to unsatisfactory re-
sults.

The research results indicate that a promising area of further research is
the use of differential-nonlinear variants of the theory of plasticity to deter-
mine the stress-strain state of bodies with interfacial cracks under conditions
of complex loading.
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3AOAYA TEPMOMNPYXHOCTI AnA 3AKPUTOI MDK®A3HOI
TEMNOI30N1IbOBAHOI LWINIMHA B PIBHOPIAHOMY BIMATEPIANI

DocnipxeHo noBepfiHKY pi3HopigHOro GimaTtepiany 3 MixxdpasHoro
Tennoi3onboOBaHOM LWiNMHOW, Gepern sikoi KOHTaKTYKTb NO YCill AOBXWHI Nig Aiero
CTUCKanbHUX 3yCUNb i OOQHOPIQHOro TennoBOro NOTOKy. 3agayvy TEPMOMPYXHOCTI
3Be[lEHO [0 CUCTEMM CUHIYNSIPHUX iHTerpo-gudepeHUianbHUX pPiBHAHL BiAHOCHO
cTpubKa TemnepaTypu Ta 3CyBHUX nepeMilleHb G6eperiB WinuHu. OTpumaHy cuctemy
po3B'A3aHo AnsA GimaTtepiany, cknageHoro 3 cnnaBy Hikemnio Ta HeipxkaBilo4voi crani.
Bu3HayeHO KOHTaKTHMM TUCK GeperiB LWiNMHW i NOPOroBi 3HaYeHHA CTUCKaNbHUX
3ycunb, AnNs AKX BiAOGYBaeTbCA MOBHe 3akpuTTsA wWinuHu. MpoaHanizoBaHo BNNUB
TENNIOBOro NOTOKY Ha KoeiLiEHT iIHTEHCMBHOCTI JOTUYHUX HaNPYXEeHb.

Knroyoei croea: mepmonpyxHicmb, pisHOpiOHUl bimMamepian, Mixga3Ha winuHa;
3aKpummsi WinuHU; cmuckarsbHi 3ycunss; mennaosuti nomikx.

BceTtyn. B peanbHux matepianax BHacnigok pisHNX isnko-mexaHiyHux 1a
XiMiYHMX MpoueciB BiabyBaeTbCA 3MiHa CTPYKTYpW MOBEPXOHb Tin Ta nosBa
pisHoro pogy AedektiB. BpaxyBaHHA MIKPOCTPYKTYpU MOBEPXOHb €
BaXNMMBUM NpPWU LOCHIMKEHHI MeXaHiYHOI NoBeAiHKM MaTtepianiB, OCKiIbKM
MiKPOHEPIBHOCTI y BUrMsAi TPILLUMH Y/ HEPIBHOCTEN NMOBEPXOHb CaMuX TPILLMH
3YMOBIIOIOTb ANCKPETHICTb KOHTAKTY, dakTUYHA NroLa SKOro 3anexuTb Bij
KOHTaKTHOrO TWUCKY i 3MIHIOETbCA 3i 3MiHOK HaBaHTaxeHHs [11]. KoHTakTHI
3agadi 4nsa TpilMH BMBYEHO 3 BpaxyBaHHSM LUOPCTKOCTI NOBEPXOHb [8, 13],
HasiBHOCTI TOHKMX wapiB [12, 15, 16] i 3anoBHoBa4a 3a3sopis [10] nig aieto
MeXaHIYHOro HaBaHTaKeHHS. BnnuB TEpMIYHOrO HaBaHTaXXEHHS Ha KOHTaKT
GeperiB gedekTiB Mae Micue AnA KOMMO3WTHUX Matepianis [9]. Tyt
MIKPOCTPYKTypa MOBEPXHi BpaxoBaHa Yy TepMiyHii nposigHocTi abo
Tepmoonopi AedekTy. TepMOonpy>xHiCTb KyCKOBO-OAHOPIAHOrO Tina i3 3akpu-
TOK MDK(PA3HOI TPILMHOK MPU HAsiBHOCTI KOHTaKTHOro TEPMOOMOPY MiX ii
G6eperamu BMBYEHO Y [2]. 3akpuTTs TpiWUWHK Nig Ai€l0 30CepemxeHoi cunm
npoaHanisoBaHo AN ogHopigHoro martepiany [3]. 3akpuTTsa TpiwMHKU nig
Jji€o0 piBHOMIPHO PO3MOAINEHOro CTUCKanbHOro HaBaHTaXXeHHs | OAHOPIAHOro
TENMnoBOro MNOTOKY BMBYEHO Ans 6GimaTtepiany, KOMMNOHEHTU SKOro
BiQPI3HATLCA Nuwe Moaynamu 3cysy [4]. B ocTaHHiX npausx BpaxoBaHO
3aNeXHiCTb KOHTaKTHOrO TennoobmiHy Bif LWOPCTKOCTI NOBEpPXOHb. Y [1, 5]
BpaxoBaHO BMMMB TOHKMX NMIBOK i 3amMoBHIOBaYa TPILUMHN Ha 4acTKOBWUW
KOHTaKT ii OeperiB nig Aieto TennoBOro MOTOKY | PO3TAryBanbHOro
HaBaHTaXeHHA y O6imaTepiani 3 HynboBMM napameTpoM [aHgepca. Y

© X. I. CepegHuubka, 2020
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HaBedeHUX npausax Q[OCNiAKEeHHs B OCHOBHOMY npoBefdeHi AN Takux
GimaTepianiB, XxapakTepUCTUKM AKX Oynn 4YacTKOBO 3MiHHUMWK, 30Kpema
Bigpi3HANUCA nuvwe MogynsMmu  3cyBy, KoediuieHTamm [lyaccoHa ab6o
MEeXaHiYHi XapakTepucTukn ogHakosi i T. n. KoHTakTHi 3agadvi Oona pisHo-
pigHUX Tif, WO MICTATb MiK(asHi TPiWWHN AOCNILKEHO Yy MNOCTaHOBL
KOHTaKTy OeperiB Ha NpMBEPLUMHHUX AiNsHKax nig Aielo MexaHiyHoro i
E€NEKTPUYHOro HaBaHTaXeHHs [7, 14].

B paHin crtatTi Ha npuknagi GimaTtepiany, B SKOMy MNO€AHaHO Cnna.
HiKenio Ta HeipXkasiloya cTanb, OOCHIMDKEHO TEepMOMEXaHIYHY MoBeaiHKy
pisHopigHoro GimaTepiany 3 Mixda3sHO Tennoi3onbOBaHOK LiMMHOW, WO
MOBHICTIO 3aKpuBaeTbCA MiA [Ai€l0  CTUCKaNbHOrO HaBaHTaXeHHs Ta
CTauioHapHOro ogHOPIAHOro TENMOBOro NOTOKY.

NoctaHoBKa 3agayvi Ta MeToAMKa pPoO3B’A3yBaHHA. Posrnsgaemo
GimaTepian, cknageHu 3 ABoOX MiBAOWMH Dy i D, , martepianu akux pisHi i
XapaKTepusylTbCA Pi3HUMU TEPMOMEXaHIYHUMU CTanumn: KoedilieHTamm
MyaccoHa (v;, v, ), moaynsamu scysy (G, G, ), koedilieHTamn niHiNHOro

TEMNIOBOro PO3LIMPEHHS (o) , 0., ) Ta KoedilieHTaMmn TennonpoBigHocCTi (A,
Ay ). Ha Mexi 3’egHaHHs niBNMOWWH posTalloBaHa MixdasHa LinvHa

(pvic. 1) 3aBAOBXKM 2a 3 NOYATKOBOK BUCOTOK /i (x) dKa 3Ha4YHO MeHLa

Bifl AOBXMHM WinuHm ( /g (x)/a <1, |x| <a).

Lo Ly Lo By ly Jy |

Puc. 1 — Cxema GimaTtepiany 3 mixdasHoto WwinvHoto,
L0 3aKPMBaETLCA Nif Ai€0 HaBaHTaXeHHA

Ha HeckiHyeHHOCTI o GimaTepiany npuknageHo piBHOMIpPHO po3nogineHe
CTUCKallbHe HaBaHTaXXEHHHA p Ta CcTalioOHapHW TENOBUM MOTIK ¢, @ TaKoX
niHinHO po3nodineHi No KoopanHaTi y HanpyxeHHa S i S, , AKi ycyBaloTb

rnobanbHe BUOOBXEHHS i BUKPUBMEHHS NIBMMOLWMH Mif Ai€l0 CTUCKANbHOro
HaBaHTaXEeHHA | TennoBoro noToky. Beaxaemo, wWo 6epern WinuHKU
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Tennoi3onNboBaHi i Nig Oi€t0 CTUCKaNbHUX 3YCUIb KOHTAKTYIOTb MO BCin i
[OBXWHI [—a, a] 6e3 TepTs (puc. 1).

Ha pinsHkax 3’egHaHHs MiBNMOLWMH NO3a LWiNMHOK BUKOHYKOTLCA YMOBMU
ideanbHOro TeNOBOro i MEXaHiYHOTO KOHTaKTY.

KoHTakTHO-KpanoBi ymoBM chopMyrboBaHOI 3agadi MaTuMyTb BUMMSA!
®  Ha JinsiHKax KOHTaKTy NiBnioLwmH

T+:T_,q;:q;,c;:cs;,r;y:r;y,qu:u_,er:v_, 1)
e Ha AinsHUi WinvHn
q;:q;a q;}:oa G;ZG;,G;=—P(X),T;y=0,’f;y=0, (2)

ne T — Temnepartypa; qy — KOMMNOHEHTa BEeKTOopa TenyioBoro noToky; u , v

— KOMMNOHEHTU BeKTOopa I'IepeMiUJ,eHb; (e} Txy — KOMMNOHEHTN TeH30pa

yY
HanpyxeHb; P(x) — KOHTaKTHUI TUCK GeperiB WinuHK; iHaekcamn ,+”, =" —
NMO3HAYEeHO rPaHWYHiI 3HAYEHHS BENUYUH Y BEPXHIN i HWXKHIN NiBAMOWMWHI
BigMOBiAHO.

BukopuctoBytoum BuknageHy y [6] MeToguky, TemnepaTtypHe none i
HanpyxeHo-gedopmMmoBaHMi cTaH B GimaTepiani nogaHo 4epe3 pO3KPUTTSA
WwinvHn A(x) Ta cTpubok TemnepaTtypu Mix ii 6eperamm y(x) Ta CTpUOOK

AOTNYHUX NepemilleHb U(x):

a
_ oA ry(9)de
q;:qy=%jt(_—)x+q, (3)
—a
ot =67 = p+AG,G 2 - il x)+
Y Y p 172 G2+G1K2 G1+G2K1 Y( )

+G1G2 (

Gy (1-x) -G (1-x5) JU,(X)+

(G2 + Gle)(Gl + G2K1)

+G1G2[G2(1+K1)+G1(1+K2)J]1‘h'(’)dt, (4)

T (G2 +G1K2)(G1+G2K1) t—x

dt +

a
& oo MGG M M v(?)
v n (G+Gxy, G +Gyq )d t—x
—-a
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Gy (1-x1) -Gy (1-x7) Jh'(x)_

GG
i 2((G2+G1K2)(Gl +Gyxp)

GG,y [ Gy (1+x)+ Gy (1+1,) j'U’(t)dt
T (G2 +G1K2)(G1 +G2K1) t—x -
—a

Tyt y(x)=0; U(x)=0; A(x)=0, 9kwo |x| 2> a (330BHi LLiNUHNM).

3a40BOMNbLHAYM  KOHTaKTHO-Kparnosi ymoBu (1), (2) 3a pgonomoroto
nogaHe (3), (4), (5), OTPMMaAEMO CUCTEMY CUHIYMSPHUX iHTErpo-
andepeHuianbHux pisHsHb (CIOP):

(Y04, <a, (6)
27T, t—x
—a
J'U(t)dr n ST 0 P e+ Big (x) =0 7
t—x Ty —Xx
—(1 —a
e y(i-a)=0, U(ia)=0; 2= 2010 , =G2(1_K1)_G1(1_K2),
7\.1"1‘7\.2 G2(1+K1)+G1(1+K2)
v _(Ga+Gixy )y +(Gy + Goxy )y
G2(1+K1)+G1(1+K2)

Cuctemy piBHsHb (6), (7) po3B’si3aHO aHanitTudHo [6], i BM3Ha4YeHO

dyHkuii y(x) i U'(x):

=2k—qxlaz—x2 , |x|<a; (8)

U'x)=qn'| 2va® 5% - < |,__b T”z‘fzhé(t)
qn \/az_x2 n\/az _ 2 ; f—x

|x|<a. 9)

BpaxoBytoun cnieBigHoweHHs (8), (9) y Bupasi (4), Bu3Ha4yeHO

KOHTaKTHWiA TucK Beperis winukn P(x) (P(x)=-oy ):
+ 2
P(x)= p+i*[—[32 a - —2(7]7 +[3n+)\/a2 —x2:l+
G a —X
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Va? -

1B |
1 a”—x
+ j dt, [{<a,  (10)

G'n I—x
—a

- (Gy + Gy )ny —(Gy + Gyxy )y

Ae G2(1+K1)+G1(1+K2)

*_ (G2 +G1K2)(G1+G2K1) .
G1G2 (G2 (1+K1)+G1 (1+K2 ))

HanpyxeHo-gedopmoBaHuii ctaH Gimatepiany B Okoni BEPLUNHM LLiNMHK
BU3HA4YaETbCA  KOEiLiEHTOM  iHTEHCMBHOCTI  AOTUYHUX  MiKdpasHuX

HanpyxeHb:
Ky = lim {\2r(x=a)t,, (v)}, (11)
X—a

g’ B [___F®

* P TG SoNa? - (1—x
f S

dt,|x|>a,

AHaniz pesynbtatiB. Ha ocHosi cniBBigHoweHb (10), (11)
npoaHanisaoBaHO poO3noAinl  KOHTaKTHOro Tucky 6OeperiB  WinvuHM  Ta
3anexHicTb koedilieHTa iIHTEHCUBHOCTI AOTUYMHUX HaMNpyXeHb Bif TEnmoBoro
MOTOKY.

3ayBaXxMmo, L0 3HAYEHHsI CTUCKanbHUX 3yCuib Npu SKknux 6epern WwinnHm
KOHTaKTYlOTb Ha BCil ii OinaHui € Hanepen Hesigomumu. Bigomo, wo ans
TOro wo6 wWinnHa He po3kpmBanacs HeobxigHo, o6 KOHTaKTHWUIA TUCK OyB

gopaTtHim P(x)>0. 3 uiei ymMOBM 3HanMgemMo AdianasoH 3MiHW CTUCKanbHUX
3ycunb p> p.. NpU KX WinvHa 6yae 3akpuBaTuCA Ha ycin OinsHLui.
Moporosi 3Ha4eHHsa 3ycunb p.. BIAMOBIAHO BMU3HAYaTUMEMO 3 YMOBU KOMU
HaMeHLUe 3Ha4YeHHS1 KOHTaKTHOro TUCKY JOPIBHIOE HYIIO (P(O) =0).
PospaxyHku nposegeHo Ansa GimaTepiany 3 KoMnoHeHTamu D — cnnas
Hikento Ni200 Ta D, - Heipxasitova crtanb AISI 304. OcHoBHI
TepPMOMEXaHiYHi XapakTep1CcTuKN MmaTtepianie HaBedeHi y Tabn. 1.
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JoBxnHa | nouyaTtkoBa BMCOTa LWiNMHW BignoBigHO 2a =2mm,
3/2
ho(x):0.00I(l—(x/a)z) . PosrnsaHyTo ABa HanpsiMu TEMMOBOro MOTOKY:

nepwnii — Konwu TennoBui MNOTIK CKepoBaHwi Big Matepiany D; Ao
matepiany D, , apyrvun — Big matepiany D, go matepiany D .

Tabnuua 1 — XapaktepucTukn martepianis

M ) D, — cnnas Hikenio D, — Heipxasitova cTanb
arepian Ni 200 AIST 304
KoedivjeHT MyaccoHa v 0,264 0,2532
Mogpynb acysy G, MIla 80-10° 86-10°
KoeiuieHT niHinHoro 5 s
TENoBOro PO3LLINPEHHS OL,I/K 1,33-10 1,73-10
KoeiLjieHT TennonpoBigHOCTi ) )
}\.,Bm'MM/K 6,71-10~ 1,63-10™
KoedilieHT TepMiyHOT
ONCTOPTUBHOCTI 0 2505_10—3 1 3301'10—3
N, mm/K ’ ’

padbiyHa intocTpauisa pesynbTaTtiB HaBedeHa Ha puc. 2 — puc. 4, ge
CyUinbHI KpMBI BigobpaxkatoTb BUMAZOK, KON TEMNSIOBUMA MOTIK CKEPOBaHUN
BiJ cnnaBy Hikento A0 HeipXXaBito4oi cTarni, a NyHKTUPHI — HaBMakw.

350_\ ——NipoO—>AISI04
N [ = AISI304->Ni oo
7

280 N q:l BuilluasZ ~
A \N \ > Y,

ST ANl Bl el T2

| ;. \/ //
140 N2
1 >\( =350MIa
1 p=150M]N )pzzzoowma

-1 -0.5 0 0.5 1

X, Mm

3
=
=
S8

B
7/

0

Puc. 2 — Po3noain KOHTaKTHOro TUCKY P(x) Ons Pi3HUX 3HaYeHb iIHTEHCUBHOCTI

CTUCKaNbHUX 3yCcuinb p Ta ABOX HanpﬂMiB TennoBoro noToky ¢
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Ha puc.2 300paxeHO po3nofin KOHTAKTHOrO TUCKY P(x) B3J0BX
WiNMHX  aNA pi3HUX 3HayeHb iHTEHCUMBHOCTI CTUCKarnbHWUX 3ycunb p Ta
NPOTUINEXHUX HanpsamiB notoky ¢ . bauumo, wo pAans dikcoBaHoro

TENMOBOro MOTOKY 3i 30iNbLUEHHAM CUNOBOTO HaBaHTAXEHHS KOHTaKTHWUW
TUCK 3pocCTace i € Binbwnii y BUNagKy, KONn TEnnoBUA MOTIK CKepOBaHWU Big
Heip>kaBilo4yoi cTani 4o cnna.y Hikento. MNocepeanHi WinnHM KOHTaKTHUA TUCK
HabyBae nokanbHOro MiHIMyMy, LO BW3HA4Yae MOPOroBe 3HAYEHHS
CTUCKamNbHUX 3YCUIb, 3a AKUX peani3yeTbCsl MOBHE 3aKPUTTS LLiMUHN.

Ha puc. 3 nobynoBaHO 3anexHiCTb MOPOroBMX 3HAYEHb CTUCKANbHMX
3ycunb  p,. BiO TyCTMHM Ta HanpsaMmy TEnnoBOro MoToky. Y Bunagky

TEennoBOro NOTOKY, CKEPOBaHOro Bi4 CMnaBy Hikeno OO0 Heipxagitodoi cTani,
MOPOroBi 3HAYEHHS 3yCUIb 3pOCTaloTb 3i 36iMbLEHHAM rYCTUHW TEMNIOBOro
NOTOKY. [Ns NpPOTUNEXHOro HanpsMy TenrnoBOro MnoToKy 36iNbLUeHHs
YCTUHW MOTOKY MPW3BOAWUTL [0 3MEHLUEeHHS MOpOroBMX 3HaveHb
cTuckanbHux 3ycunb. 3i  36iNbLUEHHAM [YCTWMHM  TENnoBOro  MOTOKY
30inblWyeTbCA pi3HMUS Yy Aiana3oHi 3MiHWM CTUCKanNbHUX 3yCUnb ANs ABOX
NPOTUNEXHNX HaNPsiIMiB NMOTOKY.

84.6

— Ni 200-»AISI 304

— & AIST 304-5Ni 200 /

84.25 ]

//

p.,, Mlla

83.55 =

83.24+—— — ,
0  0.0025 0.005 0.0075 0.01

q, Bm/mm?

Puic. 3 — 3anexHicTb NOPOroBMUX 3Ha4eHb CTUCKaNbLHUX 3ycunb p..
Bifl ryCTUHM TENNOBOro NOTOKY ¢ ANsi ABOX HaNpPsAMiB NOTOKY

Ha pwuc.4 npointocTpoBaHO 3anexHicTb abConiTHOro 3HAYEeHHs
KoediluieHTa iHTEHCMBHOCTI MiXpasHMX AOTMYHUX HarnpyxXeHb |KH| Big,
YCTUHM Ta HanpsMmy TennoBoro noToky g¢. bayumo, wWwo koediuieHT

iHTEHCMBHOCTI 3pOcCTae 3i 36iNbLUEHHSIM 'YCTUHM TEMMOBOIO NOTOKY | HabyBae
GinblKMX 3HaYeHb ANA MOTOKY, CKepOBaHOro Bi4 CMMaBy Hikeno Ao
HeipxaBitoyoi  cTtani. Lle niatBepaxyetbca  TMM, WO  TepMiyHa
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ONCTOPTUBHICTL HeipXkaBiloyoi cTani € 6inblwoto, i B AOCRIAXKEHHSX,
NOB’A3aHNX 3 MiX(a3HOK LWinMHoW, Oyno nokasaHo [6], wWo koedilieHT
iHTEHCUBHOCTI JOTUYHUX MiDK(pasHUX Hanpy>XeHb 3aBXan Ginblwmin y BUNagky
TENMoBOro MOTOKY, CKEPOBAHOro [0 Martepiany 3 OinbLIOK TepMivyHO
OVCTOPTMBHICTIO.

0.3 et Ni 200-+>AISI 304
— 1 AISI 304—Ni 200
S

Q 4
= s
-~ 0.2 7
o 5
- p
M /

AY

| A
0.1 7

Vv

0 0.0025 0.005 0.0075 0.01
q, Bm/mm?

Puc. 4 — 3anexHicTb koedilieHTa iIHTEHCMBHOCTI MixdasHMUX

AOTUYHUX HaNpyXeHb |KH| Bifl TeNNI0BOro NOTOKY ¢

BucHoBku. [JocnigxeHo TepmonpyxHy noBeAiHky 6imaTtepiany, cknage-
HOro 3i cnnaBy Hikento i HeipxaBiloyoi cTani 3a HafABHOCTI MixdasHoi
TENnnoi30NbOoBaHOI LWiNWHKN, Bepern Kol KOHTaKTYOTb Ha BCin i AinaHui nig
[i€l0  PiIBHOMIPHO pPO3NOAINEeHNX CTUCKaNbHUX 3yCUIlb Ta CTauioHapHOro
opHopigHoro TennosBoro noToky. CcopmMynboBaHO 3agavy TEPMOMNPYXKHOCTI
ansa Takoro Oimartepiany, sIKy 3BeAEHO OO CUCTEMM CUHIYNSAPHMX iHTErpo-
AndepeHuianbHUX PiBHAHb BiQHOCHO 3CYBHMX NepeMilleHb beperiB LWinnHY i
cTpubka Temnepatypu mix ii 6eperamu. NobyaooBaHo aHaniTMYHWUIA PO3B’S-
30K CUCTEMMU i BU3HAYEHO (PyHKLIT cTpmbKiB y aBHOMY Burndagi. lNMpoananiso-
BaHO pO3MNOfiNn KOHTaKTHOro TUCKY 6eperiB LWinuHM Ta 3anexHictb koedi-
LieHTa iHTEHCMBHOCTI [OOTUYHUX HanpyXeHb Big TennoBOro MoOTOKY.
BusHa4yeHO noporosi 3Ha4YeHHs i AianasoH 3MiHW CTUCKanbHUX 3yCuUIb, 3a
SAKUX WinvHa éyae uinkom 3akputa. BcTaHOBNEHO 3aneXHiCTb iHTEHCUBHOCTI
3ycunb Big NyCTUHM Ta HanpsaMy TensioBoro noTtoky. lNMokasaHo, wo 36inb-
LUEHHS TYCTUHW TEMMOBOro NMOTOKY MPM3BOAUTL 4O CYTTEBO Pi3HWUX Aianaso-
HIiB 3MiHM CTUCKamnbHMX 3yCUnb AN OBOX MPOTUIIEXHUX HanpsMiB MOTOKY.
HocnigxeHo BNAMB 3MiHW HaNpsiMy TEMSIOBOrO NOTOKY Ha PO3MOAiSN KOHTaKT-
HOro TUCKY Ta KoediuieHT IHTEHCUBHOCTI MiXMasHix AOTUYHUX HanpyXeHb.
BctaHOBNEHO, WO KOHTaKTHUA TUCK OeperiB winuHn 6yge 6Ginbwun y
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BMMagKy TEemnsoBOro NOTOKY, CKEPOBaHOIO Bif HeipXagiloyol cTani o cnnasy
Hikento, a KoeqiuieHT IHTEHCUBHOCTI OOTUYHUX MiK(A3HUX HarnpyXeHb €
GiNbWKUM ANs NPOTUNEXHOTO HAaNpPsIMy TEMJIOBOMO NMOTOKY.
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YOK 539.3
X. U. CepedHuukasi, kaHO. ¢hus.-mam. HayK

3AOAYA TEPMOYNPYIrOoCTU AnA 3AKFv’bITOl7I
MEX®A3HOU TEMNNMON3ONIMPOBAHHOW LLENN
B PASHOPOAHOM BMMATEPUAIJIE

UccnepoBaHo noBegeHWe pa3HOpoAHOro Oumatepuana ¢ MexdasHou
TennousonUpoBaHHON LWernblo, Gepera KOTOPOW KOHTaKTUPYIOT NO BCeW ANUHe nopg
OEeMCTBMEM CXMMAIOLWMX YCUNUA U OQHOPOAHOrO TEMIOBOro NoToka. 3agaya Tepmo-
ynpyroctu cBefieHa K CUCTeMe CUHTYNSIpHbIX WHTerpo-auddepeHunanbHbIX
YPaBHEHUA OTHOCUTENbHO CKayka TemmnepaTtypbl U COBUIOBbIX MNepeMeLleHui
b6eperoB wenu. NMonyyeHHaa cucTtema pelleHa gna GumaTtepuana, CoCTaBreHHOro U3
cnnaBa HUKeNsA W HepxaBewlwewn crtanu. OnpeaeneHo KOHTaKTHOe JAaBrieHue
OeperoB Wenu W MNOPOroBble 3HAYEHUS CXUMAKOLUX YCUNMWA, ONA KOTOPbIX
NpoucxoguT MonHoe 3akpbiTwe wenu. lNpoaHanuM3MpoBaHO BrUsiHUE TEeNnoBOro
noToKa Ha k03 (PULMEHT NHTEHCUBHOCTM KacaTernbHbIX HanpsikeHUN.

Knroyeeble crioea: mepmoyrnpy2ocmb; pasHOPOOHbIU bumamepuarsn; MexghasHas
wenb,; 3aKpblmue wenu; cxumarowue ycusnusi; mernnosol nomoxk.

UDC 539.3
Kh. I. Serednytska, PhD (Phys.-Math.)

THERMAL ELASTIC PROBLEM FOR CLOSED INTERFACE
THERMO-INSULATED CRACK IN DISSIMILAR BIMATERIAL

The behavior of a dissimilar bimaterial with an interface thermo-insulated crack,
the edges of which are in contact along its length under the action of compressive
loads and a uniform heat flow, has been studied. The thermoelasticity problem is
reduced to a system of singular integro-differential equations for the temperature
jump and shear displacements of the crack edges. The resulting system is solved
for a bimaterial composed of an alloy of nickel and stainless steel. The contact
pressure of the edges of the crack and critical value of compressive loads, for which
the crack is closed, are determined. The influence of heat flow on the Mode-Il stress
intensity factor is analyzed.

Keywords: thermo-elasticity; dissimilar biomaterial; interface crack; crack closure;
compressive loads; heat flow.

In real materials, due to various physical, mechanical and chemical
processes, the structure of body surfaces changes and various defects
appear. The microstructure of the surfaces of bodies or defects determines
the contact discreteness of the surfaces. The actual contact area depends
on the contact pressure and changes with the load [11]. Contact problems
for cracks have been studied taking into account surface roughness, the thin
layers and the gaps filler [8, 13, 12, 15, 16, 10]. In the article [9] takes into
account the microstructure of the surface in case of imperfect thermal
contact with the thermal resistance. The thermo-elasticity of a piecewise
homogeneous body with a closed interfacial crack in the presence of contact
thermal resistance between its faces was studied in [2]. The crack closure
under the action of concentrated force was analyzed for a homogeneous
material [3]. The crack closure under the action of a uniformly distributed
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compressive loads and a uniform heat flow has been studied for a bimaterial
whose components differ in shear modules [4]. In recent works, the
dependence of contact heat transfer on surface roughness is taken into
account. In papers [1, 5], the influence of thin films and crack filler on the
partial contact of its faces under the action of heat flow and tensile load in a
bimaterial with a zero Danders parameter is taken into account. In the above
works, studies were mainly conducted for such bimaterials, the
characteristics of which were partially variable, in particular, differed only in
shear modules or Poisson's ratios or mechanical characteristics are the
same and the like. Contact problems for heterogeneous bodies with interface
cracks, the faces of which are in contact at the apical zones, have been
investigated under the action of mechanical and electrical loads [7, 14]. In
this article, the thermo-mechanical behavior of a heterogeneous bimaterial
with an interface heat-insulated crack, which is completely closed under the
action of compressive load and heat flow, is investigated. The bimaterial
components consist of an alloy of nickel and stainless steel. We believe that
the gap is initially open, but its shores may close completely under the action
of compressive loads and heat flow. The range of change of the applied
loading remains unknown. The thermo-elasticity problem is reduced to a
system of singular integro-differential equations for the jump of temperature
and jump of tangential displacements of the faces crack. To determine the
critical loads, we use the condition of smooth contact of the crack faces. The
system of equations is solved analytically and the temperature jump and
shear displacements are explicitly defined. The contact pressure of the faces
crack and the tangential interface stresses are determined. The distribution
of contact pressure along the crack is analyzed. Contact pressure increases
with increasing compressive loads at a fixed value of heat flow density. It is
also shown that changing the direction of heat flow affects the distribution of
contact pressure. The critical load values at which the crack is completely
closed are determined. The dependence of compressive loads on the
density and direction of heat flow is established. As the heat flow density
increases, the difference between the compressive loads values for the two
opposite flow directions increases. The influence of the density and direction
heat flow on the Mode-Il stress intensity factor is analyzed. The intensity
factor is higher when the heat flow is directed from the alloy of nickel to
stainless steel. The latter phenomenon can be explained by the fact that the
heat flowing into the material with bigger thermal distortivity.
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MOQOENIOBAHHA NOBEAIHKU ENEMEHTIB,
BUFOTOBINEHUX I3 MATEPIANIB 3 NAM’ATTIO ®OPMMU
NPU 3HAYHUX OEPOPMALLIAX

DocnigxeHo noBeaiHKy PyHKUiOHaNbLHO-HEOAHOPIAHUX MaTepianiB Ha nNpuknagi
Matepianis 3 nam’ATTio cdopmMu npu 3Ha4yHux pedopmauiax (mo 15%). Onsa
pO3B’A3aHHA 3a4ay MoAentoBaHHA NoBeAiHKKU Tin i3 dyHKUioHanbHO-HEOAHOPIAHMX
MaTtepianie npu Benukux Aedopmauisx OOGOB’A3KOBOIO YMOBOK € BpaxyBaHHSA
HeniHinHocTi. Mpu nobGyaoBi d¢isnyHMX cniBBiAHOWeEHb nepepbavyaeTbes, WO
pedopmaulis B Touui npeacTaBneHa sfK Cyma MNpPYXHOI CKNagoBoi, CTpuGka
nedopmadii npu cpazoBomy nepexoai, nnacTuyHoi gedopmadii Ta gecbopmauii, fka
BUKNMKaHa 3MiHaMu TemnepaTtypu. 3agaya po3rnsifacTbCd B FeOMETPUYHO
HeniHiNHiIM  nocTtaHoBUi. [lpu po3B’A3aHHi  3agadvi  NPYXHO-NNACTUYHOCTI
BpPaxoBYETLCA HENiHiNHICTb B PiBHAHHAX pyXxy (npu aedopmadinx Bia 7% no 15%).

Knroyoei cnoea:  ¢hyHKUiOHanbHO-HEOOHOPIOHI ~ Mamepianu;  MameMamuyHe
MoQOento8aHHsI;, 2eoMempuyHa He MiHitHicmb, Mamepianu 3 nam’smmio ¢hopmu.

Bctyn. OcTaHHiM 4Yacom BaxnuBi geTani enemMeHTiB KOHCTPYKUiW i npu-
CTPOIB BUrOTOBNAOTLCA 3 MaTepianiB, AKki MalTb BNacTMBICTb Nam'aTi dop-
MU | BeayTb cebe nceBAo-NpPYyXHO-NNACTUYHO [7]. Y npoueci BUroTOBMNEHHSA
BOHM MOXYTb OTpUMyBaTW Benuki nnactuyHi gedopmadii, nepebysatn nig
BMSMBOM CKNaJHOro HecTaluioHapHOro CUIIOBOrO i TeMnepaTypHOro HaBaH-
TaxeHb. [lo cknagHux npoueciB AeopMyBaHHS MOXe MpPU3BOAUTM iX He-
PiBHOMIpHE HarpiBaHHSA pa3oM 3 CUIOBUMW YMHHMKaMW. [na MogentoBaHHSA
MOBEAIHKN TaKMX €reMEHTIB KOHCTPYKLiA NOTPiOHO BM3HA4YaTu HecTauioHap-
HWIA TEpMOMEXaHIYHWUIA CTaH He TiNbKW Ha NCeBAO-MPYXHIN cTagii Aedopmy-
BaHHS, a N 32 MEXEeK MPY>KHOCTi. ToMy po3pobka MeTodiB po3B’sA3aHHA Ta-
KMX HecTauioHapHMX 3afad TepMOMEXaHikM Ans NPOCTOPOBMX Tin 3 Nam’saT-
TI0 OopMK Ta TEPMO-NCEBOO-MPYKHO-MNACTUYHICTIO € aKTyanbHOI 3agaqeto.

MceBao-NpyXHO-NNACTUYHICTL — Lie 34aTHICTb MaTepiany npu akTMBHOMY
HaBaHTa)XeHHi HakonuyyBaTu Aedopmalii MEeBHOro 3HaYeHHs B PEXUMI
GinbLl BMCOKOI TemnepaTtypu, a NoTiM NiCNA po3BaHTaXeHHs (Yepes3 NeTno
rictepesncy) noeepTaTucsa 4O No4aTkoBoro crtaHy. OCHOBHUM MexaHi3MoM €
3BOpPOTHA MapTeHCUTHa TpaHcdopMmalis Mk dasamm TBepOoro Tina, ska
MoXe BigbyBaTucs Npu KiMHaTHI TemnepaTypi. Taka TpaHcdopmauis moxe
OyTK BUKMNMKaHa 3MiHOKO TemnepaTtypu abo 3a 4ONOMOro CUNOBUX hakTo-
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piB. MaTepian TakoX XxapakTepu3yeTbCs HEMiHIMHOI MeXaHiYHOK NoBeAiH-
KOl Ta BENMKUMU gedopmadismu.

CnnaBamu, $Ki OEMOHCTPYlOTb MNaM'sTb (popMym Ta nceBOO-MPYXKHO-
nnactuyHictb, € Taki: NiTiAuCd, CuAlINi, CuSn, CuZn, NiFeGa, NiTiNb,
NiNiGa, NiFeGa, NiPi, NiPeGa, NiPiGi [6, 3]. Taki xapakrepucTukn pobnatb
cnnasu 3 nam’atTio popmm (CMNP) npuaaTHUMKN ONA BUKOPUCTAHHS B Pi3HUX
npucTposx abo sk CKMagoBi YacTMHM B AEAKMX NepefoBUX KOMMO3NULIAHMX
matepianax. Cnnae NiTi nigupye B 6inblUOCTi TaknMx 3acToCyBaHb 3aBASKM
CBOIM CTPYKTYPHUM BMNacTUBOCTSAM.

Mepwi CMN® 6ynu po3pobneHi B cepeauHi MUHYMOro CTONITTS; OAHaK He
iCHYEe CTpOrux i HagiHMX BM3Ha4danbHUX MOAenen MOCTIMHOro piBHSA, Heob-
XiAHUX ANS iHXEeHepHUX 3acTocyBaHb UMX maTepianis. B3aemMo3B'a30k Mix
MIKPOCKOMIYHOIO Ta MaKpOCKOMIYHOI NOBEAIHKOIO AyXXe CKMagHuM i Joci He
po3pobneHut B Ti Mipi, 9KkOi BUMaraloTb Taki MoAeni i NpakTuyHi 3agadi.
YacTKoBO Le MOSICHIETLCHA AOCUTb CUMBbHOK 3amNeXHiCTIO MexaHiYHuX Bnac-
TMBOCTEW maTtepiany Big TemnepaTtypu, WBWOKOCTI HABaHTaXeHHs, Adianaso-
Hy gedopmaldii, reomeTpii 4ocnigXKyBaHOro Tina, TepMoMeXxaHiyHoi icTopii Ta
NPMPOLM HABKONMULLHBOIO CepenoBMLLa, a TakoX B3aEMOAii MiX LMK napa-
MeTpamu.

3a pesynbTatamu aHanisy BCTAHOBIEHO, WO B LAHWA 4ac iCHye uinun
psg mogenen pnsi onucy TepmomexaHidHoi nosegiHkn CI®, ncesno-
MPYXXHICTIO Ta MCEBAO-NPYXXHO-NNACTUYHICTIO. BinblwicTb 3 HMX OyaylTbCH
Ha nigcTaBi KNacuyHUX ysiBneHb, TO6TO cTaBnATb cobi 3a meTy Gesnoce-
pedHbO onucaTy ekcnepumeHTanbHi AaHi, OTPMMaHi Ha pPi3HUX 3paskax npu
NPOCTOMY i CKNnagHOMy HaBaHTa)keHHi. OgHak, ik BCTaHOBMIEHO B eKcnepu-
MEeHTanbHUX OOCMIMKEHHSAX, NOBeAiHKa MaTtepiany B TOYUi Tina B 3arasnbHO-
My BUNaAKy BiApi3HAETLCS Bif NOBeAiHKM 3paska B LinoMy, i Npu UbOMy MO-
XyTb MaTu Micue 3HauHi gedopmalii.

NocTtaHOBKa reomMeTpUYHO HEeniHiMHOI 3adadvi TepMO-NpYXHO-
NJIacCTUYHOCTI Npu 3Ha4YHMX gaedopmadisax. OCHOBHOW 3agadeto HecTali-
OHapHOI Teopii TepPMO-NIacTUYHOCTI € BU3HAYEHHS LUBMAKOCTEN NEpeMi-
LeHb i KOMMOHEHTIB TEH30piB HanpyxXeHb i Aedopmauii, Lo BUHUKAKOTbL Y
TPUBMMIPHOMY Tifli B MPOLECi MO0 HaBaHTaXeHHs Ta Harpisy, Konu geski
€eNeMeHTU Tina npautoTb 3@ MEXEK MNPYXHOCTI martepiany npu 3Ha4yHMX
aedopmauisx. Npouec HaBaHTaXeHHs OyaemMo po3rnsgaTv Takum, SIKUR
3MIHIOETBCS B Yaci, L0 MOXE BUKIMKATU PYX OKPEMMX YaCTUH Tina.

Cnovatky i3oTponHe ogHopigHe TPUBMMIpHE Tino, obMexeHe 3agaHor
NMoBepXHeto, B MOYATKOBMIA MOMEHT Yacy 3HaxoauTbCs B NPUPOLHOMY HeHa-
NPY>XEHOMY CTaHi nNpu BU3Ha4YeHin TemnepaTypi (N8 KOXHOI Touku Tina).
MoTim TiNo MiggaeTbcA HarpiBy i HaBaHTaXEHHIO 30BHIWHIMKM cunamu. Lle
MOXYTb ByTU: 06'EMHI CMnW, WO BNNMBaIOTb Ha KOXXEH eneMeHT Tina; nosep-
XHEBi CMnuW, WO AiloTb Ha OAHIN YaCTWHI NOBepXxHi Tina. Ha apyrin yacTtuHi
MOBEPXHI Tina, sika Moxe OyTW NEeBHUM YMHOM 3aKpinsieHa, 3a4arTbCs LBK-
OKOCTi nepemilleHb K QYHKLUiT koopgauHarT i vacy.

MpunycTMMO, WO HarpiB i HABaHTaXEeHHs Tifla NpoTikalTb Tak, WO BUHK-
KaloTb gedopmauii, ki MOXyTb CyTTEBO BNAMBaTW Ha 3MiHy TemnepaTypwu
uboro enemeHta. bygemo posrnagaty Taki NPoLecn HaBaHTaXEHHS i PiBHI
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Temneparyp, Npu SKNX PeosioridYHi BacTMBOCTI MaTepiany He BUSBNSAIOTLCA.
KoHdpirypauis Tina 3agaeTbcsa piBHAHHSAM NOBEPXHIi, Ska obmexye noro. Kpim
TOro, NOTPIOHO 3a4aTV TENNOMI3NYHI | MEXaHIYHI XapaKTepuCcTUKn MaTepiany
Tina i yMoBwu 1oro Tennoo0OMiHy 3 HABKOSULLIHIM CEPeaOBULLEM.

TennodisnyHi BNacTMBOCTI MaTtepiany XxapakTepusylTbCs koedilieHT-
Tamu TennonpoBiAHOCTI i TemMnepaTyponpoBIAHOCTI, AKi MOXYTb 3anexartu
Big TemnepaTtypu. YMOBM TennoobmiHy 3agaloTbCa y BUrNSAGi BignoBigHUX
rPaHUYHNX YMOB, @ MEXaHidHi XapakTepucTUKM martepiany rnpu SOChigKeHHi
npouecis 4edopMyBaHHSA NO NPSMOMIHINHNX TPAEKTOPISAX | TpaeKTopis Manoi
KPMBUHWN 33a[al0TbCA Yy BUIMMSAI MUTTEBMX fJiarpam po3TAryBaHHA 3paskis,
OTPUMaHMX NpU pi3HNX dikcoBaHuX Temnepatypax. KpiMm uboro, 3agatoTecs
3Ha4eHHs koediuieHTiB [MyaccoHa v i NiHIMHOro TENNOBOrO PO3LUMPEHHS.

Buxogsaum 3 nepepaxoBaHmx AaHux, HEODOXiAHO BU3HAUNTK TemnepaTtypy,
TP CKNagoBi BeKTopa LUBMAKOCTI NepeMillieHb, LWiCTb KOMMOHEHT TeH3opa
HanpyXeHb i WiCTb KOMMOHEHT TeH3opa Aedopmadin. Omxke, Tpeba BU3Ha-
UMTU WICTHAOUATb HEBIAOMUX (PYHKLIM Yacy i TpboX koopauHat. [Ansa uboro
HeOoOXiOAHO CKOpUCTaTUCA PIBHAHHAMU PYyXy, reoOMeTpUYHUMM i isndyHUMK
PIBHAHHAMU, @ TAKOX PIBHAHHAM TennonposigHocTi. TemnepaTtypHe none B
OOBINbHIV ToYUi Tina Npy HasBHOCTI B HbOMY AXepen Tenna i B pasi ypaxy-
BaHHA Tenna, fke BUAINAeTbCa B npoueci horo aedopmMyBaHHA, BU3Haya-
€TbCS LUMSIXOM PO3B’si3aHHS PIBHSIHHA TENMONpPOBiAHOCTI NpW NEBHUX noyaT-
KOBMX i rpaHU4HuX ymoBax [7, 4].

Micns BM3HAYeHHA nonsa TemnepaTyp AN pPisHUX MOMEHTIB Yacy po3Luy-
KytOTbCS CKMafoBi BEKTOpa LUBWMAKOCTI NepeMilleHb i KOMMNOHEeHTN TeH30piB
HanpyxeHb i gedopmadin, Wo 3a40BOSMbHAKTL TPU AudepeHuianbHi piB-
HAHHS PYXY, LWICTb rEOMETPUYHI PIBHAHHS i WICTb (Pi3nyHi piBHAHHSA. Lli piB-
HAHHSA PO3B’SA3YHTLCS NPU NEBHUX NOYATKOBUX | FPAHUYHUX YMOBaX.

Bu3HayeHHs1 HEBIAOMUMX 34IMCHIOETLCA 3@ TakMM anroputMom. 3a OCHO-
BHi HEBIAOMI NPUIMAaIOTLCH TPWU CKNAAoBi BEKTOpa LUBUAKOCTI NEepeMilLeHb i
WICTb KOMMOHEHT TeH30pa HanpyXeHb, Ans skux 6e3nocepenHb0 opmy-
TNIOTLCA FPaHnYHi ymoBW. [pu LuboMy 3 WeCTN isNYHUX PiIBHAHbL 3a JOMOo-
MOrOK FTEOMETPUYHO HENiHIMHMX chiBBigHOWEHb KoLl BUKMNIOYaTbLCHA BCi
KOMIMOHEHTN TeH3opa AedopMalii, sKki NOTiIM BU3HaAYalTLCA Ha NigcTasi BXe
BiJOMUX CKIafoBUX BEKTOPA LUBMAKOCTI NepeMilleHb.

Mpu po3B’A3aHHi HecTauioHapHOi 3agadi Tepmo-nnacTUYHOCTI Byaemo
KOpMCTyBaTUCHA BU3HaYarnbHMMMW PIBHSAHHAMMW, LLO OMUCYIOTb HEI30TEPMIYHi
NpoLeCc HaBaHTaXEHHS AK NO NPAMONIHIMHMX TPAEKTOPIAX, TaK i NO Tpaek-
TOpisax AedopmMyBaHHS Marnoi KpUBUHW.

MoBHa cuctema piBHAHb. PiBHAHHA pyXy HECKIHYEHHO Manoro 06'eMHO-
ro enemeHTa CyLinbHOro cepeaoBuLla, Wo AedOopMy€eTbCS, B OPTOroHarbHil
cucTemi koopaumHat oc1, (xz, ) 2e0MempuUYHO HeiHIilHIt NOCTaHOBLi npea-
cTtaBumo y Burnsai [3]

ov, :
l:li Ui' +Ul(:l% +B(Umn")’
ot  poa\ " o

n
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i, j, n, m=1,2, 3, (1)

ae p— ryctvHa. BennunHu, ski 3HaxogaTbCcs B NpaBivi YaCcTUHI PIBHAHHSA (1),
HaBefeHi B [2, 4]. WBnakicTb nepemilieHb BU3HAYaeTbLCA AK noxigHa Big,
nepemilleHHs 3a YacoMm
_9U o1, 2,3,

ot

3as3Hauynmo, Lo Micns BU3HaYEeHHS LWBUAKOCTEN 3MilLeHb BU3HAYaloThCS i
cami nepemilleHHa wnaxom 6GesnocepenHbOro iHTErpyBaHHA BiAMOBIAHMX
LUBUAKOCTEMN.

B pamkax 3anponoHoBaHoro nigxogy 6yaemo BMKOPUCTOBYBAaTWU MiHiNHI
PIBHSHHS PyXy HECKiIHYEHHO Manoro ob'eMHOro ernemeHTa CyuinbHOro cepe-
posuua, Wwo gedopmyetbes. BoHn maioTs BUrnag

i

' 1 oo
= +Bw ) 2)
ot p Oq

B dopmynax (1) i (2) yepes a"i,. Ta v_(; No3Ha4YeHo HeBIAOMI, SKi po3Luy-

KytOTbCS 3@ AOMOMOrOH reOMEeTPUYHO MiHIMHOrO nigxoay.
3asHaunmo, Lo npu gedopmadisax, MeHwmux 7%, piBHAHHS pyxy (1) aoui-
NbHO BUKOPWUCTOBYBATW B FreOMETPUYHO MiHiNHIN nocTaHoBLi (2)

ov, 1 0o,
—£ = __J+ B(Umn)'
ot p Oe,

B 3aranbHOMy Bunagky opTOroHarbHOi CUCTEMW KOOpAMHAT TEH3op Ae-
dopmauin i cknagosi BeKTopa nepeMilleHb NoB'a3aHi Takumn HemniHinHMMn
cniBBigHOLWEHHAMMN [6]

2 2
L, € K
&, =e, +—|e +| —+w, | +| =—w ; 3
11 11 2 11 (2 3 2 2 ( )

e e e e
&, =6, +e11(%—w3j+e22 (f+w3j+[f—wzj(?+wlj.

[HWi cknagosi TeH3opa gedopmaLin OTPUMYOTECS 3 (3) LUMAXOM LMKMiY-
HOT NepecTaHOBKM iHOEKCIB. Y BUNaaKy BMKOPUCTaHHSA OpTOroHanbHOI gekap-
TOBOI CUCTEMW KOOpAUHAT

Ou, ou, ou,

e —e, =—= @, = ——
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Ou, Ou, _8u3+6u2_ _6u1+%_
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da, Oa,’ 2_6053 oa,’ 3_6051 oa,

20, =

3 ypaxyBaHHAM LbOro, nicns andepeHxuitoBaHHA 3a 4acoMm B reoMeTpuy-
HO HeMiHInHOMY BMNaAKy ANs WBUAKOCTeN aedopmalii MOXHa 3anmcaTtum

Oc,, _ (1+e11)§vl+(elz+a)3j o, +(el3—a)2j8v3;
al
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Cuctema piBHAHb (1), (5) 3amukaeTbCa i3UYHUMKU CMIBBIQHOLLEHHAMM,
LLIO 3B'A3YI0Tb HanNpyxeHHs i gecpopmalii.

OpHum 3 acnekTiB 3aranbHOi Npobrnemu po3B’A3aHHA HecTalioHapHUX
3aay ons HenpyXHUX Tin € Bubip BM3Ha4anbHMX CNiBBiAHOLLIEHb 3B'SI3KY MiXK
HanpyxeHHAMU | gedopmauiamu. Lien Bubip obrpyHTOBYETBCS Y3rogKeHic-
TIO 3 eKCMEepPUMEHTOM i TICHO MOB'A3aHMN 3 AOCMIAXyBaHMMM npouecamm
AedopmMyBaHHA. Y 3aranbHOMy BUMNaAKy 3Ha4YeHHA Aedopmaui € PyHKUis-
MW NPoLECY 3MiHW Hanpy>XeHb i TeMmnepaTypu, SKi BU3Ha4yalTbCs XapakTe-
pUCTUKaMM BCbOro MonepeaHboro npouecy 3miHu isndHmx dakTopis, a He

TiNbKM NOTOYHUMUM 3HAYEeHHAMW. [JoknagHi BiAOMOCTi 3 LUbOro NUTaHHA MOX-
Ha 3HanTu B poboTtax 0. M. LUeB4yeHka i noro yuyHis [5].
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PosrnsHemo npocTti abo 6nu3bki 40 NpOCTMX npouecu AedopMyBaHHS i
npouecn pedopMyBaHHA MO TPAEKTOPIAX Marnoi KpuMBUHW. TpaekTopismu
AedopMyBaHHS, BNN3bLKUMKU [0 NPAMOMIHINHMX, HA3MBalOTb Ti TPAEKTOPII, ki
BiAXUNAKTLCA Big NPAMUX MiHIN, WO NPOXoAATb Yepes NoYaToK KOOpaMHAT i
TOYKY Ha TPAEKTOPIi, L0 BignoBiaae novaTKy Mexi TeKy4ocCTi, He BinbLue, HixX
Ha cnig 3ani3HIOBaHHS BEKTOPHUX BrnactuBocTen matepiany (5 — 15 mex
NAUHHOCTI 3a gedopmadismu). Y LuboMy BUNagky HanMeHLWWn pagiyc Kpuem-
3HK TpaekTopii gecbopmyBaHHA GinbLue crigy 3ani3HiBaHHSA. SAKLO X BigxXu-
NeHHS Bi4 NpsAMOi NiHil 6inbLie cnigy 3anisHioBaHHSA, a paaiyc KpUBUHU Tpae-
KTOpii AedopMyBaHHA MeHLle noro, To AedopMyBaHHS BiobyBaeTbCs Mo
TpaekTopii Manol KpMBUHW. [pn LbOMY BEKTOP HampyXeHb CrpsiMOBaHWA No
OOTUYHIN OO TpaeKTopii He0boPOTHUX AedopmaLiin.

3annwemo i3nyHi CniBBIAHOWEHHS, NpuaaTHi onsa JocnigXeHHa 060X
npouecie. [nsa uboro posib'eMo nNpouec HaBaHTaXEHHsI Tifla 3a 4Yacom Ha
OKpeMi OOCUTb Mari eTanu, Ha KOXHOMY 3 HWX 3a [OMOMOrol noctynaty
i30Tponii i 3aKOHy NPYXHOI 3MiHN 0BCAry 3anucyeTbCa 3B'A30K MK Hanpy-
XXEHHAMM | gedpopmauiiamm [4, 5]

do, os
L=q, —21p 6
o My ©)
Ll,e — * . * _ _ﬁ * lr/ .lkl
4y, =2G°6, -6, + A6, —( 3 NG -G,)) o
0 oT
bz‘/‘ =bT5ij, b, =—|:K~at +(T—T0)5(K~at):|-5,

Oo Burnsagy, aHanorivHomy (6), NpMBOAATBLCA | CNiBBIAHOLWEHHS Teopil
npoueciB Manoi KpuBmHU. TyT
I-v v
akkkk = 2G 5akkm1 = 2G H aknkn = 2G5 aknrr = aknrs = akkrs = 0’
1-2v 1-2v 7)
Sij <(n)  +(n)\1/2
b, =b,6, —N2G—(e;" -¢;") ", k#n, r=S8.
ij ij g ij
[ns noganbluoro BMKNagaHHA matepiany npuBeAeMo BKa3aHi PiBHAHHSA
cMcTeMM OO OeLlo iHWoro Burnagy. BUKOHAeEMO BWMKIHOYEHHS LUBUOKOCTEWN

Aedopmauivi B BU3HayanbH1X cniBBigHOLWEHHSX (6) 3a 4ONOMOrow reomMeT-
PWYHO HeMiHINHMX cniBBigHOLWEHb (5). Toai MoxHa 3anucaTu

0o,
-= Cin % +Cp % +Cys % +Cyi, % +Cyn % +Cys, al +
ot "oa, "0, " 0a " 0a, "T0a, "7 0a,
0 0 0 0
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TyT BBEAEHO A0AATKOBI MO3HAYEHHS

86



e e
_ 12 31
Cijll = aiju(l"'en)"'aijlz(z_wsj"'aijl{z"'a)z}
e e
_ 12 3
CijZl = aijll(2+ w3j+aij12(l+822)+aij13[2_wlj’

e e
C[/31 = a(m(; - wzJ"' a[/lz(és + a)lJ+ A3 (1 t+es ) ©)

Bci iHWi koediuieHTn oTpumytoTbCa 3 (9) WNAXOM LMKNIYHOT nepecTaHOBKM
iHOEeKCIB.

Takum YMHOM, ofepkaHa po3paxyHKoBa cucTema piBHsHb (1), (8), Heob-
XigHa Ong po3B’A3aHHsA HecTauioHapHUX TPUBUMIPHMX 3adad Teopii TepMo-
MPY>XHO-NNACTUYHOCTI. 3a3HauyMMo, Lo MiCNA BU3HAYEHHS LIBUOKOCTEW ne-
peMillleHb Ta CKNagoBMX TEH30pa HamnpyXeHb, SKi B 3anponoHOBaHi nocTa-
HOBLj 3aga4yi € OCHOBHUMM HEBIQOMMMMW, BU3HAYAKOTLCS CaMi NEePEMILLLEHHSI
(wnsaxom 6GesnocepenHbOro iHTErpyBaHHsS Bi4MNOBIAHMX LUBMAOKOCTEN) i Oe-
dopmauii 3a gonomoroto chopmyn (5).

Mpu 4yncnoBoMy po3B’si3aHHi 3agay TemnepaTypHOi MIacTUYHOCTI maTte-
pianiB ans KoHKpeTusauii KoediuieHTiB BU3Ha4yanbHuUX isvyHnX CrniBBigHO-
WweHb (6) 3agaeTbCss MMTTEBA TEPMOMEXaHiyHa noBepxHs. BoHa byayeTtbesa
3a JOMOMOrOK eKcnepuMeHTanbHUX AaHuX Npy OOCHIMDKEHHI 3paskiB Ha
pO3TAryBaHHA Npu pisHUX oikcoBaHWx TemnepaTypax. La dyHkuis ons ge-
SAKUX KnaciB nonepeaHbo i30TPONHUX MaTepianiB 3 BENIMKMM CTyNeHeMm TOu-
HOCTi He 3aneXuTb Bi TUNY HaMNpPy>XEeHOro CTaHy.

Ha puc. 1 nokasaHun TMNoOBWU rpadpik 3anexHoCTen O Bif €, siKi BU3Ha-
YalTbCs B pe3ynbTaTi eKCNepuMEeHTIB ANns NCceBOO-NPYXXHO-NNACTUYHOrO
mMaTepiany npwu crtanii TemnepaTypi AN martepianie 3 nam’ATTio opmu
MM [1, 3, 71.

A 7’]‘ B /
/ / Yr
i e
/ -
° P L B —

Puc.1 — liarpama nceBAO-NpYyXHO-NNacTUYHOro Marepiany

Hiarpamun matoTb novaTkoBui niHinHMA nepepia OA. MNpouecu gedopma-
Uil HA HbOMY 3BOPOTHI. 30iNbLUEHHS | 3MEHLLEHHSI HaNpyXeHb MAayTb 3a npsi-
MoI0 MniHieto, a gedopmauii HeBenuki. Y Toudui C npyxHa cknagosa 3aranbHoi
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nedopmalii 3paska 3Hukae. CTpmbok aedopmauii, BUKNMKaHUA ha3oBUM
nepexoaoM, TakoX 3HMKaE | 3anuwaeTbea nuwe nnacTnyHaa gedopmaldisi.

Mpuknagu 3actocyBaHHA maTepianiB 3 nam’aTTio cphopmun. Hanvacri-
Wwe dyHKUioHanbHi MaTepianu 3 epekTom nam'ati opMKU 3aCTOCOBYIOTECS B
CcyyacHin TexHiui i meguumHi. NpoekTyBaHHA MPUCTPOIB 3 erneMeHTamm 3
MI® 3HayHO Bifpi3HAETLCS Bif PO3POOKM AeTanen i3 KOHCTPYKUINHMX MaTe-
pianie. 3a ocobnMBOCTAMM 3aCcTOCYBaHHA MPUCTPOIB 3 edeKToM nam'saTi
dopmm iX po3buBaroTb Ha Kinbka rpyn [6].

3a npuHuMnom poboTn NPUCTPOi NOAINATL Ha HAaANPYXHI, SKi cnpawubo-
BYIOTb OOWH pas, Ta Taki, ki cnpauboByloTb 6araTo paasis.

3a ymoBamu npotugii popmMo3MiHM enemeHTa 3 nam'aTTio popmu npu-
CTpOto, iCHYIOTb Taki BapiaHTW. BigHoBneHHs cdopmun BMpoOGIB BigbyBaeTbCs
3a BiACYTHOCTI npoTuaii, To6To y BiNbHOMY CTaHi. dopMo3miHa BUpPOLY 3aiN-
CHIOETBCS B YMOBAX >XOPCTKOI NPOTUAIT (TEpMOMEXaHiyHi 3'egHaHHs). Y npo-
ueci BigHOBNEHHA bopmu MpoTMAis He3HayHa abo MoXxe 3MiHBaTUCA 3a
BENMNYUHOIO (TEPMOCUIOBI €NeMEHTH).

OpHieto 3 Hanbinbw 3aTpebyBaHMX B Haw 4Yac obnacTio 3acTOCyBaHHSA
MMN® e meamumHa. ICHye 3Ha4Ha KinbKiCTb Takmx imnnaHTie 3 MIMN®. Baxnu-
BOKO OCOBNMBICTIO TYT € HAaANpPYyXHa NoBefdiHKa Npu Temneparypi Tina noau-
HW. Y TakoMy CTaHi iMnnaHTy 3gaTHi O 3Ha4YHMX 3MiH CBOEI bopmm nig gieto
YHKLiOHaNbHOro HaBaHTaxeHHS. [pu LbOMY XOPCTKICTb iMNNaHTa 6nmabka
[0 KOPCTKOCTi 6ioNoriYHNX TKaHWH, siKi BiH MOBUHEH 3aMiHUTKM abo 3MILHUTK
(puc. 2).

Puc. 2 — 3oBHiWHIM BUrnag aeskux imnnadTis [8]:
a) — dpikcaTop AnsA 3'egHaHHA bparMeHTiB NMOCHEBOI KiCTKU;
6) — MexxocTicHa 3B'AI3Ka;
B) — iIMNNaHTWH, siKi 3aCTOCOBYIOTLCA B CTOMATONOrii;
r) — chikcaTop AnA cra6inizauii xpe6Ta

Ha Haw nornag, xapakTepHol ocobnmBICTIO YCiX LMX geTanen € Hass-
HICTb TOMOK TOHKOrO Tifla 3i 3Ha4HOI0 3MiHOK KpMBUHK. Lle o3Hadvae, wo npu
ix BurotoBneHHi 3 MIN® npu BigNoBigHin TemnepaTypi NPYTOK B TaKUX TOYKaXx
3a3HaBaB 3Ha4Hi NNacTU4Hi Aedopmadii.

Takum 4YMHOM, KOHQirypauis obnacTi iHTerpyBaHHsi (Tina) B KOXXeH Mo-
MEHT Yacy BM3HA4YaeTbCs NnonemM nepemiwieHb. 3aranbHa reoMeTpu4HoO Heni-
HiMHa 3agaya TepMO-NPY>XHO-MMACTIYHOCTI MONArae y BM3HA4YEHHi BeKTopa
nepeMillieHb, LWBUAKOCTEN NepeMillieHb, TEH30PIB HanpyxeHb Ta gedopma-
Ui i TemnepaTypHoOro nond. Yci BOHN 3a40BOMbHSAOTb NMOBHY CUCTEMY piB-
HSIHb: PIBHAHHS pyXy (piBHOBaru), BU3HavarbHi CMiBBIAHOLEHHS, PIBHAHHA
TennonpoBIAHOCTI, KIHEMaTUYHI CNiBBIQHOLLEHHS, rPaHNYHi YMOBM i MOYaTKo-
Bi yMOBW.
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YucnoBi pesynbtatm Ta iX OOroBopeHHsl. Po3paxyHOK enemeHTiB
KOHCTPYKLUIi, WO TpaHChOPMYyOTbCA, B OCHOBHOMY 3BOAUTLCA OO BMOGOpPY
OonNTUManbHOI cxeMu i CTyneHs gedopmadii, SKi 4O3BONSATb BU3HAYUTU
reoMeTpilo UbOro enemeHTa i TEXHOMOrilo Moro 3actocyBaHHsA. Mpu Bubopi
cxemn fedhopmadii Oyaemo kepyBaTucs TakMMu MipkyBaHHsMU. Makcuma-
NbHi NepeMillleHHa MOXHa pearnizoByBaTu npu Agedopmadii BUTMHOM, MiHi-
MarnbHi — Npy CTUCKaHHI. [Npn ubomMy CTyniHb Aedbopmauii enemeHTa, nNpms-
HayeHoro Ansa 6araTopa3oBOro CnpaLboBYyBaHHS, He MOBMHHA NepeBuLLYyBa-
TV KPUTUYHY CTYNiHb Aedhopmadii (40 pyvHyBaHHS). B ubomy Bunagky npwm
HarpiBaHHi 6yae crnocTtepiraTuca mamxke NoBHe BigHOBNEHHsT hopmMu i nicns
OXOMOoAXeHHs 40 pobo4oi TemnepaTypu eneMeHT MOXHa MOBTOPHO Aedop-
MyBaTW i HarpiBaTn 6e3 Hebe3nekn NopyLLEHHS KOro reomeTpii.

PosrnsHemMo uucnoBux npuknag: BurvH npytka giametpom 0,01 wm i3
MI® y TpuBUMIpHIN noctaHoBui. [paBuii kpa 3aTUCHYTUIN, TOMY pagianbHe
nepeMilleHHs AopiBHIOE Hynto. Ha niBomy kpato (10 mm Big 3alliemneHoro
NpaBoro Kpaw) 3afdaeTbCs LIBUAOKICTb pagianbHoro nepemiweHHs. MNpouec
HaBaHTaXeHHs1 BiAOYBa€ETbCA OO MOMEHTY, KOMM B OKOJMi 3alleMIIeHHs He
BMHMKaIOTb 3HaYHi aecdopmalii, Ginblue 15% npu Temnepatypi 100° C. Mone
iHTEHCUBHOCTI B TOYLi MakCMMaribHOro BUrMHY NpyTkKa NogaHo Ha puc. 3.

B)

Puc. 3 — None iHTeHcMBHOCTI AedopMauii B To4Li MaKkCUManbLHOro BUTUHY:
a) — npechopmauis 15%, Temnepatypa 100°C;
6) — po3noain iHTeHcUBHOCTI AedopMaLii nicns noyaTky 0XonoaXXeHHA (80° C);
B) — po3noain iHTeHCMBHOCTI AedhopmaLii Npyu 0XOoNomKeHHi
Ao poboyoi TemnepaTtypum 20°C
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BucHoBku. Po3pobneHo HOBUI BapiaHT MeToay OOCHIIKEHHSI MOBEIHKM
€reMeHTIB KOHCTPYKUiN 3 (pyHKUiOHanbHO-HEOAHOPIAHNX MaTepianis, KU
MOXHa 3aCTOCOBYBaTW B 3ajayax TepMO-MPYXHO-NNACcTUYHOCTI MNpu HasiB-
HOCTi BeNuknx gedopmauin.

Po3B’sizaHO HOBMI Krac HecTauioHapHUX 3agad Teopil TepMOMnpyXHOi
NNacTUYHOCTI ANA NCceBOO-NPYXHO-NNACTUYHUX MaTepianis i3 nam'saTTio
dopmu, B AKOMY BpaxoBaHa MOXITMBICTb BUHUKHEHHSA B AesiKMX TOYKax Tina
3HaYHMX NracTUYHUX gedopmauin.
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SIMULATION OF BEHAVIOR OF ELEMENTS MADE FROM MATERI-
ALS WITH FORM MEMORY AT SIGNIFICANT DEFORMATIONS

The work is devoted to the study of the behavior of functionally inhomogeneous
materials on the example of materials with shape memory at significant
deformations (up to 15%). When constructing physical relations, it is assumed that
the deformation at a point is represented as the sum of the elastic component, the
jump deformation during the phase transition, plastic deformation and deformation
caused by changes in temperature. The problem is posed in a geometrically
nonlinear formulation. When solving the problem of elastic-plasticity, nonlinearity in
the equations of motion is taken into account (at deformations from 7% to 15%).

Keywords: functionally inhomogeneous materials; mathematical modeling; geometric
nonlinearity of materials with shape memory.

Introduction. Modern parts and elements of structures and devices are
made of materials that have the property of shape memory and behave
pseudo-elastic-plastic. In the manufacturing process, they can receive large
plastic deformations, be under the influence of complex non-stationary force
and temperature load. Their uneven heating in combination with force factors
can also lead to complex deformation processes. To model the behavior of
such structural elements, it is necessary to determine the nonstationary
thermo-mechanical state not only at the pseudo-spring stage of deformation,
but also beyond the boundary. Existing numerical methods for solving such
non-stationary problems usually lead to significant computational difficulties
and are not always effective. Therefore, the development of methods for
solving non-stationary problems of thermo-mechanics for spatial bodies with
shape memory and pseudo-elastic-plasticity is an urgent task.

Pseudo-elastic-plasticity is the ability of a material under active load to
accumulate deformations of a certain value in the mode of higher tempera-
ture, and then after unloading (through the hysteresis loop) to return to the
initial state. The main mechanism is the inverse martensitic transformation
between the phases of the solid, which can occur at room temperature. Such
a transformation can be caused by a change in temperature or by force fac-
tors. The material is also characterized by nonlinear mechanical behavior
and large deformations. Alloys that exhibit shape memory and pseudo-
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elastic-plasticity are as follows: NiTiAuCd, CuAINi, CuSn, CuZn, NiFeGa,
NiTiNb, NiNiGa, NiFeGa, NiPi, NiPeGa, NiPiGi [1; 3]. Such characteristics
make SPF suitable for use in various devices or as components in some
advanced composite materials. NiTi alloy leads in most such applications
due to its structural properties.

The first shape memory alloys (SPFs) were developed in the middle of
the last century; however, there are no rigorous and reliable fixed-level defin-
ing models required for the engineering applications of these materials. The
relationship between microscopic and macroscopic behavior is very complex
and has not yet been developed to the extent required by such models and
practical tasks. This is partly due to the strong dependence of mechanical
reactions on temperature, load velocity, deformation range, geometry of the
studied body, thermo-mechanical history and nature of the environment, as
well as the interaction between these parameters.

The analysis shows that there are currently a number of models to de-
scribe the thermo-mechanical behavior of alloys with shape memory, pseu-
do-elasticity and pseudo-elastic-plasticity. Most of them are based on classi-
cal ideas, in aim to directly describe the experimental data obtained on dif-
ferent samples under simple and complex loads. However, as established in
experimental studies, the behavior of the material at the point of the body in
the General case differs from the behavior of the sample as a whole and
there may be significant deformations.

Formulation of the problem. The main task of the nonstationary theory
of thermo-plasticity is to determine the velocities and components of stress
and strain tensors that occur in a three-dimensional body during its loading
and heating, when some elements of the body work beyond the elasticity of
the material at significant deformations. The process of loading will be con-
sidered as changing over time, which can cause movement of certain parts
of the body.

Initially, an isotropic and homogeneous three-dimensional body bounded
by a given surface is initially in a natural unstressed state at a certain tem-
perature (for each point of the body). Then the body is subjected to heating
and loading by external forces. These can be three-dimensional forces that
affect each element of the body. Surface forces act on one part of the body
surface. On the second part of the surface of the body, which can be fixed in
some way, the velocities are set as a function of coordinates and time.

Suppose that the heating and loading of the body occur so that there are
deformations that can significantly affect the temperature change of this
element. We will consider such load processes and temperature levels at
which the rheological properties of the material are not detected. The config-
uration of a body is given by the equation of the surface that limits it. In addi-
tion, you need to specify the thermophysical and mechanical characteristics
of the body material and the conditions of its heat exchange with the envi-
ronment.

Thermo-physical properties of the material are characterized by coeffi-
cients of thermal conductivity and thermal conductivity, which may depend
on temperature. The heat transfer conditions are set in the form of appropri-
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ate boundary conditions, and the mechanical characteristics of the material
in the study of deformation processes on straight trajectories and the trajec-
tory of small curvature are set in the form of instantaneous tensile diagrams
of samples obtained at different fixed temperatures. In addition, the values of
the Poisson's ratios and linear thermal expansion are set.

Based on these data, it is necessary to determine the temperature, the
three components of the velocity vector, the six components of the stress
tensor and the six components of the strain tensor. Therefore, it is necessary
to determine sixteen unknown functions of time and three coordinates. To do
this, use the equations of motion, geometric and physical equations, as well
as the equation of thermal conductivity. The temperature field at any point of
the body in the presence of heat sources and in the case of heat, which is
released during its deformation, is determined by solving the equation of
thermal conductivity under certain initial and boundary conditions [2; 4].

After determining the temperature field for different points in time, the
components of the velocity vector and components of stress and strain ten-
sors satisfying three differential equations of motion, six geometric equations
and six physical equations are searched. These equations are solved under
certain initial and boundary conditions. The initial conditions are set for all
unknowns at the initial time. On the part of the body surface where the forces
b (xi, t) are given, the components of the stress tensor must satisfy three
boundary conditions

O'm(ak,t)zoy.-nj, i, j,k=123.
Where n; - the directing cosines of the external normal to the body surface

at the appropriate point. On the other part of the surface, where the specified
components of the vector of the velocity, the velocity must take the specified
values

v,= Vl.(xj,t).

Another formulation of the boundary conditions is possible, when three
conditions are set on the surface of the body, taken in a certain way from the
above conditions.

The definition of the unknown will be found as follows. The main un-
knowns are three components of the velocity vector and six components of
the stress tensor, for which the boundary conditions are directly formulated.
In this case, all components of the strain tensor are excluded from the six
physical equations by means of geometrically nonlinear Cauchy relations,
which are then determined on the basis of already known components of the
velocity vector.

When solving the nonstationary thermo-plasticity problem, we will use the
defining equations that describe nonisothermal loading processes along both
rectilinear trajectories and small curvature deformation trajectories.

Conclusion. A new variant of the method of studying the behavior of
structural elements made of functionally inhomogeneous materials has been
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developed, which can be used in thermo-elastic-plasticity problems in the
presence of large deformations.

A new class of nonstationary problems of the theory of thermoelastic
plasticity for pseudo-elastic-plastic materials with shape memory, which
takes into account the possibility of significant plastic deformations in some
parts of the body, is solved
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POTOP - LLENEBbIE YNJIOTHEHUA

MocTpoeHbl Mogenb TrUAPOMEXAHUYECKOM CUCTEeMbl poOTOp — LWeneBble
YNNOTHEHUS, MOAENU OAHOAUCKOBLIX POTOPOB, pacyéTHasi cXemMa LieneBoro
YNNOTHEHUA C NOABWXHOM BTynkol. MonyyeHbl aHanuMTUYecKue 3aBUCUMOCTU AN
pacyeTa  AMHaAMUYECKUX  XapaKTePUCTUK  MOPOMEXAHUMYECKON  CUCTeMbl,
onucbiBalLWme paananbHo - yrinoBble kone6aHusA poTopa LeHTPO6eXHON MalluHbI B
WweneBbIX YNNoTHeHUsX. MonyyeHbl BbipaXeHUA ANA NOCTPOEHUS aMNAUTYAHbLIX U
ha3oBbIX YACTOTHbLIX XapaKTePUCTUK
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BBepeHue. B npouecce co3gaHus LEHTPOOEXHbIX HACOCOB Ha ntobble
napamMmeTpbl, MOMUMO OTPabOTKN SKOHOMUYHOWN NPOTOYHOW YacTu, NepBocTe-
NEeHHbIMW 3afa4amMu ABMAOTCA CHUXeHMe BUbpauuii, obecneveHne Tpebye-
MOW HaAEXHOCTU U JONTOBEYHOCTM Onop M pa3paboTka HageXHbIX U gocTa-
TOYHO repMeTUYHbIX ynnoTHeHun [1]. B ueHTpobexHbix Hacocax Ao 10%
noTpebnsaemMon MOLLHOCTU TEpPSIeTCS Ha NPOTEYKM Yepes LieneBble YnnoT-
HeHusa pabounx Konec 1 CUCTEMbl aBTOpa3rpy3kuM oceBbIX cun [6]. SHepruto
00bEeMHbIX MOTEPb MOXHO NpeBpaTUTb B MOME3HYI0 3HEPruio, ecnu Liere-
Bble YNOTHEHMS UCMONb30BaTb OAHOBPEMEHHO KaK rMapocTaTtudeckne ono-
pbl, CNOCOBHbIE 06MaAaTh He TOMbKO BOMbLLOWM paguanbHOM XXECTKOCTbIO, HO
n acpdpekTnBHO gemndmpoBaTb KonebaHusa potopa [7]. B atom cnyyae aHep-
rMs NpPoTeYeK He TONMbKO MOXeT obecneunTb HeobXoaMMyo HECYLLYHo CMo-
COBHOCTb OMOpP, HO U CHU3UTbL A0 AOMYCTMMOrO YpPOBHSA Bubpauun potopa
Aaxe nNpu HanU4MM 3Ha4YNTENbHOW HeypaBHOBELLEHHOCTHU [4]. BrinsHue cpe-
Obl 0COBEHHO CyLLLEeCTBEHHO NpU HanuyMm G6onbLUMX rPaaneHTOB CKOPOCTEN
N OaBEHUN, YTO XapaKTepHO AN MarbiX 3a30POB LUENEBbIX YNIOTHEHUN,
Ha KOTOpbIX ApoccenupytoTca Gonbluve nepenagbl OaBreHus, a ogHa u3
CTEHOK MPUHAANEXUT BpallatoLlemycs 1 BubpupytoLlemy poTtopy [8].

AHanus3 nuTtepatypsbl. Kak ykasaHo B [5], poTop 1 Wwenesble yNIoTHEHWS
npeacTaBnstoT 3aMKHYTYH TMOPOMEXaHUYECKY0 cuctemy. ATum 0OycnoB-
NeHa OCHOBHasi OCODEHHOCTb M CHOXHOCTb MpobremM OUHAMWKM POTOPOB
LEHTPOOEXHbIX MalIMH. YMNNOTHEHUS HEe TOJMbKO WM3MEHSIIT KpUTUYEecKue
4acToTbl POTOPA, HO U CYLLLECTBEHHO BIMAIOT HA aMNNUTYAbl €r0 BbliHYXXAEH-
HbIX KOrebaHu 1 Ha rpaHuLbl ero YCTOMYMBOCTH [2].

OuHamnyeckne xapakTepUCTMKM LWENeBbIX YMIOTHEHUA Kak MpPOMEXY-
TOYHbIX Oonop nccrnegosaHbl B [12]. B Hen nonyyeHbl NnMHeapu3oBaHHbIE Bbl-
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pakeHus paguanbHbIX TMOPOSUHAMNYECKUX CUI N MOMEHTOB, AENCTBYHOLLNX
Ha pOTOp CO CTOPOHbI MOTOKA XUOKOCTM B 3a30pe LUEereBoro YnrioTHEHUS.
CunoBble xapaKTepUCTUKN ONpeaensitoTCa reoMeTpUY4ecKUMmn N PEXXMMHbLIMU
napameTpamMu YnNrnoTHEHWUI: Ha4anbHOW KOHYCHOCTbIO N paguanbHbIM 3a30-
poM, OfIMHOW N CpegHUM paguycoM KaHarna, ApoccenvpyembiM nepenagom
JaBneHus, YacToTON BpalleHUs poTopa, 3aKpyTKOM MOTOKa Ha BXoAe B 3a-
30p, (PM3NYECKMMM CBOWCTBAMU >XMAOKOCTU. AHanM3 BAWSHMS LLENeBblX
YNOTHEHUA Ha OUMHAMUWKY poTopa NO3BONSET BblOMpaTb UX KOHCTPYKLWIO
Tak, 4ToObl BO Bcem paboyem OmanasoHe ypoBeHb BMOpauui poTtopa He
BbIXOoaun 3a gonyctumele npegensi [3].

OpHako npobrnembl AVMHAMWKM POTOPOB B LUENEBLIX YMIOTHEHUSIX He-
CKOINbkO 00OMOEHbI BHUMAHWEM, MOCKOIbKY ONS UX pelueHus TpebyeTcs
3HaHWe rMApPOAVNHAMUYECKMX XapaKTepUCTUK LeneBbIX YNNOoTHEHUR. A 3To
oTAenbHas 3agada rmapoAnNHaAMUKN TPEXMEPHbIX HECTaLMOHAPHbLIX TeYEHU
BSI3KOW >KMOKOCTW B KOSbLEBbIX KaHanax, CTeHKM KOTOPbIX BpaLlaloTcsa 1 oa-
HOBpPEMEHHO COBEpLUAT pagnanbHo-yrnoBble konedanus [9].

AHanus nutepatypbl Nokasar, 4To konebaTtenbHble npouecchl, 0bycnos-
NEeHHble TMOPOAMHAMNYECKUMUN XapaKTePUCTUKaMN YNNOTHEHUN, U UX BIUS-
HWe Ha OMHaMWKY POTOPOB HEQOCTAaTOYHO U3YYEHbI.

LUenb ctatbu. [NonyyeHne aHanMTMYECKMX 3aBMCMMOCTEN ONs pacdeTa
OVNHAMUYECKUX XapaKTEPUCTUK FMOPOMEXAHUYECKOM CUCTEMbI POTOP - Lle-
neBble YNNOTHEHUS HA OCHOBAHMM NMOCTPOEHUSA N N3YUYEHNSI €€ MOOENM.

MocTaHoBKa npobnembl. PaccmaTpuBaloTca OBE TUMOBbLIE CXEMbI Of-
HOAMCKOBOrO poTopa: C AMCKOM, HaxoAsLWMMCa MeXay KECTKUMWU onopamu
(puc. 1,a) HecummeTpuuHoro (Mogens P-1), cummeTpuuHoro a = b (Mo-
aenb P-1c) n koHconbHoro (puc. 1,6, mogens P-2). C obeux cTopoH gucka
(pabouero koneca) c macco m paguycom R 1 NpuBeLEeHHOW TOMLWMUHOWN b,
pacnonoXeHbl OAMHAKOBbLIE LLENEBbIE YMIOTHEHUS.

a b L

a 6

Puc. 1 — TunoBble cxemMbl OAHOAUCKOBOIO POTOpPa B LeNeBbIX YNNOTHEHUSIX:
a — ¢ Auckom mexnay onopamu (Mogenu P-1, P-1c); 6 — KoHconbHoro (Mogenb P-2)
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I'IepBaﬂ cxXxeMa MMUTUpyeT poTop OA4HOCTYMNeH4YaToro Hacoca C pa60‘-WIM
KoJ1ieCoM ABYCTOPOHHEro Bxoaa, BTopad — pOTOpP KOHCOJIbHOIro Hacoca.

B obeunx cxemax paananbHble CMelleHnsa OUCKa COonpoBOXOakTCA ero
NOBOPOTOM B MJIOCKOCTU I/I3OFHyTOI;1 ocun Bana. MHepLI,I/IOHHOG conpoTtuene-
HMEe MOBOPOTY XapaKTepudyeTcsa COOTBETCTBYHLLMM TMPOCKOMMNYECKUM MO-
MeHTOM ancka. Macca poTopa cocpenoTo4yeHa B LieHTpe Macc AUCKa, a He-
BECOMbIN ynpyrvu7| Bal BpawaeTCsa B XXECTKMX onopax.

POTOp cTaTn4yeCckm n anHamMmmyeckn HeypaBHOBELUEH: LIeHTp MacC CcMme-
LWEeH OTHOCUTESTbHO reOMeTpU4eCcKoro LeHTpa Ha BEeJIMYNHY 3KCUEeHTpUcuTe-

Ta Zi(ax,ay), KOTOprVI npeacrtaBndeT CtTaTu4eCkylo HeypaBHOBELLEHHOCTb.

[MaBHble LieHTpasibHble OCY MHEpLUMWU AMcka M3-3a nepekoca Mocafku Unm
APYrYX TEXHOMOMMYECKMX MOTPELLHOCTE OTKIOHEHBI OT FMaBHbIX OCel ceve-
HUS Bana (FNaBHbIX OCEll XECTKOCTU Barna) Ha yribl Y,,Y,, , XapakTepuayio-

e amHaMmnyeckyro HeypaBHOBELLEHHOCTb poTopa. I'Iapameprl HeypaBHO-
BELEeHHOCTU cYMTaroTCA 3adaHHbIMXA MarnbiMy BENMMYNHAMW.

Mopenbs AMHaMM4YecKOW CUMCTEMbI POTOP — LierieBble YNIOTHEHUSA.
YnpoLleHHas CTPYKTypHas CXxeMa CUCTEMbl pOTOp - LLeNeBble YMIOTHEHUS,
nokasaHa Ha puc. 2. PagunaneHble (x, y) un yrnosble (3,,9,) konebaHusa poto-
pa BO MHOTOM OnpefensioTcs ruapognHammyeckummn cunamu (F) u MomeH-
Tamu (M), BO3HMKaKOLWMMK B YNNOTHSOWMX 3a30pax (B KOMNbLEBbLIX ApOcce-
nsX), @ caMy CUnbl U MOMEHTBI 3aBUCAT OT XapakTepa ABWXEeHWs poTopa U
3KCUeHTpucuTeTa ero ueHTpa macc a. Ewe ogHa obpaTHasa cBsA3b cylle-
CTByeT Mexady reomeTpuyeckon ¢opmorn 3asopa (cpegHun paguvarnbHbIn
3a3op H un KoHycHOCTb 9,) 1 OaBneHneM B 3a3ope p (z, ¢): gedopmaLmu
YNAOTHUTENbHbIX KOMew onpeaensalTca pacnpeaeneHnemM aaBreHus, KoTo-
poe O4YeHb YyBCTBUTENbHO K M3MEHEHMUIO BENWYMHBI U hopmbl 3a3opa. OT
CKOpPOCTU MOTOKA >XWAKOCTN B 3a30pe W 3aBUCUT Takke BenuymHa pacxoga
yepes ynnoTHeHve Q.

- —— poccers |——>
> occenb
YNAOTHEHUA 1 e P

MoTok B 3a30pe

, Z, F,M
WX KECTKOCTb R ple, 2) ;m

A

A

Potop ———a
v
Tw

Puc.2 — CTpykTypHas cxema rujpoMexaHM4ecKom CUCTeMbl
poTop — LieneBble YNIOTHEHUs

X, Y, 9 8y, Bp(w)

Takum oBpasoM, Npu BbIGOPE KOHCTPYKLMM LLENEBbIX YNIIOTHEHNIA HYXHO
Y4uTBIBaTb HE TOMBKO UX NMPSIMOe Ha3HayeHue — yMeHbluaTb OGbEMHbIE Mo-
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TEPU, HO N HE MEHee BaxHYo Mx yHKUuo — obecneynBaTb HeobxoomMmble
BUOpPAaLMOHHbIE XapaKTEPUCTUKN poTopa.

PaguanbHble cunbl 1 MOMEHTbI B LWeneBbIX YNNOTHeHuAX. Ha puc. 3
nokasaHa Mogersb LLeneBoro YnroTHEeHWUsl, KoTopas npencraBnseT cobon
KomnbLeBOW Apoccerib, 06pa3oBaHHbI BHYTPEHHUM UMAMHAPOM (Banom) C
MarnbIM YrfioM KOHYCHOCTW O, W BHELUHUM UMMUHAPOM (BTYNKOW) C Yrrom

KOHYCHOCTU 3 p; CyMMapHbIil Yron KOHYCHOCTM kaHana 99 =95 -9 4. MNa-

pameTp KOHYCHOCTV kaHana 0 = 9¢//2H , |6’0| <1.

w4 k4

O0Cb 6MYJIKU

Puc. 3 — Mopgenb weneBoro ynjioTHeHUs ¢ NOABWXHOW BTYNKOMN

Ban un BTYyJKa BpaLlakTCA BOKPYr COBCTBEHHBIX OCEN C YacToTamu cob-
CTBEHHOro BpalleHuna g, o, . Camu ocu BpalwlaroTCA BOKpYr HenoaABWM>XHOIo

ueHTpa O c yacToTamu npeueccun Q, Q,, a Takke COBepLUAOT paauanb-

Hble 1 yrnoBble konebaHunsi. OLeHKa CUIOBbIX XapakTePUCTUK ANA TamMmuHap-
HbIX N TYPOYNEHTHbIX PEXUMOB TEYEHUSA C Y4ETOM MECTHLIX CONPOTUBINEHUIN
M C yY4eTOM 3aKpyTKM NOTOKa Ha BxoAe B 3a3op Obina nposegeHa B [11].

Mpoekunn Ha HEMOLBWXHbLIE OCKM KOOPAMHAT OTAENbHbIX COCTAaBMNSALLNX
rMapoaHaMUYECKUX CUIT U MOMEHTOB

Fspey) = Fotey) T Hacey) T Epey) » Mspy) = Mgy t Max,y) M piy) »
BO3HMKaOLWMX B OQHOM LLeNeBOM YNNIOTHEHUU U OTHECEHHbIX K Macce poTo-

pa, UMerT BUa:
- CuUnbl K MOMEHTHI, O6yCﬂOBﬂeHHbIe I/IHele,MeI;I XNOKOCTU:
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F, 120 2 /.
gx . 040 - .
= —kg| ¥—— 0+ ——Kk®,00 =9 |
m g[x Hil—n) el T s a0y 0
F, 120 2 [,

o4 . 040 - .

71 [ Rt L A -~ k0,009, |,

m g{y HI—n)” 0T 1505 y}

1(1 - . I .
mgx = —kyg E(ESX+2Kwa60x+Kwa58yj,

[ (1. /.
g _ : .
__—kgg(ggy+2K(Daeoy—K0)aESx\J,

- CUInbl ® MOMEHTbI, 06yCJ'IOBJ'I€HHbIe NOTOKOM BbITECHEHUA:

F, . ! ‘
sz_kd[ﬁmay—geo(masx —sy)}

F .
% = —kd{y—Kwax—éeo(K@asy +8x):|=

M ) ) / :

%:_kd g|:eo(y—K(Dax)+E(K(Da8‘y +Sx):|, (4)
Md l . l ;

Ty =kq g{eo(“ K(DaJ’)JfE(K‘”an _Sy)}

- CUnbl U MOMEHTHDI, O6y0ﬂ0BﬂeHHble ApoccennpyemMmbiM Ha Lenesom
ynnoTHeHUn nepenagom gaBleHnda Apo (Hal'loprIM Te‘-IeHMGM)Z

F
:lx :—kp[(eo + Ny, )x+(1+2AX)%Sy:|:

F
ﬂ:—kp[mo+Nxm)y—<1+mx>isx],
m 2

m e

M / /
py
=k, —| NAyx+2 —9, |
P 3[ xX sz y:|

M
g, {NAXV—%(," éS}
)

Mepengem B opmynax (1) — (6) k 6e3pa3mepHbIM KoopanHaTam 1 npuee-
OEHHBIM CUaMm U MOMEHTaM, a Takke BBEAEM AOMNOMHUTENbHbIE 0603HAYEHNS

1290 . _mi?
"I —n) Y T 601
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rae K; — napameTp, y4uTbIBalOLMIA NOKallbHYK COCTaBMSIOLLYIO CUMbl
WHEPLIMU XKMOKOCTY; j — Gespa3MepHblil mapamMeTp, XapakTepuayowmin rma-
poAMHaMUYEeCKMe MOMEHTbI B LUENEBOM YMNIOTHEHUW: OH NpeobpasyeT Ko-
a(pp1UMEHTbI papuanbHoON XecTkocTn kg, k;, k, B COOTBETCTBYOLIME KO-

3(pPUUNEHTBI YIIIOBOW KECTKOCTU kgj, kyj, kpj. BbipaxeHusa ans Bblumuc-

neHnsa cunoBbiX KO3dULMEHTOB, BXoAAwWmMX B dopmynbl (1) — (6), 6binu
nony4eHsl B [1] Tabn. 8.1.

PagwanbHo-yrnosble kone6aHusa potopa B LWieneBbIX YNIOTHEHUAX.
PaccmaTpuBaeTtcs poTop, BpallalolmMiicss B OBYX CMMMETPUYHO pacrnoro-
XKEHHBbIX LeneBblX YNIOTHEHNAX C HENOABMXKHBIMU BHELLUHMUW 06oriMamu.

3HayeHuss cun u MoMeHToB Oydem yaBamBaTb MO YMCIY YNAOTHEHWN.
Ons ynobcTBa ganbHenwmx npeobpasosaHuint byaem rpynnmpoBaTb COCTaB-

* *
nawoLwme no 1x 3aBUCUMMOCTM OT 0606LLEHHbIX koopauHaTt \F;, M5 |, 0606-

LLIEHHbIX CKOpOCTeN (FZ*, M;) 1 060BLLEHHBIX YCKOPEHUIA (FI*, Ml* :

—Fy =2kgtiy, —Fy =2kgii,; =M, =2k, jO,, —My,, =2kg4jO,;

. . ) .4
—Fyy =2 (kg +kgK;p )ity + kg, ~ 15 keR@000; +<katy;
. , .42 -
—F2y = —kgKafux +2(kd +kgK[6’0)uy —gkdgogx —Ekg/((l)goey,
~My, = j(2kg KOyt +12k Oyt +2k0; + kg k020, );
~M, = j(~12kg 0t + 2k x6yit, ~ kg k00, +2ks6,);
. 2
_F3x = 2kp (90 + NZm )Mx +de6()My —gkdl(a)eoex +2kp (1+2AZ) gy,
. 2
—F5, = —kgkau, + 2k, (6 + N, )y, =2k, (1+2A7) 6, —gkdxa)ﬁoé’y;
~Ms, = j(~6kykeOyu, +10k, NAyu, =20k, 7,0, + kgxe0, );
~M,, = j(=10k, NAyu, - 6kyxeobyu,, — kg, =20k, 2,0, ).
BBegem 0603HauYeHUs yaABOEHHbIX KOSDULMEHTOB CUN
. . . 2 . 4 .
az| = 2kg, ay| = 2(kd +kgKi90)’ ag = kgKC(), ay = Ekgl(ﬁ)go, ay = gkdgo,
2
a3y =2k, (6 + N1y, ); asy = kgxw; a3 = gkdlca)eo; as =2k, (1+2Ay).
Tenepb BbIpa>XeHnsa OTHOCUTEJIbHbIX CUJT U MOMEHTOB ONd OBYX Liene-

BbIX yrU'IOTHeHMI;I NPpUHUMAKT BUA:
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—Fix = a3yl _Fly =apuy, -My, =a1j0y; _Mly =a;1j0,; (7)

—sz =ay|u, + Cl4114y —azﬁx +a4¢9 5
. o ®)
—Fzy —aq Uy, + a21uy —a49x —(129},;

_M;x = j|:15a212x +15a412y +2kd9x +a419y:';
M3, = j[~15ayii, + 1500, a4, +2k,0, ];
*
—Fyy = azyuy +asuy, — 30, +aso,;

*
—F})y =—ds|U, +a31uy —a59x —0539 5

y
* . NAy y4 10

M5 =j| -15a7u, +5as ——2—u, —10a,, —Z2—0_ + a0 ;( )
3x = J 3Ux 51+2AZ y 3190+Nlm x T 4519y

-M = S0 —>—u_—15a,u, —a 9 —10a —’"0
3y =J 51+2AI X 34y 51Yx 3190+Nlm y

[Ona cCUMMETPUYHBIX CTaTUYECKN HeypaBHOBELLEHHbIX POTOPOB MNpeob-
nagjarwmmMm SBnSATCA paguanbHble konebaHus. HesHaunTenbHble yrmno-
Bble konebaHusi Bbi3blBatOTCA HEN30EXHON ANHAMUYECKOW HEeypaBHOBELLEH-
HOCTbIO M BO3MOXHbBIMW HapYLUEHUSIMW CUMMETPUM POTOpPa OTHOCUTENBHO
nonepeyvyHon BePTMKANbHOM MNMOCKOCTWU, MPOXOAsLEN 4Yepe3 LEHTP Macc.
KoathduumeHTbl rmgpoaMHamMmyYeckmx cun npy 3TOM HyXXHO yaBaumBaTtb (MO
4ncny ynnoTHEHWN).

Opyron kparHui criydai npeMMyLLecTBEHHO YrioBbIX KorebaHuin Bo3Mo-
XEH ONsi CUMMETPUYHOIO CTaTMYeCKM YpaBHOBELLEHHOrO poTtopa nog Aew-
CTBMEM AMHAMUYECKON HeypaBHOBELLUEHHOCTU. B aToM cnyyae Heobxoanmo
yABanBaTb rmapoanHamMmyeckue MoMeHThl. Kpome Toro, Bo3HuKatowwmue npum
nepekocax ocu poTopa OTHOCUTENbLHO OCU YMIOTHEHWI paananbHble rmapo-
ANHAMUYecKne Cunbl OTNNYAOTCA NO BEMNUYMHE U3-3a OTNINYUS IKCLEHTPU-
CUTETOB, paguanbHbIX CKOPOCTEN U YCKOpPeHWU. MNMo3aToMy OHM co3fatoT Jo-
MOMHUTENbHBLIN MOMEHT OTHOCUTENBHO LieHTpa paboyero koneca. Yrnbl ne-
pekoca B 00OMX YMNNOTHEHMAX MPU OOMHAKOBO PaCMONOXEHHbLIX BTyrKax
OCTaloTCA OAMHAKOBLIMW, CriefoBaTeNbHO, COCTaBMsoWwmne cun, obycnos-
NeHHble YrnoBbiMK KonebaHuamu (¢ koaduumeHTamu o; ), AONONHNUTENb-

HbIX MOMEHTOB HE CO34aloT.

MoapobHo AONONHUTENBHBIE MOMEHTBLI OT YMPYIMX CUM PacCMOTPEHbI B
[7]. Onsa npaBoro n neBoro ynnotHeHun 6e3pasmepHbie 0606LLEHHbIE KOOp-
ONHAaTbl, CKOPOCTM U YCKOPEHMS LieHTpa Bara, KoTopble NoHagobsaTtcs ans
BbIYMCIIEHNS MOMEHTOB UHEPLMOHHBIX, AUCCUNATMBHBLIX U TMPOCKOMNYECKNX
cun:
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1

l
e =u, +Au; uy =u,—Au,; Au, :glt:‘gy :27‘30),;

’ . " __ . — 1
u :uy—Auy, u —uy+Auy, Auy—gl

l
y ¥ 9. =2-50,;

cTX (11)

YT T S L TR . L“ .
Uy =ty + Ayl =10 — Ailys Al =2--0;

g
Uy, =i, Auy, U

" o_

. L le 5
=y, + A Auy:27¢9x.

30ecb MCMoNb30BaHO COOTHOLLUEHUE Gx,y =8x’yl/2H. B copmynax ans

YCKOPEHUI He yKa3aHbl LLEHTPOCTPEMUTENBbHbBIE COCTaBMAOLMNE, TAK KaK OHU
HarnpaeneHbl N0 OCKM POTOpa U He BMAIOT HA ero pagnanbHO-YrioBble Kore-
OaHus.

Ha ocHoBaHuu (5) pasmepHble cunbl B npaBoM F3 1 neBom F3 ynnoT-

HEeHUsX cnegyrowime:
/ a3 .
F = —mH—2 (ux +Aux) =-F, —AF;;

F, = —%mH(ux —Auy)=—Fy, +AFy;

X

' 31 .
A, = —mHT(uy —Auy ) =—Fy, +AF; ) ;

" 431 .
F3y = —TmH(uy +Auy) = —F3y _AFSy’

1 I,
AF3X :a31Hm7c9y, AF3y =a31Hm7°6x.

JononHuTensHble MOMEHTbI OT ynpyrnx cun cnegyrowme:

I 17
AM3X = _2ZCAF3y = —2a31Hm?t9x; AM3y = —ZICAF3X :—2a31Hm?9y ,

a nocre geneHna Ha SKBaTOpMaﬂbeIVI MOMEHT UHEPUUN N YMHOXEHUA Ha
12H

. AM,I 0. ook
= —=—C X ; P = ,

3x 2HI 31]L X ] I

* o 3y" .

3y — 2]_][ - _a31]cey'

MogoBHbIM o6pa30M BblYMCNAKOTCA OONONTHUTENIbHbIE MOMEHTbI OPYrnx
CoCTaBALWNX panmaanon Cunbl, O6yCJ'IOBJ'IeHHbIe pasnn4ynem 06006LLeH-
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HbIX KOOpAMHAT, CKopocTen u yckopeHuin (11) LeHTpoB Bana B MpPaBOM U
NEBOM YMMOTHEHUSX:

A‘}Ml*x =-a11Jc "x9 Ajul*y = _alljcéy;
AM;x = _a21jch9 AM;y = _aZchéy;
AMZx = _a4ljc€y7 AMZy :a4ljcéx;
AM;X = _aScheyﬂ AM;y = asyj.0,.

MpvBeaeHHble [OGaBKM 3aBUCAT OT YITIOBbIX KOOPAMHAT, MO3TOMY WX
HY)XHO BBOOWTb B COCTaBIsAOLME MOMEHTa, OrnpeaensieMble yrinamu noso-
poTa AucKa, YroBbIMU CKOPOCTAMU U yckopeHusamu. OGo3Haune cymmap-
Hble COCTaBMSAOLIME TMAPOAUHAMUYECKOTO MOMEHTAa B IBYX YNIIOTHEHUSIX

Mgy =Mixpy + MMy, =123,
¢ yyetom (7) — (10) nonyuum:
~My =ay (j+ e )0y, —Myy, =ayy (j+4. )0y
~Mo, =15 (atiy +agiiy ) +(2kg j +azjc ) O +ag (j+ . ) Oy

—sz :lSj(—a4t'tx +a2dy)—a4l (J+]c)9x +(2kdj+a21jc)9y;

. NAy
M, =j| -15ayu, + 505 ——=—u,, |—
3x ]( 3%x 51+2AZ y]
10y, . . .
- | ——J = 0. +a +7j.)0,;
31 90+NZmJ Je |Ux 51(] Jc) y

; NAy
~My, = j| —5os——X—u, ~15a5u, |-
3 j( Sle2ny C0 yJ

o 10y, ..
—as)(j+ /.0, — a3 WJ—JC 0,.
0 m

Cne,qyeT MMeTb B BMAY, YTO AONOJIHUTENIbHbIE MOMEHTbI HangeHbl Ans
CUMMETPUYHO PacCnoJIOXEeHHbIX OTHOCUTEJIbHO LUEeHTpa MaccC KoJfieca ynnoT-
HEeHUN. |_|pl/l HapyLweHnn Takomn CUMMETPUN HECKOJTbKO N3MEHATCA 3Ha4YeHndA

Aux,y (11), 4TO NpMBEAET K N3BMEHEHUIO YNCITEHHOrO KOadhpmumeHTa B Bbl-

pakeHWn napameTpa j,..

PaccmaTpuBaemblil poTop B LUENEBbIX YNNOTHEHUsIX ABRseTca Koneba-
TEnbHOW CMCTEMOW BOCBLMOro rnopsaka ¢ YeTblpbMsi 0606LLEHHBIMU KOOPAM-
HaTtamu: ux,uy,ex,ey. Cuctema KonebneTca OTHOCUTENbHO YCTOMYMBOIrO
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NOJIOXXEeHUA paBHOBECUA, MOITOMY KOPHU XapaKTepUCTU4eCKOoro ypaBHEHUA
— YeTbipe napbl KOMMNNEKCHO COMNPAXeHHbIX Ynucern. Ha nepegHem Liernesom
YNInoTHEHUMN LleHTpO6e)KHOl7I CTyneHu gpoccenupyeTtca gaBrieHune, pa3BnBa-
emMoe CTyneHblto. 3710 oaBneHve nponopunoHanbHO KBagpaTty 4acToThbl Bpa-
L eHnA pa60qero Koneca. imeHHO Takne YyCnoBusa XxapakTtepHbl And UeHTPO-
BGEXHbIX MaLUnH. JTO OoTpaXxaeTcAa Ha (bopme YAaCTOTHbIX XapakTepuctuk —
3aBNCUMOCTEN CODCTBEHHbBIX YaCcTOT OT 4acTOThbI BpalleHuna poTopa. B atom
cny4vae nepenag gaBleHUA nepecraet ObITb HE3ABNCUMbIM BHELUHUM BO3-

JencTemeM, OH CBHA3aH [LOMNOSTHUTEMbHbIM COOTHOLUEHNEM Apo =B0)2. B

pesynbTaTe, BHELWHMM BO3AENCTBUEM ABMSAETCA TOMbKO YacToTa BpalleHus,
a adhpeKT caMoyKeCTOHYEeHUs poTopa yCunmBaeTcs.

BbiHy>XOeHHbIE COBMECTHble paguarnbHO-yrnoBble konebaHusa poTtopa
npu NOCTOSAHHOM nepenage AaBneHus Ha YNIOTHEHMAX OMNUChIBAOTCH ypas-
HeHuamm [10]

ayii + ayti + ayu F i ajy + aku o — (oc'ze + age)(oi

2 tiot ,

€ N
byB-+by0+ by0 5 i(40+ b4 ko + (Bt — By Jo ¥
Ti( Byt Bsu+ o) = (14 ) @7 =(14) @

. * *
ii(a4c9+a59—ao6’) =0*d =0’ ‘a

tict

*
7le

Monb3ysAck CTaHOAPTHLIMM NpPOrpaMmMaMu, MOXHO Cpasy HaxoauTb “UC-
NeHHoe pelleHe aTUX ypaBHeHui. Mocne nepexoda k 6e3pasmepHbIM Ya-
ctoTaM ® = ®/Q,, ¥ BBOAA psia 06O3HAYEHUN, YPaBHEHWSI MPUHUMAIOT

BUA
(U +i%y )ii+(Upy +i02) 0 = Adr’s
(U21 +iV21)17+(U22 +iV22)5=1'52.

3necb Uyy +iV), Uy +iVp, — COBCTBEHHbIE ONepaTopbl HE3aBUCUMbIX pa-

AnanbHbIX 1 YIMoBbIX KonebaHuin COOTBETCTBEHHO. [lepekpecTHbie onepa-
Topbl Ujy +iVy, Uy +iV,; XapakTepusyloT BMUsHME YrMoBbIX KonebaHuii

Ha pagualbHble U HaO60pOT, T.€. B3aMMOCBS3aHHOCTb 3TUX KonebaHun.

M3 cuctemsl HeoaHOPOAHbIX anre6pa|/|qe0|<mx ypaBHeHI/IIZ nocne pdaaa
npeo6pasoBaHV|17| nony4yunMm amnnutyabl 1 CbaSbI, Bblpa>KeHHbIE€ 4Yepe3 BHEeLl-
H1e BO3MYLLUEeHUA:

2 2
_ &2 (AUy —TUy) +(AVp -TVy )"
U +v} ’

<
N
|

2 2
2 |(CU — AUy )" +(THh AV )

0 = :
Ug +V¢

a
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0, = —arctg (AUy —TUy )Vo = (AVp —T¥15) U |
! (AU —TUy )Ug +(AVay =T )Wy
(FUH _AU21)V0 _(FVII _AVzl)Uo )
(FUH _AUzl)UO +(FVII _AVZI)VO

@, =—arctg

Monb3ysack nony4eHHbIMU hopmMynamMmu, MOXHO NOCTPOUTL aMMNUTYAHbIE
YaCTOTHblE XapaKTEPUCTUKM KaK OTHOLUEHMS aMnauTyd COOTBETCTBYHOLLMX
konebaHun K amnMTygam BHELLHUX BO3OY)XOEHWI.

OTnnuus 3akoHOMepHoCTen konebaHuin poTopa B LUENeBbIX YNIOTHEHU-
AX OT ero konebaHuin B Bo3ayxe 00ycrnoBrneHbl AeNCTBUEM rMAPOAMHAMMUYE-
CKUX CWI, BO3HUKAKOLLMX B LUeneBblX ynnoTHeHusx. Cuna uHepumm n cuna
BA3KOrO COMPOTUBIEHUS YMEHbLLLAIOT, a rMpocKonuyeckas cuna n cuna rma-
pOCTaTUYECKON XKECTKOCTU YBENMYMBAKOT MOAYNN COOCTBEHHbIX YaCTOT.

YBenuyeHne cobCTBEHHbLIX YacTOT MPOMOPLMOHANbHO KOPHIO KBadpaT-
HOMY 13 APOCCENUPYEMOro Ha ynroTHEHUsIX Nepenaja AaBneHus n 3aBucuT
OT KOHYCHOCTU KONbLEBOro Apoccenupytowiero 3asopa. [ns TUNoBbIX KOH-
CTPYKUMIN LEeHTPOBEXHbIX HACOCOB COBCTBEHHbIE YacTOTbl POTOPOB B YMMOT-
HEHUSX C KOH(Y30pPHbIM (60 :0,3) KaHanom B 2 — 4 pa3sa Gonblue, Yem B

andy30pHbIX (60 =—0,3) ynnotHeHusx. MNepenag gasnexusa 1,5 MlMa Ha

KOH(pY30pHBIX YNIOTHEHNSX 0BecneyYnBaeT NOYTU TPEXKPATHOE yBENUYEHNE
COOCTBEHHOM 4YacTOoThl poTOpa. ATUM NOATBEPXKOAETCH BO3MOXHOCTbL U adh-
(PEKTUBHOCTL OOHOBPEMEHHOIrO MCMOJIb30BaHUS LUENEBbLIX YNMOTHEHUA B
KayecTBe rMapocTaTUYEeCKUX Omnop, a 3HaunT, NePCNEKTUBHOCTbL KOHCTPYKLIMIA
HacocoB 6e3 BbIHOCHbIX MacCnsiHbIX MOALUMMHUKOB.

LinpkynsumoHHast cuna, 3aBucslas OT 4acToTbl BpalLEHWsl, He BrusieT
Ha BENUYMHY COOCTBEHHbLIX YaCTOT, HO YMEHbLUaeT MoAyMb yOEeNbHOro Ko-
acpduumneHTa gemndupoBaHMa U SBMASIETCA OCHOBHLIM LeCcTabunmanpyto-
WmM ¢hakTopoM, NpMBOAUT K NoTepe yCTOMYMBOCTU CBODOAHBLIX KonebaHun.
LinpkynaumoHHast cuna nponopumoHanbHa KoauLMeHTY 3akpyTKM NnoToka
B KOJIbLLEBOM KaHarne, No3ToMy noAaBfieHMe 3akpyTkU paclumpsieT obnactb
YCTOM4YMBOCTM poTopa.

MopoanHamuyeckas auccunaTMBHAsi cuna 3aBUMCUT OT KOHYCHOCTU Ka-
Hana u B andy3opHOM kaHane MOXeT MEHSTb 3HaK, NpeBpaLLascb B CUy
OTpULaTENBLHOrO COMPOTMBIIEHMS, T.€. SIBMNSIETCS €lle OAHUM AecTabununsu-
pyloLLMM dhakTopom. B oTnnume oT LMPKYNSLMOHHOM CUIbl, 06YCNOBNEHHOWN
CcOBCTBEHHBIM BpalLeHNeM poTopa, AMCCUNaTMBHas cuina He 3aBUCUT OT
4acToTbl BpaLLEHUst U MOXET CTaHOBUTLCS OTpuLATENbHOM B OTCYTCTBUE
BpaweHus. Taknum obpasom, B ynrnoTHEHUSAX ¢ Andy30pHBIMU KaHanamm
Jaxe HeBpaLLalLNNCa poToOp MOXET BbIXOAWUTb 3a rpaHuuy konebaTenbHom
YCTOMYUBOCTU.

BbiBoabl. Ha ocHOBaHUM McCneaoBaHUs TMAPOMEXaHUYECKOW MOAEenu
pOTOp — LEneBble YNIOTHEHWUsI MOMyYeHbl aHanUTUYeCKne 3aBUCUMOCTM,
onucbiBalLLne pagmarnbHO - yrrosble KoniebaHmsa potopa.

CunoBble KO3(hUUMEHTbI LLEneBbiX YNIOTHEHUIN ONPEAENnsTCs reo-
MeTpU4eCKnMmM (3a3op, paguyc, AMHa, KOHYCHOCTb, hopmMa BXOAHBLIX Kpo-

105



MOK) U 3KCnIyaTauuoHHbIMK (Nepenas AaBheHusl, Auana3oH pabounx ya-
CTOT BpaLleHusi, u3nYeckme CBOWCTBA NepekayrBaemoi cpeabl) napamert-
pamu. LleneHanpaBrneHHbIM BbIGOPOM 3TUX MapamMeTpoB MOXHO BIMSITb Ha
BMOpaLMOHHOE COCTOsIHME POTOpa M MalUUHbI B LIENOM.

BaxkHOM 0COBEHHOCTBIO LLEHTPOBEXHBIX MaLUMH SBMAETCA TO, YTO ApOC-
cenupyemble Ha LLEeNeBbIX YNNOTHEHMAX nepenaabl AaBreHuss NponopLmo-
HanbHbl YacToTe BpalleHust potopa. OTUM oBycroBreH ahdeKT caMoyxe-
CTOMEHUs1 poTopa, NMPUBOAALLMA K TOMY, YTO B BOMbLUMHCTBE Cry4yaes Kpu-
TUYECKME YaCTOTbl OTCYTCTBYIOT. CaMOYXXEeCTOYEHNE YCUNUBAETCS TMPOCKO-
MUYECKUMU MOMEHTAMM LLENeBbIX YNMOTHEHWIR, a AN POTOPOB OWUCKOBOM
KOHCTPYKLIUM — FMPOCKOMMUYECKUM MOMEHTOM AucKa.

370 0COBGEHHO BaXHO AN MAlUMH C BbLICOKMMMK MapameTpamu. Hanpu-
Mep, B KOCMUYECKOW TeXHWKe, e BbICOKME 4acToTbl BpalleHWs Bana U
YNrnoTHsemMoe AaBneHue Heobxoaumo obecrneumBatb B coveTaHum ¢ TpeGo-
BaHWEM MUHUMU3NPOBATb Maccy v rabapuTel arperaTa. To eCTb U3Ha4arnbHO
«TUBKUN» B OMHAMUYECKOM CMbICIe POTOp B COYMETaHUM C NPaBUIIbHO Chpo-
€KTUPOBaHHbLIMMW YNIOTHEHUSIMM CTAHOBUTCS «KECTKUMY.

0ns pelleHVss 3agad O COBMECTHbIX paguaribHO-YroBbIX KorebaHusx
poTopa C y4eTOM BCEX rMaApOaAMHaMUYECKUX CUIT M MOMEHTOB, BO3HUKAKOLLIMX
B LUENEeBbIX YMNMOTHEHUSX, NepPCNeKTUBHLIM ABMNAETCA WCMONb3oBaHUE YuC-
NEHHbIX MEeTOLOB.
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YOK 621.01:62-251:62-762

C.C. lllegyeHko, KaHO. MeXxH. HayK

MOAENb | PO3PAXYHOK MNAPOMEXAHIYHOI CUCTEMU
POTOP - LUUJTNHHI YWWINTbHEHHA

MobynoBaHo mopenb rigpomMexaHi4YHOi CUCTEMM POTOP - LWINMWUHHI YLiNbHEHHS,
moaeni oAHOAUCKOBUX POTOpPIB, po3paxyHKOBa CXeMa LWiMMHHOIO YLiNbHEeHHsA 3
pyxomoro BTynkorw. OTpMMaHO aHaniTU4Hi 3anexXxHoCTi Ans po3paxyHKy AMHaMIYHUX
XapaKTepUCTUK rMApOMeExXaHiYHoi CUCTEMM, LLO OMUCYHTb pagianbHO - KyTOBI
KONMBaHHA poTopa BiALEHTPOBOI MAWMWHM B LWIMWUHHUX YllinbHEHHAX. OTpumaHi
BUpa3uv AnA nobyaoBu amnniTyaHuX i pasoBUX YaCTOTHUX XapaKTePUCTUK.

Knroyoei cnoea: mamemamuyHa mModernb, 2i0pomexaHiyHa cucmema; padiaribHO —
Kymo8i KOfu8aHHsI;, 4acmomHi xapakmepucmuku.

Y BigUEHTPOBUX MaLLUHAX eHeprito 06'eMHMX BTpaT Yepes LifnHHI yLLi-
NbHEHHSA MOXXHA NEPETBOPUTU B KOPUCHY EHEPTIt0, SKLLO X BUKOPUCTOBYBATH
OfHOYaCHO §K rigpocTaTW4Hi onopu, 34aTHi CTBOPHOBATU HE TiNbKW BEMUKY
pagianbHy XKOPCTKICTb, a N epekTMBHO AemnditoBaTh KonmMBaHHA poTtopa. Mo-
Aernb AUHaMIYHOT CUCTEMU POTOP — LUIMMHHI YLLiNbHEHHs1 NoKa3aHa Ha puc. 1.

YulinbHeHHs Ta B S > [Apocenb
o ple, 2) F,M

X XKOPCTKICTb

\ 4

A

< Potop [—————a
X, ¥, 9 By, Bp(w) ¢ .
Tw

Puc. 1 — Moagenb AMHaMi4YHOI CUCTEMU POTOP — LWINMHHI YLWiNnbHEHHSA
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PO3ITIF|HyTVIl7I POTOp B LLiNTMHHUX yUJ,iJ'IbHeHHFlX € KonumealibHOK CUCTEMOK
BOCbMOro nopAaaKy 3 YoTupma ysaralibHeHUMU KoopanHaTaMmun: uxauyaexaey

BumywieHi cninbHi pagianbHO-KYTOBI KONIMBaHHA poTopa npu NOCTiMHOMY
nepenagi TUCKY Ha YLiNIbHEHHSX ONMUCYHTLCS PIBHAHHAMM:

ayii + ayti + azu F i@y + aku o — (OL'26 + age)(oi

*

? a

* +7,
a = a)2 tiot

¢i(a49+a50—a09) = e

b0+by0+by0F i(bﬁ;é +b§6)o)+ (Bhi —Biu)oF

tiot
e .

(i + P+ ) = (o) @ = (1) @2 |y

KopucTytoumchb cTaHgapTHMMKM NporpaMaMy, MOXHa Bigpasy 3HaxoauTu
YMCIOBI PO3B’A3KM LMX PiBHAHb. [licns nepexogy A0 6e3p0o3MipHMX YacToT

® = 0/Qy i BBEAEHHSA pAdY NosHayeHb, PIBHAHHSA NPUIAMalOTL BUMMA4:

Uy +iWy )i+ (Upy +iV15) 6 = AG*;
(U21 +Z'V21)l7+(U22 +Z'V22)6=F62.

Tyt Uy +iVyy, Uy +iVyy — BRacHi onepaTopn HesanexHux papgianbHux i
KyTOBUX KONMBaHb BignoBigHO.

MepexpecHi onepatopu Uiz +iV12, Uy +iV31 xapaktepusytoTs BRnve Ky-
TOBUX KONMMBaHb Ha pagianbHi i pagianbHUX Ha KyTOBi, TOGTO B3aEMOMNOB'si3a-

HICTb LIMX KOMMBaHb. |3 cucteMn HeoQHOPIAHMX PiBHSHb MNiCNs HU3KN NEpPeTBO-
PEHb OTPMMAEMO aMNAiTyam i hasm, BUpaXKeHi Yepes 30BHILLHI 30YO)KEHHS:

u, =0

2 2
2 [(AUxp ~TU )" +(AVy ~TV, )"
U§+V02 '

2 2
2 |(CUL — AUy )" +(TV - Ay )

6, = :

‘ U2 + 12
o :_arctg(AUzz—FU12)V0—(AV22—FV12)U0_
! (AUyp —TU1 )Ug +(AVyy ~TV2) Vg
(p‘g:_arctg(rUll_AU21)V0_(FVII_AV21)U0
(CU =AU, )Ug +(DViy = AV )V
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KopucTytoumcb oTpMMaHumm dopmMmynamm, MoxHa nobygysaTtn amnnity-
OHi YacTOTHI XapaKTepUCTUKN AK BiAHOLLIEHHS amMnniTyd BignoBigHMX KOMW-
BaHb [0 amnniTy4 30BHIiWHiX 30ymxkeHb. BigMiHHOCTI 3akOHOMipHOCTEN Ko-
nMBaHb PoTOpa B LUIMIMHHMX YLWINbHEHHAX Bif MOro KonvBaHb B NOBITPi 00y-
MOBMEHI Ji€to rigpoanHaMiYHMX CUM, WO BMHUKAKOTb B LWIMMHHUX YLiNbHEH-
HAX. CunoBi KOediLieHTU LWiNMHHMX YWiNbHEHb BU3HAYalOTLCA reoMeTpuy-
HUMK (3a30p, padiyc, OOBXWHA, KOHYCHICTb, (bopMa BXiOHUX KPOMOK) i eKc-
nnyaTtauinHumun (nepenag TUCKyY, Aianas3oH poboynx 4YactoT obepTaHHs, di-
3M4HI BNACTMBOCTI CepeaoBULLa, LLO nepekayvyeTbes) napametpamu. Llinec-
npsiMoBaHMM BUOOPOM LMX napameTpiB MOXHa BNAvMBaTW Ha BibpauinHui
CTaH poTopa i MawnHW B LifoMy.

UDC 621.01:62-251:62-762

S.S. Shevchenko, PhD (Tech.)

MODEL AND CALCULATION OF THE HYDROMECHANICAL
SYSTEM ROTOR - GROOVE SEALS

A model of a hydromechanical system rotor — groove seals, models of single-
disk rotors and a design diagram of groove seal with a movable sleeve have been
built. Analytical relationships are obtained for computing the dynamic characteris-
tics of the hydromechanical system, describing the radial - angular vibrations of the
centrifugal machine rotor in groove seals. Expressions for computing amplitude and
phase frequency characteristics are obtained.

Keywords: mathematical model; hydromechanical system; radial - angular vibrations;
frequency characteristics.

In centrifugal machines, the energy of leakages through groove seals can
be converted into useful energy if they are used simultaneously as hydro-
static bearings capable of not only having high radial stiffness, but also ef-
fectively damping rotor vibrations. A simplified block diagram of the rotor —
groove seals system is shown in the Fig. 1.

H, 9, w Q
i >
Seals and their Flow in the gap
i , Z F,M
stiffness N plo, 2)
< Rotor [———a
%, ¥, S 8y, Ap(w) ) v

.

Fig.1 — Model of hydromechanical system rotor — groove seals

The considered rotor in groove seals is an oscillatory system of the
eighth order with four generalized coordinates uy,u,,6,,0,,. Forced joint
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radial-angular oscillations of the rotor at a constant pressure drop across the
seals are described by the equations:

ayii + ayti + azu F i@y + aku Jo — (a'26 + age)m

*

: . .
ii(a4z9+a50—a09)=a)2a = o’ |a |,

by-+ b+ b0 (b0 + b0k + (B — B o7
Fi( Byt + Psu+ fou) = (1o ) o’y = (l-jo)a)z ‘y*‘eii“’t,

Using standard programs, we can immediately find a numerical solution
to these equations. After switching to dimensionless frequencies ® = &/Q,,o

and introducing a number of designations, the equations take the form:
(Ull +l.V11)l;+(U12 +1V12)9~ = Aa_)z,

(U21 +iV21)l7+(U22 +iV22)€ =F62.

Here Uy +iV;1, Uy, +iV,, are the eigenoperators of independent radial
and angular vibrations, respectively. Cross operators U, +iV,, U, +iV5

characterize the effect of angular vibrations on radial ones and radial vibra-
tions on angular ones respectively, i.e. the interconnectedness of these fluc-
tuations. From the system of inhomogeneous algebraic equations, after a
series of transformations, we obtain the amplitudes and phases expressed
through external perturbations:

Q|

l/la:

2 2
2 [(AUxp ~TU )" +(AVy ~TV, )
U§+V02 '

2 2
g — g2 [TV —AUu ) +(T7 —AVy )"
¢ U+ ’

4 = arcig (AUp, —TUpp )Wy —(AVyy —-TH5) Uy
! (AUy =TU )Ug +(AVyy =TH2) Vg

g = —arctg (CUL = AU, Vo =TV — AV U
’ (CU =AUy U + TV = AV Wy

Using the obtained formulas, it is possible to construct the amplitude fre-
quency characteristics as the ratio of the amplitudes of the corresponding
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oscillations to the amplitudes of external excitations. Differences in the pat-
terns of rotor oscillations in groove seals from its oscillations in air are due to
the action of hydrodynamic forces arising in groove seals. Force coefficients
of groove seals are determined by geometric (clearance, radius, length, ta-
per, shape of the input edges) and operational (pressure drop, operating
speed range, physical properties of the pumped medium) parameters. A
purposeful choice of these parameters can influence the vibration state of
the rotor and the machine as a whole.
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VIBRATIONS OF A LONGITUDINALLY STIFFENED,
LIQUID-FILLED CYLINDRICAL SHELL IN LIQUID

In the paper we study free vibrations of a longitudinally stiffened, viscous liquid-
filled orthotropic cylindrical shell in ideal liquid. The Navier — Stokes linearized
equation is used to describe the motion of the internal viscous liquid, the motion of
the external liquid is described by a wave equation written in the potential by
perturbed velocity. Frequency equation of a longitudinally stiffened orthotropic,
viscous liquid-contacting cylindrical shell is obtained on the basis of the Hamilton —
Ostrogradsky principle of stationarity of action. Characteristic curves of dependence
are constructed.

Keywords: free vibrations; shell; ideal liquid; viscous liquid; stress; stiffening;
variational principle.

Introduction. In [1], free vibration of an orthotropic, soil-contacting
cylindrical shell inhomogeneous in thickness and stiffened with annular ribs,
is studied. Using the Hamilton — Ostrogradsky variational principle, a system
of equations of motion of a soil-contacting orthotropic cylindrical shell
inhomogeneous in thickness and stiffened with annular ribs, is constructed.
To account for heterogeneity of the shell material in thickness it is accepted
that the Young modulus and the shell material density are the functions of
normal coordinate. Using the Hamilton — Ostrogradsky variational principle
the frequency equations are structured and implemented numerically. In the
calculation process, linear and parabolic laws are accepted for the
heterogeneity function. The characteristic curves of dependence are
constructed.

The paper [5] was devoted to investigation of one of the dynamical
strength characteristics, the frequency of natural vibrations of an
inhomogeneous orthotropic, flowing liquid-filled cylindrical shell made of a
fiberglass and stiffened with annular ribs under Navier conditions. The
results of calculations of natural frequency of vibrations were represented in
the form of dependence of the speed of flowing liquid on the amount of
stiffening elements for different values of wave formation parameters and
different ratios of elasticity module.

The paper [6] represents the results of finding the frequencies of free
vibrations of a structurally anisotropic flowing liquid-filled cylindrical shell
made of a fiberglass and stiffened with annular ribs under Navier boundary
conditions. The results of calculations of natural frequencies of vibrations are
given in the form of dependences on the winging angle of the fiberglass for a
shell made of a tissue fiberglass and on the speed of flowing liquid for

© N. |. Alizadeh, 2020
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different values of wave formation parameters and various ratios between
the parameters characterizing geometrical sizes of the shell.

The supports formed by the combination of cylindrical panels are used in
bridge construction [4]. To save the material, the interior area of the support
is filled with soil. Such supports are exposed to different nature forces. One
of such forces is a force generated on the surface of cylindrical panels that
form supports during flood flow. Under the action of these forces the support
is exposed to forced vibration. Therefore, to study the supports formed from
combination of cylindrical panels with regard to viscosity and heterogeneity
of soil, orthotropic character of panels is of great practical importance. In the
paper, based on the Hamilton — Ostrogradsky variational principle, we study
forced vibrations of a vertical retaining wall consisting of three orthotropic
cylindrical panels contacting with viscous-elastic, heterogeneous soil, obtain
analytic expressions to calculate the displacements of the points of
cylindrical panels and structure characteristically curves. Account of
heterogeneity of soil is performed by accepting its rigidity coefficients as a
function of coordinate. It is assumed that the Poisson ratio is constant.

In the paper [9] natural vibrations frequency of the system that consisting
of a solid medium-filled elastic-plastic orthotropic cylindrical shell strengthened
with discretely distributed rings established on a plane perpendicular to its
axis are studied. Utilizing the Hamilton — Ostrogradsky principle, a frequency
equation for determining vibration frequencies of the system the following
consideration was created; its roots were obtained by mathematical method.

In the paper [3] free vibrations of an orthotropic, laterally stiffened, ideal
fluid-filled cylindrical shell inhomogeneous in thickness and in circumferential
direction is studied. Using the Hamilton — Ostrogrdasky variational principle,
the systems of equations of the motion of an orthotropic, ideal fluid filled
cylindrical shell stiffened in thickness and circumference, are constructed.

Problem definition. We consider free vibrations of a longitudinally
stiffened viscous liquid-filled cylindrical shell in infinite ideal liquid (Fig. 1).

ideal liquid

\ viscous liquid

Fig.1 — Longitudinally stiffened inhomogeneous cylindrical shell
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The equation of motion of a longitudinally stiffened orthotropic, liquid-
filed cylindrical shell in liquid, is obtained on the basis of Hamilton —
Ostrogradsky principle of stationarity of action

3w =0, (1

where Wz.[;, Ildt is Hamilton’s action, ¢ and ¢" are the given arbitrary

moments of time. Here
M=dy+ Y1 4, +4,+4;. @)

where 4, is the total energy of the cylindrical shell, 4, is the total energy of
the i -th longitudinal bar, k; is the moment of longitudinal ribs, 4,, and A4;

are potential energies of external surface loads acting as viewed from ideal
and viscous liquids and applied to the shell and are determined as a work
performed by these loads when taking the system from the deformed state
to the initial undeformed one and is represented in the form:

/2
Ay =R, [ qzpwilxd® (3)

4, :_R,[OLJ.OZT[(CIx”quy9+qZW)dxd6. )

Here ¢,.q,.q. are the load intensity acting on the shell as viewed from

the viscous liquid, ¢,,, is the load intensity acting on the shell as viewed

from ideal liquid.
The expressions for 4, and 4, are of the form [2]:

hi2 - . - -
I w1 (2)d=[| {bl 1871 + 212811822 + byt + Bseis } So(x)dxdy +

[ () ﬂ{ [(&:] @?f{?:) sz(x)dxdy ?

2
1k *2 . 2. 2
zj EF( j + B, a_vzvl + B, as; +
Ox Ox

/1x1

2
i by .
+G,~Jkpl~[ d@’i‘f’j dx+ (6)

09, ¥ (ow; ' ipi [ Oupi ?
+Zp1FI[( 61‘) (atj +(Ej +Tl( ot j dx.
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In the expressions (5) and (6)

e a8 o o9
11 ax’ 22 6)/ s 12 — 8y Ox
E, ~ E ~ wE vE ~
by = - by=——=2—; bp=—T-=—E2 h=G
v, 2 1- 150%) 1- ViVa 1- ViVa

are the basic elasticity module of the homogeneous, orthotropic material of
the shell, the displacements of the shell points; p is the density of the

homogeneous shell material; fi(z), f>(x) are the inhomogeneity functions in
the direction of normal and generatrix of the shell, respectively [8], v;,v, are
the Poisson ratios; E;,E, are the Young modulus of the shell matrial in
coordinate directions of the axes x, y, respectively; & is the shell thickness;
u;,9;,w; are the displacements of the bars points used in stiffening; F; are
the areas of cross sections of the i—th bar attached to the shell in the
direction of generatrix; E”l- is an elasticity modulus when the i—th bar

attached to the cylindrical shell is stretched in the direction of the generatrix;
J,;,J, are the inertia moments of the i— th bar with respect to the axis

yi
passing through the center of gravity of the cross-section; Jkpl- are inertia
moments when the i—th bar is twisted; ¢ is time, p; is the density of the
material of the i—th bar; (pi(x),(p,(p,-(x) are the torsional angle of the bar
cross-section and through the shell displacement are expressed as follows
ow 9
Prpi () =2 (x, ;) = —(ngEj

Y=Yi
Assuming that the basic flow rate equal U and deviations from this rate

are small, we use the wave equation for disturbed velocity potential (T) with
respect to [7, 10]

5 L[2%0 ., 2% 20%]_
Adp— (& 2UR6x6t +U 6x_2 =0. (7)

To describe the motion of external viscous liquid we use the Navier —
Stokes linearized equation for viscous compressible liquid [10]:

Pm s—% =—gradp + égraddivg + uv2§ . (8)
t
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where §(S ) Se) is a vector of velocity of an arbitrary point of liquid, p

x>V
is pressure at arbitrary point of liquid, p,, is liquid density.

The expression of the total energy of the system (2), the equation of
motion of ideal liquid (7) and viscous liquid (8) are supplemented by contact
conditions. On the contact surface of a shell-ideal liquid we observe
continuity of radial velocities and pressures. The condition of impermeability
or smoothness of flow at the shell wall is of the form [10]

6&) ow ow
p=—|,ep=—| 0=—+U=||,_z. 9
r=R ar|r7R (mat ax)'iR ()

S

7

Equality of radial pressures as viewed from liquid on the shell:
qzm =_1~7|r=R' (10)

On the contact surface of a shell-viscous liquid continuity of radial
velocities and pressures is observed, i.e. for =R there will be *

ou 29 ow
9. =—,9=—7,9,=— 1
e T aT o ()
dy :_eraqy :_Greaqz =—-p (12)

where o,,,6,q are viscous forces [1].

It is considered that the rigid contact conditions between the shell and
bars are satisfied:

w;(x) = (%, ;) + by (3%, 3;), 9;(x) = 98(x, ;) + gy (x, 7)),
wi(x)zw(x,yi), (pi(x)z(pl(xayi)a (pri(x)z(pZ(xayi); hi=075h+Hi1’

where Hi1 is the distance from the i -th bar to the surface of the cylindrical
shell; 4

ow
d)i(x) :¢1(x,yi) = _a‘yzyi .

Problem solution. We represent the solution of the Navier — Stokes
equation through the scalar potential ¢ and vector potential V' in the form

S =gradd+rony. (13)

is the thickness of the i-th longitudinal bar;

Substituting (7) in (6), we get:

Pm w =—gradp + %ugraddiv\z} + EAQ. (14)
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From (13) we easily get

divd = Ad; graddiv§ = grad A¢.
Using the vector identity rotrot$ = graddiv@— AS, we can write

AS= graddiv§ — rotrotd = gradAp— rotrot.
Using (7) we find
rotrotd = rotrot(grado + rot\y) = rotrotgrad @ + rot (rotrot\T/) =—rotAv,

gmddiv\‘—) = gard (A).
Substituting these relations in the equation of motion (8) we find

Pm %(gradd)) + gradp —%ﬁgmdp —%ﬁgmdAd)—ﬁ"OlA\Tf +Ppm g’”o"f’ =0

or
oo 4 _ - oy
rad —+ p——nA¢ |+rot| —-nAy+p,, — [=0.
g (pmat P 3u¢j (uw pmat]
This equation will be satisfied if we assume
o 4_
—+p——pAdp=0; 15
Pm 5, TP 3u¢ (15)
- oy
AT +p,, =0, (16)

Thus, the particular solution of equation (8) can be obtained based on the
particular solutions (15) and (16). From (9) and (10) it can be seen that for

finding the potentials ¢ and Wy we need to know the pressure p. We

illustrate it on an example, when the liquid is viscous Newtonian. In this case
to the system of Navier — Stokes linearized equations (8) that contains five

unknowns, three components of velocity 3,,9,,9¢g, pressure p and density

p,, » we add the continuity equation aa—l:+pmdiv§ =0 and the formula closing

the system in the form Z—p:af.ln the monograph [10] after some
p
transformations the following linearized wave equation is obtained
10 4§
ax O0°t 3pma* ot

The solution of equation (11) is of the form
p :(pan (M) +coY,, (Xr))expi(kx+n9+(ot) (18)

117



where

0)2

2
A= AT —k%, 1, Y,
a?|1+i M(DZ
3pma*

are first and second kind Bessel functions of order n, where n is the
amount of waves along the circumference; k£ is a wave number or a
constant propagated phase, where k=mn/L,m is the amount of
longitudinal waves in the shell, the value ® characterizes cyclic frequency of
the wave; p is a dynamical viscosity factor; p, is liquid’s density in

unperturbed state; a« is the velocity of propagated small perturbations in
liquid; pq,cy are constants.

Assuming the function p bounded as r— oo, we find p, =0 and then
finally

P =coYy, (Ar)expi(kx +n0+or). (19)
From (15), for finding ¢ we get the equation

A¢_3P_m@
AT ot

=coY,, (Ar)expi(kx +n0+wt). (20)
The solution of the homogeneous equation (20) is of the form

o= C 1, (kr)+ CyK,, (kr),
where k = \/kz +3imp,, /41, 1, (Igr), K, (lgr) are the first and second kind

modified Bessel functions of order n, respectively; C;,C, are constants. By

means of the method of variation of constants, we can write the solution of
the equation in the form

r) = pof () + K, (kr), 21
where
A(r) = 1, (k) K}, (kr) = I, (k) K, (kr);
SO~ 1,0 [ A7 (@), (0K, (kepde + K, (b)) A7), ()1, (Re)de.
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The equation with respect to the componenets of the vector

(w1, w2 w3) is of the form Ay =Lz OV
pL ot
or
2
ZOJ
W) +— \v,(r) ( ;"” +—J\u,(r) 0. (22)

The solution of equation (22) corresponding to the problem under consi-
deration, is of the form:

v =Y, (gr) (i=12,3) (23)

here ¢ =+/k> +io/p.
Using (13), (17) and (19), for the components of velocity vector we get:

ko . . ’ .
v, = —p?pof(r)—i-lkln(kr)pl +(m/n(qr)—qJn(qr))uz}expt(loc+n9+0)t);
L m

Vo= 3 pof(r)+m] (k) -H(k——j.] (qr)u2:|expl(/oc+n9+c0t) (24)
pma*

i(D ’ i ’ . .
V= o2 pof () +kJ (k) +(qJn(qr)—tk/n(qr))uz}exm(loﬁn%w).
L Pmt*

By means of the viscosity force formula [1] we find:

_| 2ko
6 =u{ 1) po + 20k (kr )y +
pma*

J{—k(k—%)Jn (qr)+%]r', (qr) —J,;’(qr)]uz}expi(kx+n9+ ot);

Gr9=H|: Rinw 1) o+—J (kr)py +
" (25)

+(i(k —%)Jn(qr) —ikJ} (gr) +J,’l’(qr)ju2}expi(kx+n9+ ot);

G, = poJ, (Ar)expi(kx +nb+ot).
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Using contact conditions (12) and expressions (25), we find the forces
9x-4y,9. acting on the shell as viewed from viscous liquid

| 2ko g
qx=u|:_ 2f(”)P0+2’kJn(kr)H1+
Pmax

+(—k (k —%)Jn(qr) +%ZJ,’, (qr) —J,',’(qr)juz}expi (kx+nb+ot);

q. = poJ, (AR)expi(kx +nb + wt);

_ 2n® 2in
g, =H|— 5 S (R) po +—=Jp (kr)uy +
Rpma* R

(26)
+[i(k —%)Jn (gr)—ikJ, (qr)+ J,’,’(qr)juz}expi(kx +n0+wr).

We will look for the displacements of the shell points in the form
U =ugyy, expi(ke +nb+wt) ; §=80k,1 expi(kx +nb+ wt) (27)

W= Wy, expi(kx +nb+or) .

Here ugy,,, S, > Wor, are unknown constants.

Contact conditions (11) imply a system of algebraic equations with respect to
unknown constants  pg, L, Mo, Ugk, > Yok Woin-  THiS sSystem  allows to

express the constants and u, by the constants u,,,8,, wor, - Then we
get:

Pmax

¢, =HioA™! H_i@z F'(R) Ay +2ikJ ) (kR)A;» +£—k[k —%) x

in o, "
XJn(qR)JrEJn(qR)—Jn(qR)jAls)L‘Okn +

Pt

J{— 2RO 1 RYAy + 20T (kR)A gy + Sgps + (28)

+[_ 2’“*’2 SRy +2ikT;, (kR) A3, + [—k[k —%) Ju(qR)+

pma*
+%J,’, (qR)—J,’,’(qR))A”)kan }expi(kx +n0+ot);
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q, :ﬁimAll( 21“”2 f(R)A11+2R J! (kR)A12+[ (k——)

pma*

ko
XJn(qR)—ikJ,Q(qR)JrJ;Z'(qR))Als)Mwm+(— : 5 [ (R)Ay +

pma*

+2%J (kR)A; +[ (k——JJ (qR)—ikJ, (qR)+J”((1R)jAz3]90kn

+(_ iﬂ(})zf(R)ASI_i_%J (kR)A32+( (k_ j‘]n(qR)
ma*

—ikJ! (qR)+ J,'l’(qR))A33)w0knJexpi(kx +n0+ot);

0. =, OMR)iOA™ (Aq g, + A S0k, + A3 Wop ) expi (fx + 10+ oot),

where A is the main determinant, Asp(s,p=l,2,3) are auxiliary

determinants of this system. These determinants are given in [6].
We can calculate the work performed by these loads when taking the
system from the deformed state to the initial undeformed state.

o1 Ll .
A_:Zul(DA (e’kl—l) 02 —1|ef {{ kaf(R)A11+2l/fJ (kR)A, +

/ nk poag

n in 12 "
+ (—k(k—EjJn (qR)"‘EJn (gR) _Jn(qR)jAl3:|u3kn +

4{_ 2nm f(R)A21+2R J! (kR)Azz‘{ [k——jJ (gR) —ikJ}, (gR) +

poa*
" 2 1 2 _ 2ko
+J7(qR)) Ay |95k +J, ORI A wip,, + > [ (R)Ay; + (29)
P

+2ikJ, (kR) Ay +(—k (k —%jJn(qR) +%J{1 (gR)—J, IJ(qR)jAB -

20 f(R)AmZR J, (kR>A12+( (k——jJ (qR)—ikJ},(qR)
pma*

" 2kw
+J5/(qR)) A3 Jttgjn Son {— 5 [ (R)A31 +2ik];, (kR) A3 +

P e
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+[ k k—— T (qR>+ 2 IiaR)- J"(qR)]A33+J (LRI g Jtgt oin +

2nm 2in
{ 5 ['(R)As3 =22 n(qR)Asy +
Rpma* R

+ k—— J(qR) —ikJ,, (CIR)+J"((IR)JA33+J (AR)E™ AZI:I}SOknWOkn'

We look for the perturbed velocities potential ¢ in the form:

O(x,7,0,¢) = f(r)expi(kx+nb+wr). (30)
Using (30), from equation (7) we have [10]:
= ow ow
=— —+U—|, 31
b="0a ( o ax) 1)
- *w *w D) o%w
= % +2U , 32
p (P()U’lp [atz Raxat axz ( )
where
KBy
K, (BR)
(pOU’l = ]\],LBF), M‘l >1
N, (BR)
n
L M =1
anfl
Here
ay =YEORE 2 g2 M B =R (P - DK,
o

is a second kind n -th order modified Bessel function; N, are n-th order

Neumann functions; p«is density of liquid.
Proceeding from condition (10), using (32) we have

2 2 2
. =¢anp*[a Wy W 20 W], (33)

o2 Roxot o2

where @q; =gy | =R -
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We can calculate the work performed by g, when taking the system from

the deformed state to the initial under formed state
2RQ,,p* ( i i
A, =—“’an (e”d —1)(1—el"“)(m2 +2Ukm+k2U2).
n

Substitute approximation (27) in functional 1 (2) and considering that in
this functional x; =0, x, =1, y; =0, y, =2n, ¢'=0, {"=n/w, we integrate
with respect to x,y and ¢. Then instead of the functional 11 we get the
function W of the required values ug,,,So1,> Wor,- The stationary value of
the obtained function is determined by the following system of equations:

W _o. W _o W _y (34)
Oy 0%0kn OWokn

Or

. 27
- % : - > i
{_jll(kzbn * nR266JST(l_emn)_zwz(p'S'TJrL apiFisin’ ne,-)+

sl .
+w(61k1 —1)(e’”” _1) Zko 5 S (R)Ayy +2ikT}, (KR) Ay +
nk Poa*

+(—k(k—%jJn (qR)+%J,;(qR)—JZ(qR)JA13}+

+£ZEI'F;'k2 Sil’lz nel_ Uopn + 4l nkblz _b6 ST(I —emn) +
2 part n R
Sl
N 4fioA (elkl 1)(e ikl -1 2k®f (R)Ayy +2ikJ,, (kR)Ayy +
nk pa*

n in " " 2}’!_(,0 !

’{_k(k__J J, (qR)+—J} (qR)—J (qR)jA23 - 5 S (R)A +
R R Rpma*

+2l—nJ' n(KR)A +( (k——jJ (qR)—ikJ, (qR)+J”(€1R)jA13}} Sosm +

n nk

+{ 4lkb12 ST( mn) 4Hi“)A_1 (eikl _1) (einn —I)X

{ 2o 5 S (R)Azy +2ik], (kR)A3, J{ (k—%jJn(qRH%Jé(qR)—

Pm a*

—J3(qR)) As3 | wop, =0; (35)
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{ 2k > S '(R)Ay, +2ik, (kR)A22+( k(k—ﬁ)Jn(qR)+
pma* R

2n® 2in
5 [ (R)A +— F: Jp(kR)A, +

ln ’ n
+—Jy (qR)—Jn(qR)jAB -
R pma*

+(i[k —%)Jn (qR) —ikJ, (qR)+ Jr'z'(qR)JAw :|}”0kn +

+{ 41["}:’22 +k b66]ST(1 ""‘)+—4w;’°kAl (e""’—l)(e"”“—1)x

n

><|:— 2nm f(R)A21+—J (kR)A», +[ (k——)J (qR)—ikJ; (qR) +

Rpma*
+J”(61R))A23+ Z lepl k? cos® n6; — [p S- T+LZplFs1n no; ]+

i=1

J i €OS” 10;
+sz1F COS ne +lzplkpl—] SOkn+{SInb22 ST( mrr)><
R

i=1 i=1 R?
2no 2in dfioA™" .
——— [ (R)A3 +=22; (kR)A32“_( ) (& 1) x
poa* R nk
mp;J i €08 nb; 1,G;J,
[ ZLZ Pi kpz _z kpl k2m0052 o, +
l 1

+(i(k ‘Ej Jn(gR) =ik (qR>+J,;'<qR>jA33 Ty RO gy [ g = 0:

{ 41;22 ST(I ””‘) ‘minLch_l(eikl—l)(ei”"—l){ pZ::)* S (R)Az +

+2i/c],’l(kR)A32+(—k(k— jJ (qR)+ J (gR)— J"(qR)jA33+

4b,,

__ 4ftioA™!
+Jn(}\.R)},l 1A31]}u0kn+{—R—ST( - 1nn)+}~1~— X

nk
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2

X(eikl_l)(einn_l) 20w f(R)A31+2’_”J (kR)A3, —
Rp,, ax

ky Jkpl cos® nb,

) ZZ

GJkpl 2

cos ne +

als
l 1
+(i[k—%}/n (qR) =i (qR)+J;;(qR)]A33 +J, (RO 8 180+

_4ib s Am0A™! ‘ T
[ om0 2 -
nR n
k kg, - cos’ nn’
—w’ [5'S'T+LZPiFi sin” 10 +szikpl—21 Wokn =0
i=1 =l R

1 chi2 ! i
where S :ELh/zfl(z)dZ’ T= IO "™ 1 (x)dx.

Since the system (35) is a homogeneous algebraic system of linear
equations, the necessary and sufficient condition for the existence of its
nonzero solution is the equality of its main determinant to zero. As a result
we get the following frequency equation

On P P
Dy Py P =0, (36)
Dy Py Py

where ¢, (i, j =1,2,3) are the coefficients for the unknowns uy,, 84> Worn

in the system.

Conclusions.Equation (36) was calculated by the numerical method.
The parameters contained in the solution of the problem are:

by, =18,3HPa; by =2,77HPa; by, =25,2HPa; bgg =3,5HPa;

o=p;=1,85.10° 2 et £, =6,67-10° 2;v1=v2=0,35;ao:1450ﬂ;
sec

4 H -3 -
Pp=110"—; a=0,4; h=0,45-10"m =3; m=1;, R=16m;

!
m? "R
n=8 F=5210"°m" I;,;=02310""m* I,=5110"m"

o =1,3mm fl(z)—l—i-oc fz(x)—l—i-ﬁ—
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The results of calculations were given in Fig. 2 in the form of the
dependence of frequency paramater U/a,. On the amount of stiffening
longitudinal bars k; on the shell surface, in Fig. 3. in the form of dependence
of the frequency parameter on inhomogeneity parameter in the direction of
the generatrix B of the shell, in Fig. 4 in the form of dependence of the

frequency parameter on the liquid flow rate U . In the figures, the dotted
lines correspond to vibrations of a longitudinally stiffened viscous liquid-filled
cylindrical shell in infinite ideal liquid, the solid lines correspond to vibrations
of a longitudinally stiffened cylindrical shell in an infinite ideal liquid.

2} =175
E
B Ula, =010

»

T 1 T T ks LA
5 10 15 20

Fig. 2 — Dependence of the frequency parameter
on the amount of longitudinal ribs kl.

0:55 =

s A F S e T

035 2
U/a,=0,10

v

0.2 0.4 0.6 0.8 1.0 ‘B

Fig. 3 — Dependence of the frequnecy parameter
on the inhomogeneity parametr 3 in the longitudinal direction
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0.4 0.8 1.0 0.20

Fig. 4 — Dependence of the frequnecy parameter
on liquid flow rate
From the figures it can be seen that availability of viscous liquid leads to
decrease in the value of natural frequency vibrations of the system
compared to the frequency of vibrations of the system with any liquid. As can
be seen from Fig. 2 with increasing the amount of longitudinal ribs, the value
of the frequency parameter increases. As the inhomogeneity parameter
increases in the direction of the generatrix of the shell 3, as can be seen

from Fig. 3 the value of the frequency parameter increases. Furthermore, the
value of the frequency parameter increases with increasing orthotropic
properties of the cylindrical shell, and decreases with increasing the liquid
flow rate (Fig. 4).
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YK 539.3
H. I. Anizade

KOJIMBAHHSA B PIAWHI MO300BXHbLO NIAKPINNEHOI
UMnIHAPU4YHOI OBOJIOHKW, LLO 3ANMOBHEHA
B’A3KOKO PIAMHOIO

DocnigpkeHo BiNbHi KONMMBaHHA B igeanbHin piavMHI NO340BXHLO 3MiLHEHOI
OpPTOTPONHOI LMNIHAPUYHOI 0GONOHKMY, Lo 3anoBHEHa B'A3KOK0 piauHoto. [ina onucy
PyXy BHYTPIWHbLOI B'A3KOI PiAUHM BUKOPUCTOBYETLCA NiHeapu3oBaHe PiBHAHHA
HaB'e — CTtoKca, pyx 30BHilUHbOI PiAWHM OMUCYETLCA XBUNLOBUM PiBHAHHAM,
3anucaHyMM B noTeHuiani o6ypeHoi wBuakocTi. Ha ocHoBI NnpuHUMNY cTauioHapHOCTI
apii FaminbToHa — OcCTporpaacbKoro OTPUMMaHO 4YaCTOTHE PiBHSAHHA MO300BXHbLO
NiAKpIiNNeHoi OPTOTPOMHOI LMNIHAPUYHOI OGONMOHKU 3 3B'A3KOK pPiAMHON, LWO

KOHTaKTYye 3 ifleanbHo piavHoto. MobyaoBaHO XxapaKTepHi KpUBI 3anexHoCTeN.

Knroyoei cnioea: sinbHi KonueaHHsi;, 0boroHKka; ideanbHa piduHa; e'a3ka piduHa;
HarnpyXeHHsI; )XOpcmkicmb; apiauitiHul npuHyUr.

Posarnsgaemo BinbHi KONMBaHHSA B igearnbHin pignHi No3goBXHBO 3MiLHEHOT
OPTOTPOMHOI  LUMAIHAPUYHOI OBOMOHKM, 3anoOBHEHOI B'A3KOI  PigUHOM.
PiBHAHHA pyxy B pigvHi OpTOTPONHOI OGOMOHKW, 3amnOBHEHOI PiAVHOM,
OTPMMaHO Ha OCHOBI NpUHUMMY CcTauioHapHocTi fAii aminbToHa —
OcTporpagcbkoro

"

e W =.[; I1dt — pis 3a FaminbToHoM; ¢’ i t" — 3apgaHi 4OBINbHI MOMEHTH

k, . . .
yacy; II=4, +Zl_]:1 A +A4, +Aj. ; Ao — 3aranbHa eHepria UuniHAPUYHOI

000noHKY; An — 3aranbHa eHepriﬂ i-r0 NO340BXHbLOro pe6pa; k1 — MOMEHT

No3a0BXHix pebep; A i A/ — MOTEHLiNHI eHeprii 30BHILLHIX NOBEPXHEBUX

m

HaBaHTaXeHb Bi4 igeanbHUX | B'A3KMX piguH, 9K NpuknagawTbes [0
00OMOHKM | BM3HA4YalOTbCs K pobOoTa, BUMKOHAHA LMMU HaBaHTaXXEHHAMU
npu nepeBedeHHi cuctemun 3 AedopMoBaHOrO CTaHy B MOYaTKOBUMA
HegedOopMOBaHUK, | NpeacTaBNsAeTbCA Y BUrNAAI

4, = —RJ.é Oznqzmwdxdﬁ, 4; = —RL)L jozn(qxu +q,9+ qzw) dxd®.
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TYT q.,q,,q, — iHTEHCUBHICTb HABaHTaXeHHs, WO Ai€ Ha 0BOMNOHKY 3 BoKy

B’A3KOT PiAWHK, ¢ _ — IHTEHCMBHICTb HaBaHTAXEHHS, sIKe Aie Ha OBOMOHKY 3

OoKy igeanbHOT pignHn.

Ona onucy pyxy BHYTPIWHBOI B'A3KOI PiAUHW BUKOPUCTOBYETLCHA
niHeapmsoBaHe piBHAHHA HaB'e — CTokca, pyx 30BHIWHBLOI pPigUHK
OMNUCYETBCA XBWUMBbOBUM PIBHAHHAM, 3anucaHum Yy dopMmi noTeHuiany
30ypeHux LBMOKOCTEN.

Micna cneuianbHUX NepeTBOPEHb ofepxaHa OJHopidHa cucTema
NiHINHKMX anrebpaiyHux piBHAHb. HeobOXigHOW Ta [OCTaTHLOK YMOBOH
iCHyBaHHS ii HEHyNbOBOrO PO3B’A3KY € PIBHICTb ii OCHOBHOrO AeTepMiHaHTa
Hynto. B pesynbtaTi OTpUMYyeEMO Take PiBHSHHSA 4acToTw

Oy P Pis
Oy Py 9i|=0,
Dy P Py

pe ¢,(i,j=123) — dyHkuii HeBigomuX; u,,9,w, — nepemilleHHs

CTEPXKHIB, L0 BUKOPUCTOBYHOTLCS ANS NiAKPINIeHHs: 060MOHKM.

OTpuMaHi 3anexHOCTi 4acTOTW KONMMBaHb Bif4 KiNbKOCTi MO34OBXHIX
nigkpinneHbs, napameTpy HeO4HOPIAHOCTI Ta 06CAry 3anOBHEHO! PiaAnHN.

HaBegeHi uucrnosi pesynbTatu. [lpoBedeHO MOPIBHANBHUA  aHani3
napameTpy 4acToTv Ans BUNagKy 3anoBHEHHs 060MNOHKM igearnbHOI PignHOI0.
Ha puc. 1—- puc. 3 nyHKTUpHI niHii BigNOBiAalOTb KONMBAHHAM MNO300BXHLO
3MiLHEHOI 3aMOBHEHOI B'A3KOK  PIAWHOK  UMNIHOPWUYHOI  OBOMOHKK, Lo
3HaXOOUTbLCS B HECKIHYEHHIN igeanbHOil PiguMHN, CYUInbHI NiHIl — KONMMBaHHSAM
NO3A0OBXHBO 3MiLHEHOI UMIIHAPWUYHOI ODOOSMOHKM B HECKIHYEHHIN igeanbHoi
piovHN.

0:55. 7

B3

0.35 -/ 2

B Ula, =010

>
T T T T kl'

5 10 15 20

Puc. 1 — 3anexHicTb YacTOTHOro napameTpa

Bif, KiNbKOCTi N0300BXHiX pebep k1
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Puc. 2 — 3anexHicTb YacTOTHOro napameTpa
BiA NapameTpa HEOQHOPIAHOCTI 3 B NO3A0BXHLOMY HaNPAMKY

0.55 —

0.35—

s 7 =
E ?‘=0,75
2 kg =10

Puc. 3 — 3anexHicTb YacTOTHOro napameTpa
Big BUTpaTH pignHu

3 pUCYHKIB BWMOHO, WO HasBHICTb B'A3KOI pPigUHW MpPU3BOAUTL 10
3HWKEHHS1 3HAYeHHs1 BMACHOI 4acTOTW KONUBaHb CUCTEMW Y MOPIBHAHHI 3
4aCTOTO KONMMBaHb CUCTEMM 3 ByOb-AKOK iHLIOK PiANHOLO.

Ak BuaHO 3 puc. 1, 3i 306iNblUEHHAM KiNbKOCTI MO3[00BXHIX pebep
3HaA4YeHHA YacTOTHOro napameTpa 36inbLIyeTbCA.

Mpw 36inbLweHHi NnapameTpa HEOAQHOPIQHOCTI B HANPSIMKY YTBOPOBAIbHOI
NiHiT 060noHKK (pUC. 2) 3HAYEHHS YacTOTHOro NnapameTpa 30inbLyeTbCs.
Kpim TOro, aHadeHHs 4acTOTHOrO napameTpa 30inblyeTbCA 3 NOCUNEHHSAM
OPTOTPOMHUX BMNACTUBOCTEN ULWMIHOPUYHOI OOOMOHKM | 3MeHLWyeTbCcA 3i
36inbLleHHAM BUTpaT pignHm (puc. 3).

BucHoBkKu. HasBHICTb B'A3KOI PigMHM NPU3BOAUTL [0 3HWKEHHS
3HAYeHHS BNacHOI YacTOTU KONMBaHb OOONOHKU Y NMOPIBHSAHHI 3 4acTOTOHO i
KonMBaHb 3 OyOb-AKOK iHWOK piguHOK. [loka3aHO TakoX, WO  3i
30inbLIEHHAM KiNbKOCTi NO340BXHiX pebep 3Ha4YeHHsi YaCTOTHOro napameTpa
36inbwyeTbes. Kpim TOro, 3HayeHHs 4acToOTW KOMMBaHb 30inblUyeTbCs 3
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NOCUMEHHSIM OPTOTPOMHUX BRACTUBOCTEN LMMIHAPUYHOT OOOMOHKM i 3MEH-
3MEeHLUYETBCS 3i 36iNbLUEHHAM BATPAT PignHN.

YK 539.3

H. N. Anusade

KONEBAHUA B XKWAKOCTU NPOAOIBHO I'IO.D,KF:EI'IHEHHVOVI
LUMNMMHAOPUYECKOU OBOJIOYKHU, 3ANOJIHEHHOWU BA3KOU
XNOKOCTbIO

Uccnepyrotca cBoGoaHble KonebGaHuMs B uaeanbHOM XXUMAKOCTU NPOAOSbHO
NOAKPENSIeHHOW OPTOTPOMHOW LMNMHAPUYECKOA OOONOYKM, 3anONHEHHOW BA3KOW
XUAKOCTLI0. [INA onucaHusi ABMXEHUSA BHYTPEHHEW BA3KOW XMAKOCTU MCMONb3yeTcA
NUuHeapu3oBaHHoe YypaBHeHue HaBbe — CTOKCa, ABMXKEHWE BHELIHEeN XWAOKOCTU
onucbiBaeTCcsi BOJNHOBbIM ypaBHEHUWEM, 3anvMcaHHbIM B MOTeHUuMarne CKOpocTeun
BO3MYLUEHHOTO TeyeHuss.. Ha ocHoBe npuHUMNA CTaLMOHApPHOCTU AEACTBUS
FamunbToHa — OcCTporpagckoro MOJIly4eHO YacTOTHOe YpaBHeHUMEe NpPoAoNbLHO
YNPOYHEHHOW OPTOTPOMHOM LIMITMHAPUYECKOW OGONMOYKU C BA3KOM XUAKOCTHIO,
KOHTaKTUpYKLLeN C uaeanbHOW XuAKocTbhl. lMocTpoeHbl xapakTepHble KpuBble
3aBUCUMOCTEMN.

Knroyesble cnoea: ce80600Hble KonebaHusi; oborodka;, udeasibHasi XUOKOCMb;
HarnpsKeHUSsT; KeCmKoCMb,; 8apuayuUoHHbIU MPUHYUIT.

Institute of Mathematics and Mechanics,
Azerbaijan National Academy of Sciences,
Baku, Azerbaijan Received by the Editorial Board 21.10.2020

131



IMPOBJIEMU OB‘-II/ICJHOBAJ}I)HOI MEXAHIKN ISSN 2079-1836
I MITHOCTI KOHCTPYKIIN 2020, sun. 32

DOI 10.15421/4220021
UDC 539.3
H. K. Ismayilov

FORCED VIBRATIONS OF A INHOMOGENEOUS
ORTHOTROPIC CYLINDRICAL SHELL STIFFENED
WITH A CROSS-SYSTEM OF RIBS IN LIQUID

In the paper we study forced vibrations of an orthotropic cylindrical shell
inhomogeneous in thickness and stiffened with a cross-system of ribs in liquid
under the action of inner radial pressure pulsating in time. Based on Hamilton —
Ostrogradsky variational principle, we construct a system of equations to determine
the displacements of the mid-surface points of an orthotropic cylindrical shell
inhomogeneous in thickness and stiffened with a cross-system of ribs under
dynamical interaction with liquid. Surface loads acting on the cylindrical shell
inhomogeneous in thickness and stiffened with a cross-system of ribs as viewed
from liquid are determined from the solutions of liquid motion equations written in
potentials. Analytic formulas for finding the displacements of the midsurface points
of a liquid-contacting orthotropic cylindrical shell inhomogeneous in thickness and
stiffened with a cross-system of ribs, were obtained.

Keywords: forced vibrations; orthotropic cylindrical shell; ideal liquid; stress; stiffening;
variational principle.

Introduction. To give more rigidity, the shells are stiffened with ribs, and
this time slight increase in the mass of the construction increases its
strength. Such constructions can be in contact with external medium and be
subjected not only to statistical loads but also to dynamical ones. Strength
analysis, stability and vibrations of such constructions play an important role
when designing modern machines and apparatus. The paper [3] studies
forced vibrations of an external liquid-contacting orthotropic longitudinally
stiffened cylindrical shell inhomogeneous in thickness under the action of
inner radial pressure pulsating in time. Using Hamilton — Ostrogradsky varia-
tional principle, the system of equations is structured to determine the dis-
placements of the midsurface points of a liquid-contacting orthotropic cylin-
drical shell inhomogeneous in thickness and stiffened with a cross-system of
ribs. Analytic formulas for finding the displacements of the midsurface points
of an orthotropic cylindrical shell stiffened with a cross-system of ribs under
the dynamical interaction with liquid, are found. In [4] a problem on forced
axially symmetric vibrations of a liquid-filled isotropic cylindrical shell stiff-
ened and loaded with axial compressive forces, was studied. The paper [3]
was devoted to forced vibrations of a longitudinally stiffened homogeneous
orthotropic cylindrical shell in liquid under the action of inner radial pressure.
Analytic formulas are obtained for finding the displacements of the midsur-
face points of a liquid-contacting, longitudinally stiffened homogeneous or-
thotropic cylindrical shell. Forced vibrations of an orthotropic cylindrical shell

© H. K. Ismayilov, 2020
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with solid and liquid medium and stiffened with a cross-system of ribs under
the action of external radial pressure pulsating in time, are studied in [6]. The
surface loads acting on solid medium as viewed from liquid, are determined
from the solutions of liquid motion equation written in potentials. Analytic
formulas for finding the displacements of the midsurface points of a liquid-
contacting, longitudinally stiffened orthotropic cylindrical shell are found.

In the paper [9] natural vibrations frequency of the system that consisting
of a solid medium-filled elastic-plastic orthotropic cylindrical shell strength-
ened with discretely distributed rings established on a plane perpendicular to
its axis is studied. Utilizing the Hamilton — Ostrogradsky principle, a frequen-
cy equation for determining vibration frequencies of the system the following
consideration was created; its roots were obtained by mathematical method.
In the paper [2] free vibrations of an orthotropic, laterally stiffened, ideal fluid-
filled cylindrical shell inhomogeneous in thickness and in circumferential
direction is studied. Using the Hamilton — Ostrogrdasky variational principle,
the systems of equations of the motion of an orthotropic, ideal fluid filled
cylindrical shell stiffened in thickness and circumference, are constructed.

Problem statement. A ribbed shell is considered as a system consisting
of the own anisotropic shell and longitudinal, lateral ribs rigidly connected
with it along the contact line (Fig. 1). It is accepted that the stress-strain state
of the shell can be completely determined within the linear theory of elastic
thin shells based on Kirchhoff — Liav hypothesis, and for calculation of ribs
the theory of curvilinear bars is chosen so that the coordinate lines coincide
with the principle curvature line of the shell midsurface. It is assumed that
the ribs are located along the coordinate lines, and their edges are located
like the edges of sheathing lie in the same coordinate plane.

Fig. 1 — Inhomogeneous cylindrical shell reinforced
with cross ribs under the action of internal pressure
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The strain state of the sheathing may be determined by three compo-
nents of displacements of its midsurface, u,3 and w . This time, the rotation
angles of normal elements ¢;,¢, with respect to coordinate lines y and x
are expressed by w and 9 by means of the dependences
¢ = —a—w, ¢y =— 8_w+§ , where R is a radius of the shell midsurface.

Ox oy R

For describing the strain state of ribs, in addition to three components of

displacements of the center of gravity of their cross sections u;,3;,w; of the

i —th longitudinal bar and u;,9;,w; of the j—th lateral bar it is necessary to
determine the twist angles ¢g,; and ¢,;.

Considering that according to the accepted hypothesis we have the con-
stancy of radial deflections and equality of appropriate twist angles following
from the conditions of rigid junction of ribs with a shell, we write the following
relation:

u;(x) =u(x, ;) + hie(x,;);9;(x) = 3(x, y;) + b9y (x, ¥;);

Wi (X) = WX, ¥:);0; = Q1(X, )5 Pppi (%) = 92.(X, 37);

ui(y)=ulx;, ¥)+he(x;,);9;(x)=8(x;, )+ hj@y(x;,»);
Wi(x) =w(x;,¥)0; = 92(x 1, ¥); Qppi (X) = @1(x 1, ).

(1)

Here #; =0,5h+H,~1,hj =0,5h+H}, h is the shell thickness, H,-1 and H}

are the distances from the axis of the i — th longitudinal and j—th lateral bar
to the shell surface, x; and y; are the coordinates of the line of conjunction
of ribs with a shell, ¢; ¢;,;, and ¢j,¢kpj are rotation and twisting angles of

cross-sections of longitudinal and lateral bars, respectively.

For external actions it is assumed that the load surfaces acting on a
ribbed shell as viewed from liquid, can be reduced to normal components
q., applied to the shell midsurface.

Differential equations of motion and natural boundary conditions for a
longitudinally stiffened orthotropic cylindrical shell with liquid under the action
of axial compression are obtained by the Hamilton — Ostrogrdasky variation-
al principle. For that we write in advance the potential and kinetic energies of
the system.

There are various ways for accounting inhomogeneity of a shell material.
One of them is that the Young modulus and density of the shell material are
accepted as normal coordinate function [8]. It is assumed that the Poisson
ratio is constant. In this case, the functional of total energy of elastic defor-
mation of the orthotropic cylindrical shell is of the form:
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where
bl ( )_ El(Z) : b ( ) EZ(Z) : blZ(Z): V2E1(Z) — VIEZ(Z) :
VIVo ViV I=vivy  I=vivy
bes(2) = G12(2) = G(2). 3)

R is the radius of shells midsurface, h is shell thickness; u,3, w are the

components of displacements of the shell midsurafce points.
Suppose that

E(2)= E\of(2); Ep(2) = Exf(2); G(2)=Gof(2); p(2)=pof(2), (4)

where E(,E,, are elasticity module of the shell material in coordinate direc-

tions, G, is the shear modulus of the shell, p, is the density of the homoge-
neous shell material.

Allowing for (3) and (4), the total energy functional of the cylindrical shell
has the form:

hi2 Xy o 2
hR 15/
Hy =i j f(Z)dZI I{Em( J —2(E10+V1E20)%a—z+

2(1—V1V2) b2 X1

2 2

w 09 w 09

+—(Ejg+2ViErg+ Eog )+ Ergl — | —2(VyEjg+ Erg)——+ 5
R2( 10 1E9 +Exg) 20(8)/) (v2E1g 20)R6y (3)

+2V2E10la—u@+G0 (%] Go(agj 2G0 a—u@}d d
oy Ox Oy Ox
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The expressions for potential energy of elastic deformation of the i—th
longitudinal rib and the j— th lateral bar are as follows [1]:

RY) ) 2 2 2 2 a X 2
Hizlj E,E(%j + B | —5 Al +EJ,; 7Y + Gy P |
2 ox 8x o’ ox

X1

R (s ndw) Iyfew Y 6
] e e | el ) ©
=
2
G 2
. ,(p]—awﬁ—w do
RE, 0500 0

Here F.,J.;.J i Jipi =525y Jipy
the cross-section of the i—th longitudinal and the j—th lateral bar, respec-
tively with respect to the axis Oz and the axis parallel to the axis Oy and
passing through the center of gravity of the section, and also its torsional

inertia moment; E;,G; —Ej,(?j are elasticity and shear module of the mate-

is square and inertia moments of

rial of the i —th longitudinal and the j—th lateral bar.
The potential energy of external surface loads c_](qx,qy,qz) and loads

q,, acting as viewed from liquid and applied to the shell is determined as a

work performed by these loads when taking the system from the deformed
state to the initial undeformed state and is represented as:

X272
Ay=—| [ (ax+4y +4 +q.. ) wdxdy . (7)

N
The total potential energy of the system equals the sum of potential en-
ergies of elastic deformations of the shell, longitudinal ribs and lateral ribs

and also potential energies of all external loads as viewed from liquid and
potential energy of radial pressure:

il ky
=TI+ I; + 4o+ D T1 ;. (8)

i=1 j=1
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Kinetic energies of longitudinal and lateral ribs are written as follows [1]:

ky 20 ou 2 a9. 2 w 2 g o, - 2
K; = F: —+ + ——L + L +_Kpl Kpi dx 9
i Epl lj[(@t] (6!] (at) F ot (9)

X1 U

22l Cou, Vo (09, (0w, ¥ Jo (09 )
K.=p.F. | | L 4| L I Kpj
/ p”j(azj (ar} [azj F; o

0 J

Here ¢ is a time coordinate, p;,p; is density of materials from which the i —

th longitudinal and the j—th lateral bar was made.

The kinetic energy of the inhomogeneous cylindrical shell stiffened with
cross ribs

ky ky
K=K0+ZKI~+ZK2. (10)
i=1 J

The equations of motion of a ribbed shell were obtained based on the
Hamilton — Ostrogradsky principle of stationarity of action:

SW =0, (11)
p
where W = det is Hamilton action; L =K —I1 is the Lagrange function, ¢
v

and ¢ are the given arbitrary moments of time.

The surface load ¢, acting as viewed from liquid on a longitudinally

stiffened shell is determined from the solution of the ideal fluid motion equa-
tion [7, 10]:

Ap-—22 —0, (12)

where ¢ is a potential of perturbed speeds; q is velocity of propagation of
perturbations in liquid.

Continuity of radial speeds and pressures on the contact surface a shell-
liquid is observed. The condition of impermeability or smoothness of flow at
the shell wall is of the form:

S| _p= = -y —. (13)

Equality of radial pressures on the shell as viewed from liquid

qZZ = —p‘r:R;qx qu =0_ (14)
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By means of (12), (13) and 14) we can represent the pressure p as
viewed from liquid on the shell in the form

o%w
p= m%q)(xnpm 2" (15)
O

Here

K, (Br)/K, (BR). M, <1

Dy, =1 N, (B7)/ N, (BiR), M;>1. (16)
R}’l
nrn—l ? Ml =1

I (16) g =og; My =22 B2 = R (1- 07 s o = i (o)
o
[312 =R (Mlz—l)xz; E=x/L; o :wlpORz(;)z/bn =wo/oy; K, is a modi-

fied n—th order Bessel function of second kind, N, is an n—th order Bes-

sel or Neumann function of second kind.
We will assume that the orthotropic cylindrical shell stiffened with cross-
system of ribs in liquid is under the action of an inner radial pressure ¢,

pulsating in time:
q, =qpcos nesin?ésin o - (17)
1

Problem solution. In what follows we consider hugely supported shells,
i.e. for £=0 and £=¢&,(§; =L/R) the following boundary conditions are
fulfilled:

§=w=0, T =M, =0.

We look for the components of displacements vector of the midsurface
points of the shell in the form

mm ., . . . mu, .
u=ugcosnbcos—_E&sinwyf; 9 =9(sinnOsin—_Esinw;
él ‘t-_vl (18)

. mT, .
W =Wy cos nfsin—Esin w4
1

where 1,3,,w, are unknown constants.
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Using (9), (14), (15), (17), (18) and accepting f(z)=1+yz/h(y is an in-
homogeneity parameter, where 0<y<1) the problem is reduced to the

inhomogeneous system of third order linear algebraic equations with respect
to the constants 1,3, wy :

‘1,«1””+ai29(.+‘1,-3wn =q, (i=12,3), (19)

where ¢, =¢; =0, g3 = qp.
The elements a;1,4;5,a;3(i=1,2,3) have a bulky form and we do not
give them.

Since the system (19) is inhomogeneous, from it we get the displacement
amplitudes:

A A A,

=19, =22, =— 20
A ST WMo =y (20)

MO =
Here

Ay =4qo (@203 —anar3); Ay =qg(azia; —anazs); Az =qo (@102 —aza);
A =ayayazy +ay azag; +ajpa3az) — a3 dyndgz — dspdy3d)| — dy1d)pas;3.
Note that for A =0 the displacement amplitudes go to infinity and this corre-

sponds to the resonance case.

Numerical results. Let us consider some results of calculations carried
out proceeding from the above dependences (18) of displacements using
the finite element method.

The followings were accepted for geometrical and physical parameters
characterizing the materials of the shell, liquid and longitudinal bars:

E =6,67-100°H/m?, py=p; =78-10°H /m>; F, =3,4-10°m?;
Jyi =511072m* o, 1pg =0,105; (27tR3h):0,8289.10_6;

3

T2t (27R71) =0,13-107% R=0,1636; h=0,45-10 35 L=0,8m;

Exy =25,2HPa; Gy=3,5HPa; Jy; / (2nR3h) =0,5305-107%; v, =0,19;

v =011 h =139-107m; ay=1350m/sec., Eyq=18,3HPa.

The dependences of w /g on frequency o; for different ratios E;(/E,
were represented in Fig. 2. Here solid lines correspond to Ejy/E, =1,25,
dotted lines to- Ejy/E,; =0,25. It can be seen from the figure that for cer-

tain frequencies the peaks of the curves go to infinity. These frequencies are
resonance frequencies and are determined from the equation A=0. Fur-
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thermore, amplification of the property of orthotropy of the shell material
reduces to decrease in the value of shell deflection.

AMO‘WO /q

0.11 i

m=1 |

n=6 |
0.0.8—
0.0.5— ;
002 y=05 |

l [ ] ~

0.03 0.05 ' 0.07 @

Fig.2 — Dependence of the shell deflection
on the vibration frequency

A 104w0/q
0.11 — ;
0.08 —
0.05 —|
0.02 —|
—t—t—t+—+—>
0.2 0.4 06 08 1.0 4

Fig. 3 — Dependence of the shell deflection
on the inhoogeneity parameter

The dependences of consider hun erturbations in liquid. w,/g on the
inhomogeneity parameter y for different ratios E;(/E , are represented in
Fig. 3. Here solid lines correspond E;o/E,)=1,25, the dotted lines to
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Eyg/Eyy =0,75 From the figure we can see that with increasing the inhomo-
geneity parameter y the shell’s deflection decreases.
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YK 539.3
H. K. Icmainos

BUMYLLEHI KONUBAHHSA B PIAUHU HEOOQHOPIAHOI
OPTOTPOMHOI LUNIHAPUYHOI OBOJNIOHKMU, NIAKPINNEHOI
NOMNEPEYHOIO CUCTEMOIO PEBEP

DocnigkyloTbCA  BUMMYLIEHi  KONMMBaHHA  HeoOHOpiAHOI 3a  TOBLYMHOKO
OPTOTPONHOI LUUNIHAPUYHOI OBOJIOHKM, 3MiLlHEeHOI Nonepe4yHol cucTeMolro pebep, B
piavHM Nig Aielo NynbCyo4voro B Yaci BHYTPilWHLOro pagianbHoro Tucky. Ha ocHoBi
BapiauiHoro npuHuuny lFaminbToHa — OcTporpagcbkoro nobyaoBaHa cucTema
pPiBHAHb ANsi BU3HA4YeHHs MepeMilleHb TOYOK ii cepeAuHHOI MOBEpPXHi npu
AWHaMIYHIA B3aemogii 3 pianHot. [MoBepxHeBi HaBaHTaXeHHs, WO AiloTb Ha
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HEOOHOPIAHY 3a TOBLUWHOK UMNIHAPUYHY OOONOHKY, niACUNeHy Monepe4yHor
cuctemolo pebep, SAIKWO AMBUTUCA 3 OOKYy piAvMHW, BU3HA4alTbCA 3 PO3B’A3KIB
PiBHAHb pPyXy piAWHM, 3anucaHux B noteHuianax. OTpMmMaHo aHaniTu4Hi dopmynu
AN BU3HAYEHHS NepeMilleHb CepeAMHHUX TOYOK KOHTaKTyw4oi 3 piavHOK
OPTOTPONHOW LUMiHAPUYHOI OGOJNIOHKM, HEOAQHOPIAHOI 3a TOBLUMHOK i NigcuneHoi
nonepe4yHor cUCTEMOIO pebep.

Knroyoei cnoea: suMmyweHi KonugaHHs;, opmomponHa yuniHOpu4yHa O06O0IoOHKa;
iOearnbHa piOuHa; HanpyXeHHs1; XOPCMKicmMb,; 8apiayitiHut MPUHYU.

JocnigxyroTbCst BUMYLLEHI KONUBAHHA B igearnbHin piguHn HeEO4HOPIgHOT
Mo TOBLLUMHI OPTOTPOMHOI LMAIHAPUYHOT OBOMOHKN, 3MILHEHOI NMONepeYHo
cuctemoro pebep, nig Aieto NynbCyrYOro B Yaci BHYTPILLUHLOIO pagianbHOro
TUCKY.

Pebpucta oboNoHKa po3rnsgaeTbcs sK CUCTEMa, WO CKMafaeTbcs 3
BIACHOI aHi30TPOMNHOT 06OMOHKM i NO3O0BXHiX BiuHMX pebep, KOPCTKO NoB's-
3aHMX 3 Hel MO MiHii KOHTaKTy, siKi PO3TalLOBaHi Y30OBX KOOPAMHATHUX Ti-
Hii, a IXHi Kpai po3TallOBaHi Tak camo, 9K i KPOMKM OOLUMBKM, NEXaTb B OA-
Hi KoOpAWHATHOI nnowmHN. BBaxaeTbcs, WO OpPTOTPOMHA UMNiHOPUYHA
06onoHKa, nocuneHa nonepeyHoi cnuctemoro pebep, 3HaxoauTbcs B igeans-
Hin piavMHKU Nig Aieto NynbCytYvoro B Yaci BHYTPILIHLOrO pagianbHOro TUCKY.

HanpyxeHo-gecopmoBaHuiAi cTaH 060MOHKN BU3HAYAETLCA B pamKax Jli-
HIHOT Teopii NPY>XHMX TOHKMX 0BOMOHOK, 3acHOBaHOI Ha rinoTesi Kipxrodda
— JlaBa, a ana pospaxyHKy pebep obpaHa Teopis KPUBOMIHIMHNX CTPUXHIB
TaKMM YMHOM, OO KOOpAMHATHI NiHii 36iranmMca 3 OCHOBHOI MiHIEID KPUBUHU
CepeaunHHoi noBepxHi o6onoHku. [lepopmoBaHuin ctaH 0OOSNTOHKM BU3HA4Ya-
€TbCH 3a TPbOMa KOMMOHEHTaMW nepeMillieHb il cepeamMHHOI NOBEPXHI i Ky-
Tamu NOBOPOTY HOPMAasbHMX EMIEMEHTIB LLOAO KOOPANUHATHMX MiHil.

Onsa onucy gedopmoBaHoro ctaHy pebep KpiMm TpbOX CKNagoBuX nepe-
MiLLleHb LIEHTPY Baru ix nonepeyvyHux nepepisis No3goBXHLOrO i NonepeyHoro
CTPWKHSA BU3HAYalOTbCA TaKOX KyTW iX MOBOPOTY. 3 YMOB XXOPCTKOro 3'ea-
HaHHA pebep 3 060NOHKOK NPUIMAETLCA PIBHICTb X padianbHUX NPOrUHIB i
BiONOBIAHMX KYTiB KpyyeHHs. [ns ypaxyBaHHS HeogHOpIgHOCTI mMaTepiany
obonoHkn Mogynb KOHra i WinbHiCTb MaTepiany 06G0NOHKM NPUIAMaOTLCH
3MiHHUMW (PYHKLiISIMM MO TOBLWMHI o6onoHku. MNpn ubomMy koedviuieHT lMyac-
COHa BBaXa€eTbCHA MNOCTIMHUM.

[lnsi 30BHILWWHIX BNIMBIB nepeabadaeTbCs, WO MOBEPXHEBI HABAHTaXEH-
HS, WO AiloTb Ha pebpucty 06OMNOHKY, AKWO AMBUTUCA 3 BOKY piguMHKU, MO-
XyTb OyTV 3BefeHi 0O HOpMarbHUX KOMMOHEHTIB, MPUKNageHUMm OO cepe-
OVHHOI noBepxHi o6onoHkn. OudepeHuianbHi piBHAHHA pyXy i NPUPOAHI
rPaHMYHi YMOBW MO300BXHbO 3MiLlHEHOI OPTOTPOMNHOW LUMAIHAPWYHOT 060m0-
HKM 3 PiaVHOI Mig Oi€t0 OCLOBOro CTUCHEHHHA OTPUMaHi 3a A40MNOMOrow Bapi-
auinHoro npuHumny MaminbToHa — OcTporpaacLKoro.

Micns npoBegeHUx NepeTBOpPeHb 3ajada 3BOAWUTLCA OO HEOAHOPIOHOI
CUCTEMMU MiHIHUX anrebpaiyHux piBHAHb TPETLOro MOPSAKY LWOAO Mepemi-
LLeHb cepeanHHOI NOBEPXHi OOOMOHKM.
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YOK 539.3
H. K. Ucmaurnos

BbIHY>XOEHHbIE KONEBAHUA B XXWOKOCTU
HEOOHOPOJOHOW OPTOTPOMHON LMNUHOPUYECKON
OBOJI04YKU, NOAKPEMNIEHHOW NONEPEYHOM
CUCTEMOW PEBEP

Uccnepyrotca  BbIHYXAEHHble KonebaHMA HeOAHOPOAHON MO  TONLWMHE
OPTOTPONHON LMNUHAPUYECKOW OOGONMOYKU, YNPOYHEHHOW MNOMepevyHOW CUCTEMOW
pebep, B XMAKOCTU NoA AENCTBMEM NyNbCUPYHOLWIEro BO BPeMeHW BHYTPEHHero
pagnanbHoro pgasneHusi. Ha ocHoBe BapuauuoHHOro npuHuuMna MamunbToHa —
OcTporpaackoro, NnocTpoeHa cucTtemMa ypaBHeHUM AN onpenenieHUs nepemeLLeHumn
TOoYeK €€ CpeAWHHOW MNOBEPXHOCTM MNpU AWHAMMYHOM B3auMOOEUCTBUM C
XupkocTtbio. MOBEepPXHOCTHbIE Harpy3ku, AelCTBYlOLME Ha HEOAHOPOAHYK No
TONWWUHE UMNUHAPUYECKYIO OBOJNOYKY, OMpeaensAioTCA U3 pelleHU ypaBHEeHWUW
ABWXEHWA XWAKOCTW, 3anucaHHbIX B noTeHuuanax. lMonyyeHbl aHanuTMyeckue
cdopmynbi ona onpeneneHns nepeMelleHMn cpeauHHbIX TOYEK conpuKacatrolencs ¢
XUAOKOCTbI OPTOTPOMHOW LUIIMHAPUYECKON 060N0UYKM, HEOQHOPOAHOMW MO TONLWMHE
1 YyCUNEHHOW nonepevyHon cuctemon pebep.

Knroyesble cnoea: 6biHyx0eHHble KonebaHusi;, opmomporHas UunuHOpu4yecKkas
oborioyka; udearnbHasi XUOKOCMb, HaMpsiXKeHUsT; KeCmKocmb, 8apualUoOHHbIU APUHYUI.

Institute of Mathematics and Mechanics,
Azerbaijan National Academy of Sciences,
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VIBRATIONS REINFORCED BY LONGITUDINAL RIBS
OF AN INHOMOGENEOUS ORTHOTROPIC CYLINDRICAL PANEL
CONTACTING WITH A VISCOUS-ELASTIC MEDIUM

Vibrations of an orthotropic cylindrical panel, non-uniform in thickness,
supported by longitudinal ribs, lying on a linearly viscoelastic foundation, were
investigated. The Hamilton — Ostrogradsky variational principle was used to find the
vibration frequencies of the panel. A frequency equation is constructed, its roots are
found, and the influence of physical and geometric parameters characterizing the
system is studied.

Keywords: inhomogeneous cylindrical panel; viscous-elastic medium; ridge panel; free
vibrations.

Cylindrical panels are widely used in modern technology, power engi-
neering, and in various fields of construction and engineering. In many cas-
es, depending on production technology and a number of various reasons,
mechanical properties of the material of cylindrical panels become continu-
ously inhomogeneous along the length of the panel. In operational condi-
tions these panels are in contact with different nature medium and they are
stiffened when it is necessary.

In [5], a problem of lateral vibrations of a circular cross-section inhomo-
geneous cylindrical shell lying on a viscous-elastic foundation, is considered.
It is assumed that the modulus of elasticity and density are continuous func-
tions of thickness coordinate. The problem of natural vibrations of a circular
cross-section cylindrical shell inhomogeneous only along the length and
lying on inhomogeneous viscous-elastic medium, is considered in [6, 7]. The
solution of the problem is reduced to the system of two linear differential
equations with respect to the stress function and deflection. The method of
separation of variables and the Bubnov — Galerkin method is used when
solving the problem.

The paper [7] is devoted to vibrations of an orthotropic, cylindrical panel
inhomogeneous in thickness, stiffened with lateral ribs and lying on a linearly
viscous-elastic foundation. Using the Hamilton — Ostrogradsky variational
principle for finding vibrational frequencies of a cylindrical panel inhomoge-
neous in thickness, stiffened with lateral ribs and lying on a linear elastic
foundation, the frequency equation was constructed, its roots were found
and the influences of physical and geometrical parameters characterizing the
system, were studied. The paper [2] was devoted to free vibrations of a flow-
ing fluid-contacting, isotropic, inhomogeneous cylindrical shell stiffened with
cross system of ribs. Using the Hamilton — Ostrogradsky variational principle,

© A. H. Movsumova, 2020
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the system of equations of motion for a flowing fluid contacting anisotropic
cylindrical shell inhomogeneous in thickness and stiffened with cross sys-
tems of ribs was solved. The paper [4] deals with natural vibrations of a soil-
contacting cylindrical shell stiffened with annular ribs and subjected to com-
pressive forces.

To apply the Hamilton — Ostrogradsky variational principle, we write the
total energy of the structure under investigation, consisting of an orthotropic
cylindrical panel inhomogeneous in thickness and stiffening elements whose
number varies. Furthermore, from the inside, the structure is in contact with
a viscous-elastic medium (Fig. 1). To take into account inhomogeneity of a
cylindrical shell in thickness, we will proceed from three-dimensional func-
tional. In this case, the functional of total energy of the cylindrical shell is of
the form

h 2 2 2
R d 09 ow
V:EJ.”_Z;;(GnSnJrﬁzzﬁzz +512812+P(Z)(—81:j +(—atj J{_@t] ]dxdq)dz. ™)

Longitudinal bar

Inhomogeneous orthotropic
cylindrical panel

Fig. 1 — Vibrations reinforced by longitudinal ribs of an inhomogeneous
orthotropic cylindrical panel contacting with an elastic medium

There are various ways for taking into account inhomogeneity of the shell
material. One of them is that the Young modulus and density of the material
are accepted as functions of the normal coordinate z [3]. It is supposed that
the Poisson ratio is constant. In this case, the strain-stress ratio is of the form

o1 =bi1(2)en +b2(2)en: o2 =bia(2)er +by(2)en:

12 = bee (2) €12

(2)

145



ou 093 ou 09
E1 =5 Ep = W Ep =+ (3)
Ox oy oy Ox

In (1) we can write:

Riffz 2 .o - -
V= E”{bl 1811+ 2b1281 1802 + 2by681280 + 2Dy 6811812 +

2 2 4)
+b22822 +b66812}dxd(1)+'”‘{ ((a?j +[%j +(66—1:) Ddxdd),

where
h h h h
. 2
b= [ by (2)dz; by = fb12 (z)dz; by = f by (2)dz; beg = f bee (2) dz;
h
2 75 7 75
Ei(2) B (2)
b ;b = ;b =G =G(z);
1(2) - vyv, 22 (2) 1—v,v, 56 (2) = Gi2(2) = G(2)
b12 (Z _ V2E1 (Z) _ V1E2 (Z)
1—V1V2 1—V1V2
h
are the main module of elasticity of the orthotropic material p = _[ p(z)dz,
~h

vy, v, are Poisson ratios of the orthotropic material, % is shell thickens,

u,3,w are the components of displacements of the points of the median sur-
face of the shell. It is assumed that

E()=Ef (). B (5)=Exf (). 6(z) = (2).

The expressions for the potential energy of elastic deformation of i— th
lateral rib are as follows [1]:

e P | o9, Y o4
m=—[|EF| +EJ Yil L EJ, + G| —22L | . (5)
25 o ol Y Ox

The kinetic energy of ribs are written in the form [8]

l 2 2 2 2
. . : Jipi [ OPppi
K; :p,-F,-J' (%) +[%j +(%j Lot | Bkt | g (6)
ol \ o ot ot E ot
In expressions (5), (6) u;,9;,w; are the displacements of the points of the

bars used in reinforcement; F; are the cross-sectional areas of the i -th bar,
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attached to the shell in the direction of the geneatrix; E[ are the modulus of
elasticity in tension i -th bar, attached to the cylindrical shell in the direction

geneatrix; J,;,J; are inertia moment i -th bar relative to the axis, passing

through the center of gravity of the cross-section; J,; are torsional mo-

ments of inertia i -th bar, #—time, p; is density of materials of the 7 -th bar.

Potential energy of external surface loads acting as viewed from elastic
medium, applied to the shell is determined as a work performed by these
loads when taking the system from the deformed state to the initial not de-
formed one and is represented as follows

1 g
= —R.[ j q,wdxd. (7)
00
Suppose that the plate lies on viscoelastic base, where reaction ¢, is
connected with flexure w in the following relation:

62w ?w) ¢
q, =k,w—k [ =+ J [r-vmwds, (8)
Ox 6y

where k,is Pasternak coefficient and kp Winkler's coefficients. The

I'(t)= Ae”V" — relaxation core, A,y —empirical constants, ¢—time.

The total energy of the system equals the sum of energies of elastic de-
formations of the shell and lateral ribs, and also potential energies of all
external loads acting as viewed from viscous-elastic medium

ko
W=+ (I;+K;)+ 4 9)
Jj=1
Let the plate be comprehensively fixed with hinges. Then the following
boundary conditions should be fulfilled:
u=v=w=M, =0 for x=0;L,
u=v=w=M, =0 for ¢=0;0,. (10)

The frequency equation of a ridge, inhomogeneous, orthotropic, flowing-
fluid contacting shell was obtained on the base of Ostrogradsky — Hamilton
principle of stationarity of action

W =0, (11)
tH

where W=IJdt is Hamilton action, #'and ¢" are the given arbitrary mo-
tl

ments of time.
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Complementing the total energy of the system (9) with contact (10), we
get a problem of natural vibrations of a viscous-elastic medium-contacting
orthotropic cylindrical shell inhomogeneous in thickness and stiffened with
lateral system of ribs. In other words, the problem of natural vibrations of a
viscous-elastic medium-contacting orthotropic, cylindrical shell inhomogene-
ous in thickness and stiffened with cross-system of ribs is reduced to integra-
tion of expressions for the total energy of the system (9)

In expression (9) u, 9, w, are variable values. These unknown values are

approximated in the following way:

. MMX . T . TMmMX . T .
U = U sin sink 2 sin ot;  9=Ysin sink ~2sin ot;
9o ! ®o
. TMmMX . T .
W= W sin s1nk—(psm ot. (12)
o

Using (12) for w, we can calculate the work A4, when transferring the
system from the deformed state to the initial undeformed state

w-r)

ﬁ(sin of — eV sin? ot + Y V! sin? a)tj +
4(0” +y7) ®

kgpo! sin? or m*n?®  k*n? @o! sin o | 5
+ +k, Tt > wy -

After integrating the expression for A4, in time ¢ from ¢ tot", we get

;
IAO=—R{ﬁ(cosc0t'—coswt')+{%[ye‘w_ewtj
' 4(o0” +y A" +y )\o
t 2,2 2,2 ! " 13)
+k3(Pol+kp mn” k' \eol X[l(tw_tv)_sm%)t —sin2ot W2,
4 ’ Rg;)4 | L2 4o

The potential and kinetic energies of elastic deformation of the i -th longitu-
dinal ribs are follows:

Flo? [ 5 . : Jipi . e :
K; =PiTit® {ué sin’ kng; +[1+—'qm ]9(2) sin? kng; +{sm2 kng; +
2 ®o L ®o 9o

2
Jropi ; I ipi -
L xpi (_kTC ] cos? kme; :|Wg + P k_nsin 2Zkmp; Sowo}sinz wt;
F (g 9o Fi oo o

1

1
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mmn 2 1=~ kno; ~ mmn 2 kno;
H,:(—j EFysin® g +| i, (—) sin? 2790 4
2 )1 ! ®o

2

. - G.J .

+G, i ipi €O z_kn(p, wg +| EiJ,; AL i I S R ko, Vg +
Do [ R? Do

+ G i k—nsin 2kng;

Yowp Jsin? or.
R* lgg 90

After integrating the expression for the potential and kinetic energy of elastic
deformation of the i — th longitudinal ribs in time ¢ from ¢ to ¢", we obtain:

mn 2 1] ~ km T 2 kmo;
Hi:(_j - EFsin? Ty, [ElJy,( ) sin? 0L 4
2 ) (o2 / (0N

2

. - G.J .

+G; Jkpl Z—kgq)’ }wg + [Elle (_mln) lepl } sin? k:;% V2 +
0 0

GJ ) ) . ' . ' o "
i ;pl lk—nsin 2kno; 80W0}><|:%(1‘ iy )_ sm2c0t4 sin 2wt }
®
R Po Po (14)
Flo? , Jipi : ,
K; = M{ué sin’ kno; + (1 + )x Sé sin’ kno; + [sin2 kno; +
2 9 F ®

i
0 i

2

Jepi , g |
ﬂ(k_“J cos? kmp,}wg i kn 2k,
F. I(PO (ON g

1
[l(u N sin2of —sin2ef
x| —|t —t)— .

2 4o
Using (12) for w, we can calculate the total energy V' of the cylindrical shell

lR(p ~ 2 2 |z km ? _ (mn) 2

V= =0 bll( ) +2b66 UO"F b22 — +b66(—j 80+
PoR !
2 2
bZZI(PO 2 kTC ~ (mrcj .2
0 +4| b +b g — | |ugdg ssin” ot.
4 [26 0oR 16( 7 0 0}

After integrating the expression for the total energy V' of the cylindrical
shell: in time ¢ from ¢ to ¢", we obtain:
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IR _ (mn) - 2 |~ km ’ ~ (mn) 2
V = —0 bll (—) + 2b66 MO + b22 —— "rb 66 (—j 90 +

1 ( W sin2of —sin2of
x| —(t —t¢ )— .
2 i¥a)

Using the expressions (13), (14) and (15) for the complete energy of the
system under study, we obtain:

2 2.k
W= ZR(pO bll( j +2bgg +(mnj 1Z:{EFsm 2 kn LAl
2 Il 1 ©®o
2
LPiFO” ke | chpo bzz[ ] (’"_j
2 9o QR [

mn® 154 mn > G,J,“ pFlu) Jip zkrr(p
+(—j = E,-Jzi(—j L 1+ 1192+

2) 15 ! R? 2 F, @0

hyoloy  (mm ’ 1 mm ) 2 kne;  ~ 2 kmo;
+ +(—j "Z[Eini (—j sin” =L+ G;J,; €08 Ll-
2) I l o P

\ w1
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Substituting (16) in (9), after integration we get a function of variables
g, 99, Wy - The stationary value of the obtained function is determined by the
following system

1)——0 2)8—W—0 3)6—W: 17)
6u0 8\90 6w0

The non-trivial solution of the system of third order linear algebraic equa-
tions is possible only in the case when ® is the root of its determinant. The
definition of » reduces to the algebraic equation

det||al~/~||:0,i,j:1,3 (18)

Here the elements a; look like:

- 2 2k ( N FTe .
a“:lRﬂ bll m_TC +2b66 +E m_ﬂ: z El'Fl"Sil'lz kn(Pl+plF;lQ) Sin2 kTC(Pl :
/ I\ 2 2
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4 i=1 Po o
[Ro k :
0 T mn
-9 bl ZE] s a3=0
2= [ b, [(PORJ b16£ ; j a3

2 k 2 A
+Z(ﬂ) 21: E. J(@j +Ginpi +piFilw2 1 +Jr<pz' sin2 K19 |.
N2 )5 R? 2 F ® |

2hGJ,., . ore2 J. . '
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Equation (18) was calculated by the numerical method. The parameters
contained in the solution of the problem were accepted as:

Po=p, =18,5-10°H /m’, E;=6,67-10°N /m*;
m=1n=8h ;=1,39-107m; R=1,6m; F =52-10"m*;

L1 =0,23:107"2m*; 15 =5110"2m*; 1, =1,3:1072m?, v=035;

zi

I . h 1 2V

=3 == =l+¢g| = | , e€|0;1],
R A, m e[0:1]
ky =10°N /m>, k, =10*N /m, A=y

po=p, =1850kg/m’, E;=6.67-10°N /m*;
m=1;n=8h ;=1,39; R=160sm; F; =52mm*

=1.3mm*, v=0.35;

4, 4.

The result of calculations were given in Fig. 2 in the form of dependence
of the frequency ® on the amount of stiffening bars &, on the shell surface,
in Fig. 3 in the form of dependence of frequency ® on in homogeneity pa-
rameter €.

Fig. 2 — Dependence of vibrations frequency o of the system
from the amount of ribs &,
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Fig. 3 — Dependence of vibrations frequency ® of the system
from the inhomogeneity parameter ¢

The figure shows that with increasing the amount of lateral ribs, the value
of the vibrations frequency of the system increases. Fig. 3 shows that with
increasing the inhomogeneity parameters the vibrations frequencies of the
system also increase.
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YK 539.3

A. X. Mosecymosa

KONMUBAHHA HEOAHOPIAHOI OPTOTPOMHOI LUUNIHAPUYHOI
NAHENI, NIAKPINNEHOI NO340BXHUMW PEEPAMMU,
O KOHTAKTY€E 3 B'A3KO-NMPYXHUM CEPEOOBULLUEM

[ocnigxeHHO KONUBaHHA HEOOQHOPIAHOI NO TOBLWWHI, NiAKPINNEHOoI NO340BXHIMKN

peGpamMu, OpTOTPONHOI LMNIHAPUYHOI NaHerni, WO NeXWUTb Ha NiHINHO B'A3KO-NPYXHiN

OCHOBI. 3acTocoBaHO BapiauiMHuin npuHumn MamMinbToHa — OcTporpaacbkoro Ans

3HaXO[)KeHHA YacToT KonuBaHb naHeni. MobyaoBaHO YacToTHe PiBHAHHA, 3HaWAEHI

AOro KOpiHHA i BMBYEHO BNNMUB ¢i3MYHUX Ta reoMeTpPUUYHUX MapameTpiB, LWO
XapaKTepusyTb CUCTEMY.

Knroyoei crnoea: HeOOHOPIOHi YumiHOPUYHI naHesni; 8'A3Ko-rnpyxHe cepedosuuie;
pebpucma naHernb; 8ifbHi KOIUGaHHS.

LnningpuyHi naHeni WMPOKO BUKOPUCTOBYHOTBCS B Cy4acCHIN TexHiui,
eHepreTuui Ta B pi3Hux obnacTtax 6yaisHuUTBa | MalwmMHObyayBaHHi. Y Gara-
TbOX BUMNAZKax B 3aNeXHOCTi Bif TEXHOMOrii BUrOTOBMEHHA i pagy iHLWKMX
MPUYMH MEXaHiyHi BnacTMBOCTI MaTepiany UMNiHOPWYHOI MaHeni cTawTb
HeoaHOPIAHMMM MO T AOBXMHI. Y pobo4YMx yMoBax Ui NaHeri KOHTaKTYoTb i3
cepenoBuLLIEM Pi3HOT NMpupoaun i npu HeobXxigHOCTI nigkpinntoTbes. Ond
ypaxyBaHHSA HEOAHOpPIAHOCTI maTtepiany 06ONOHKN NO TOBLUMHI NPUAMAETb-
cs, wo moaynb KOHra i WinbHicTb MaTepiany 060M0HKN € yHKLiAMU HOpMa-
NbHOI KOOpPAMHATY Z.

3 BUKOpPUCTaHHAM BapiauiiHoro npuHumny MaminbToHa — OcTporpaack-
KOro 3anucyeTbCHA 3aranbHa eHepris [OChigKyBaHOi KOHCTPYKLUii, Lo
CKNafaeTbCcsa 3 OPTOTPONHOI LMMiHAPWUYHOI NaHeni, HeO4HOPIAHOT 32 TOBLUK-
HO0, Ta €NeMEHTIB XXOPCTKOCTI, KINbKICTb SKMX 3MiHIOETbCA. LLo6 BpaxysaTu
HEeOOHOPIAHICTb UUMiHAPUYHOI OOOMNOHKM MO TOBLUMHI, MW BUXOOUTUMEMO 3
TPUBMMIPHOTrO QOYHKLiOHany.

MoTeHuianbHa eHeprisi 30BHILLUHIX MOBEPXHEBMX HABaHTaXEHb, WO 4il0Tb
3 Orfsigy Ha enacTuyHe cepefoBuLLe, NPUKNageHnX 40 060NOHKM, BU3HAYa-
€TbCA AK poboTa, sIKy BUKOHYIOTL Lii HABaHTaXKEHHSsI Npu NepeBeaeHHi cucTe-
MU 3 edOpMOBAHOro CTaHy B no4vaTKoBUN HegedopMoBaHWW. PiBHAHHSA
YacTtoTn pebpa naHeni, HEOQHOPIAHOI, OPTOTPONHOI, WO KOHTAKTYE 3 TeKy-
YOt0 piagnHolo, 6yNo OTPMMaHO Ha OCHOBI MPUMHUMMY CTauioHapHOCTI [Maminb-
ToHa — OcTporpagcbkoro. B npoueci o6umcneHb ansa dpyHkuii HeogHopigHOC-
Ti NPUAHATI NapaboniyHi 3aKOHN.

MobynoBaHO xapaKkTepHi 3anexHoCTi Ans HeOQHOPIAHOT MO TOBLUMHI Nig-
KpinneHoi no3goBXHIMKM pebpaMu UMNIHAPUYHOT NaHeni, Wo NeXuTb Ha ni-
HIMHO B'A3KO-MPYXHi OCHOBI. Noka3aHo, Lo 3i 36inbeHHAM KiNbKoCTi Biy-
HUX pebep 3HaAYeHHS YacTOTM KONMBaHb CUCTEMM 3pOCTaE, a 3i 36inbLueH-
HAM NapaMeTpiB HEOOHOPIOHOCTI TaKoX 3pOCTalTb YacTOTWU KONMBaHb CUC-
TeMun.
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YK 539.3

A. X. Moscymosa

KONEBAHUA HEOQHOPOOHOW OPTOTPOMHOW
LUUNMHOPUYECKOW NAHENW, NOOKPENNEHHON
NPOOONbHLIMU PEBPAMU U KOHTAKTUPYIOLLEW

C BA3KO-YNPYron CPEQOU

ViccnegoBaHbl kone6aHusi HEOQHOPOAHOW MO TONWMHE, NoAKpenneHHOn
npoAonbHLIMU pebpamu, OPTOTPOMHOW LUMAUHOPUYECKOW NaHenwu, nexaiwen Ha
NIMHENHO BSAI3KO-YNpPYroM oOcCHoBaHMW. WMcnonb3oBaH BapuauMOHbIA NPUHLMN
FamunbToHa — OcCTpoOrpagckoro Ansi HaxoXAeHUsi 4acToT Kosfie6aHMW naHenwu.
MocTpoeHo 4YacToTHOe YypaBHeHMe, HaWAeHbl €ro KOPHUM M WU3YyYEeHO BrUsiHUE
(p13nYEeCKUX U reoOMeTPUYECKNX NapamMmeTPOB, XapaKTEPU3YHOLLMX CUCTEMY.

Knroyesblie cnoea: He0OOHOPOOHbIe UUMUHOPUYECKUEe rnaHesu; 8s3Ko-yrnpyaas cpeoa;
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BIOMECHANICAL MODELING
OF ELASTIC PROPERTIES OF BONE TISSUE

An original method for studying the morphometric characteristics of spongy
bone tissue was proposed. Using this method the distribution of the density of the
spongy bone tissue of the distal metaepiphysis of the radius was studied. A de-
crease in the content of spongy bone tissue along the longitudinal axis of the bone
has been experimentally proved. Modeling the mechanical properties of spongy
bone tissue, according to the known versions of models for the elastic modulus of
discontinuous media, makes it possible to calculate the behavior of bone tissue in
conditions of various types of interaction. The comparison of the elastic moduli
obtained according to our data with the results of other researchers has shown their
comparability.

Keywords: radius bone; spongy bone tissue; elastic modulus; fracture; section.

Introduction. Fractures of the distal epiphysis of the radial bone are the
most common injuries to the wrist joint and involve the articular surfaces of
the distal radial and wrist joints in 50-55 % of cases [16]. At the same time,
there is an obvious tendency to an increase in the number of cases of inju-
ries under consideration among patients over 50 years old, especially wom-
en [2]. One of the predisposing factors for the increase in the frequency of
fractures in old age is osteoporosis.

Osteoporosis is a metabolic bone disease characterized by a decrease in
bone mass and microstructural remodeling of bone tissue, which results in
decreased bone strength and increased risk of fractures. Bone loss occurs
gradually and is often diagnosed only after fractures. As women live longer,
their risk of developing osteoporosis and fractures increases. Every 2nd
woman and every 8th man over 50 years have such a fracture. After meno-
pause, women have a maximum bone loss rate of 2-5% per year. As a re-
sult, a woman by the age of 70 loses from 30 to 50 % of her bone mass. For
men, these losses range from 15 to 30 % [6].

The most frequent localization of osteoporetic changes and, therefore,
fractures are the vertebrae (compression fracture of the vertebral body), the
femoral neck and distal radius (Colles' fracture), (Fig. 1) [13]. Bone strength
reflects the integration of two main characteristics: bone mineral density
(bone mass) and bone quality (architectonics, metabolism, mineralization) [8].

The problem of studying mechanical characteristics, identifying morpho-
logical features of the bone structure and the frequent damage associated

© 0.V. Pogrebnoy, 2020
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with biomechanical features in this area are of practical interest. Methods of
medical morphometry provide significant opportunities for the study of bio-
logical objects with a complex heterogeneous structure [3, 7, 11, 19]. In the
diagnosis of osteoporotic changes, quantitative computed tomography
(QCT) is also used. The advantages of this method are: the ability to deter-
mine the trabecular and cortical bones separately; faculty of 3D bone re-
search; the QCT method allows to avoid various superpositions of the sur-
rounding tissues [12, 20].

The aim of the work is to study the density distribution in the region of the
distal metaepiphysis of the radius, in the area most often subjected to frac-
tures during the development of osteoporotic changes. Based on the exper-
imental data obtained, perform biomechanical modeling of the elastic con-
stants of bone tissue.

Material and methods. Experimental studies were carried out on a
preparation of the radius prepared according to the following method [10,
14]. The preparation was decalcified in 7.5 % aqueous solution of nitric acid
for 10 days. The swelling of fibrous structures was eliminated by additional
fixation in 96 % alcohol for period of 24 hours. Then the preparation was
embedded in paraffin and sections were prepared using a microtome, rang-
ing from the proximal pole to the distal, in the frontal plane, 12—14 ym thick.
Histological sections were fixed onto glass slides and stained with hematoxy-
lin-eosin in a standard manner.

The position of the rectangular coordinate system Oxyz was chosen so
that the x0y plane was parallel to the horizontal plane, and the apex of the
radial styloid process was located on it (Fig. 2).

Fig. 1 — Frequent fracture localization Fig. 2 — Position of coordinate system

Sections were photographed using a LEICA DMLS light microscope at
x100 magnification and a CANON EOS M42 D30 digital camera. In this
case, all structures of the spongy substance (central and peripheral zones)
were necessarily included. The resulting digital photographs were trans-
ferred to a personal computer in the form of data files.

The images of section Ne 031, presented in Fig. 3, were obtained imme-
diately after photographing (Fig. 3 a), and after completing the necessary
preparation for conducting morphometric analysis on computer (Fig. 3 b). It
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is obvious that the halftones and impurities presented in the original image
should not introduce errors into the results of computer processing.
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Fig. 3 - Fragment of the image of the section Ne 031:
a) after photographing; b) after preparation for morphometric analysis

To carry out morphometric analysis of images, a computer program has
been developed in the object-oriented visual programming system Delphi.
First, color photographs of bone tissue were transformed into black-and-
white images, where cortical and spongy bone tissue corresponded to black,
and intercellular space corresponded to white. In this case, it is necessary to
achieve the absence of gray color, which introduces interference. For this
purpose, a discrimination threshold was selected for each image. When
scanning an image, pixels that exceeded this threshold were considered
white, the rest of the pixels were considered black.

At the next stage of morphometric analysis, the number of black and
white pixels for the processed image as a whole and for its individual frag-
ments was calculated, which made it possible to determine the specific area
occupied by the bone tissue, both for the entire section and for its selected
parts.

The results of image processing of sections Ne 031, Ne 032, Ne 036,
Ne 038 and Ne 040 are summarized in Table 1. The specific area P of the
spongy bone tissue of individual cut fragments containing its representative
areas was calculated. The obtained values were averaged.

Table 1 - Specific density of spongy tissue of radial sections

Numbers of sections| Ne 031 Ne 032 Ne 036 Ne 038 Ne 040
1 0.2308 | 0.2145 0.1985 0.1516 0.1419
2 0.2165 | 0.2261 - 0.2665 0.1275
3 0.2387 - - 0.2024 0.1315
4 - - - 0.1555 -
Average P 0.2287 | 0.2203 0.1985 0.1940 0.1336
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According to the results of morphometric analysis in Fig. 4 a, graph of the
distribution of the specific density of spongy tissue is plotted depending on
the distance from the carpal articular surface. Specific gravity refers to the
relative area of spongy tissue in sections. The abscissa shows the distance
in millimeters from the carpal articular surface (direction of the z axis in
Fig. 2), and the ordinate shows the specific density of spongy tissue P.
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Fig. 4 - Distribution of the specific density of spongy tissue:
a) distribution of the specific density of spongy tissue P;
b) distribution of discontinuity ©

Discontinuity O is related to the specific density P of spongy tissue as fol-
lows: © = 1 - P. The dependence of P -z in the © and z axes is shown in
Fig. 4 b. The curves in this figure represent the result of the least squares fit
of the experimental data by a polynomial of the third degree.

Modeling the elastic properties of spongy tissue. The study of the ef-
fect of porosity on the elastic properties of bodies has been the subject of
many experimental and theoretical works. For materials with Poisson's ratio
u = 0.25, the dependence of the relative modulus of elasticity E on porosity
has the form [5]:

E/E;=1-1.96 ©+0.96 &7, (1)

where E; is the modulus of elasticity of the non-porous material.
As applied to heterogeneous systems, the formula for the relative modu-
lus E is written as follows [17]:

1-©

EE,= ———— ,
1+ K,0

()

where K; = 1 for materials with y = 0.25.

Let us apply formulas (1) and (2) to determine the relative modulus of
elasticity E/E, of spongy tissue, using the experimental data O, recalculating
P from Table 1 as follows: © = 1 - P. The calculation results are summarized
in Table 2.

The differences in calculation results are significant, ranging from 54 %
for section Ne 031 to 69 % for section Ne 040.

The value of the elastic modulus E of spongy tissue, given in [1] without
indicating the value of discontinuity ©, is 200 MPa. It also shows the value of
E, for cortical tissue, which is 18700 MPa. The value of the relative elastic
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modulus E/E,, defined as the ratio 200/18700, corresponds to the disconti-
nuity value © = 0.9132 according to formula (1), and © = 0.9788 according
to formula (2).

Table 2 - Results of calculating the relative modulus of elasticity E/E,
Numbers of sections | Ne 031 | Ne 032 | Ne 036 | Ne 038 | Ne 040

Discontinuity © 0.7713 | 0.7797 | 0.8015 | 0.8060 | 0.8664
2 | E/Epaccording to (1) | 0.0593 | 0.0554 | 0.0458 | 0.0499 | 0.0225
3 | E/Epaccording to (2) | 0.1290 | 0.1238 | 0.1102 | 0.1074 | 0.0716

The modulus of elasticity of the spongy tissue of the radial head was de-
termined by the method of indentation of the indenter [9]. It was found that
the required value of the elastic modulus does not exceed 40 MPa. Similarly,
calculating © through the known value E/E, = 40/18700 using formulas (1)
and (2), we obtain 0.9692 and 0.9957, respectively.

The range of changes in the values of the modulus of elasticity during
compression of the wet cancellous tissue of the epiphyses of long tubular
bones, obtained by different authors, is 26 + 600 MPa, [15, 18]. Calculating
the discontinuity © through the specified values of E/E, for the boundaries of
the specified range, we obtain 0.9974 and 0.9972 for the left boundary by
formulas (1) and (2), respectively, and 0.8368, 0.9378 for the right boundary
of the range, by formulas (1) and (2), respectively.

It follows from the above data that the discontinuity value ©, calculated
for the maximum value of the 600 MPa range by formula (1), gives the result
O = 0.8368, which is in good agreement with the experimental data obtained
in the proposed work.

It should also be noted that the calculations of the relative elastic modu-
lus E/E, were carried out at the value of the elastic modulus for cortical tis-
sue E, = 18.7 GPa, given in [15]. Most of the authors known to us give the
values of this module in the range of 18 + 20 GPa. For example, the refer-
ence book [4] gives data for the module E of the compact tissue of the femur
under extension 12.3 + 40.7 GPa and compression 16.5 + 35.7 GPa. The
significant scatter in the data is apparently explained by the conditions of
preparation of test specimens, as well as by natural anatomical variability.

Graphs of dependences E/E,, calculated by formulas (1) and (2) are
shown in Fig. 5.
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Fig. 5 - Calculation of the relative modulus of elasticity E/E,:
a) full-range scale; b) part of graph
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The lower curve in Fig.5 corresponds to formula (1), the upper
curve - formula (2). Solid symbols A and m denote the values of the relative
elastic modulus E/E,, calculated for the discontinuity values © obtained as a
result of morphometric analysis (row 1 of Table 2) for formulas (1) and (2),
respectively. The numerical values of E/E, are given in rows 2 and 3 of Ta-
ble 2, respectively.

The contour symbols A and o denote the values O calculated using for-
mulas (1) and (2) from the known values of E/E, given in [1, 9]. Numerical
values of O are given in Table 2.

Note that the symbols A and m denote the calculation of E/E, from the
known value of O, while the symbols A and o correspond to the opposite
action: the calculation of © from the known value of E/E, using formulas (1)
and (2).

The discussion of the results. The graphs of the distributions of the
specific density of spongy tissue and discontinuity © obtained as a result of
morphometric research and presented in Fig. 4, show a monotonic change in
the density of spongy tissue depending on the distance from the carpal artic-
ular surface, which is consistent with Wolf's law on the relationship between
the structure of an organ and the function it performs in the body.

Calculation formulas (1) and (2), corresponding to different approaches to
describing the properties of a discontinuous medium, represent nonlinear
relationships between discontinuity © and the relative modulus of elasticity
E/IE,. The graphs of these dependencies, shown in Fig.5 a, are falling
curves. The value O = 0 corresponds to solid material (cortical tissue), while
E/E, = 1. When the value of the parameter © = 1, which means no material
(100% discontinuity), the ratio E/E, = 0. Note that formulas (1) and (2) are
not universal for all materials in the entire range of variation of the disconti-
nuity.

The general picture of the studied dependences and the calculation re-
sults are shown in Fig. 5 a. Since the discontinuity values determined as a
result of morphometric analysis are in a rather narrow range of 0.77 + 0.87,
for clarity, part of the graph in Fig. 5 a is highlighted in a separate Fig. 5 b.
Solid symbols A and m in Fig. 5 a, b indicate the results of calculations of
the relative modulus of elasticity E/E, according to formulas (1) and (2) for
the values of discontinuity determined by morphometric methods. The con-
tour symbols A and o represent backward scaling: the calculation of © from
the E/E, data of other researchers. For this, formulas (1) and (2) were re-
solved with respect to © and the root belonging to the interval [0, 1] was
taken as a solution to the obtained quadratic equations.

It can be seen from the tables and graphs that the discontinuity values ©
obtained in the presented work as a result of morphological analysis are
preferable to use in calculating the relative elastic modulus E/E, according to
formula (1), since this is in better agreement with other experimental data,
although with this approach there are significant differences.

Conclusions.

1. Using the method of morphometry, the distribution of the density of the
spongy bone tissue of the distal metaepiphysis of the radius was studied.
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A decrease in the content of spongy bone tissue along the longitudinal axis
of the bone has been experimentally proved.

2. Modeling the mechanical properties of spongy bone tissue, according
to the known versions of models for the elastic modulus of discontinuous
media, makes it possible to calculate the behavior of bone tissue in condi-
tions of various types of interaction.

3. The comparison of the elastic moduli obtained according to our data
with the results of other researchers has shown their comparability.
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YOK 539.3
O.B. NoepebHoli

BUOMEXAHUYECKOE MOOENUPOBAHUE
YMPYr'MX CBOUCTB KOCTHOW TKAHU

MpennoxeH metoa U3y4eHUss MOpPPOMETPUYHECKUX XapaKTEPUCTUK CMOHIMO3HOMN
KOCTHOM TKaHW. C nMomolLbl0 3TOro MeToAa M3y4eHO pacnpeaerneHvue NIoTHOCTH
CMOHINMO3HOW KOCTHOM TKaHM AucTanbHoOro Metaanucdpmsa ny4yeBOoM KOCTM.
YMeHbLUeHUe coaepXXaHUs CMOHrMO3HON KOCTHOM TKaHW BAOMNb NPOAOSIbHOM OCK
KOCTM NOATBEPXAEHO  3KCnepumeHTanbHo. BbinonHeHo 6GuomexaHuueckoe
MoaenupoBaHMe MeXaHW4YeCKUX XapaKTePUCTUK CMOHIMO3HON KOCTHOM TKaHW npwu
MCNoNb30BaHUM M3BECTHbIX BapuMaHTOB Mopenenl MoAaynsa ynpyroctu pans
HecnnolwHbIX cped. NpoBeaeHo cpaBHEHME MONMYYEHHbIX Pe3ynbTaToB C AaHHbLIMU
apyrmx aBTopoB. [lokasaHa 3dheKTMBHOCTL npeanaraeMoro Mertoga MU3yyYeHUs
MopdoMeTPUYECKNX XapaKTePUCTUK CMOHIMO3HOW KOCTHOW TKaHW.

Knrodeenblie croea: ny4eeasi KOCMb, CIIOH2UO3Hasi KOCMHasi MmKaHb;, MOOysib
yrpyaocmu; nepesiom; cedeHue.

YOK 539.3
O.B. loepibHuti

BIOMEXAHIYHE MOOENIOBAHHA
NPY>XHUX BNACTUBOCTEW KICTKOBOI TKAHUHU

3anponoHoBaHO  MeTOoA  BUBYEHHA  MOPGOMETPUYHUX  XapaKTepUCTUK
CMOHriO3HOI KiCTKOBOI TKaHWHU. 3a JOMOMOrol LbLOro MeTody BUMBYEHO po3nogin
WiNbHOCTI CNOHri0O3HOI KiCTKOBOI TKAHWMHW AucCTanbHOro metaenidisy npomeHeBOil
KiCTKM. 3MEHLUEHHS1 BMICTY CMOHriO3HOI KiCTKOBOI TKaHWHU Y3[4,0BX NOAOBXHbLOI OCi
KICTKM NiaTBEpAXXeHO eKcrepuMeHTanbHO. BukoHaHo GiomexaHiyHe mMopentoBaHHSA
MeXaHiYHMX XapaKTePUCTUK CMOHriO3HOI KiCTKOBOI TKaHWHM NpPUA BUKOPUCTaHHI
BiJlOMMX BapiaHTIB Mopenen Mopayns MNPYXHOCTI ANsi HeCyUinNnbHUX cepedoBUL.
MpoBeaeHO MNOPIBHAHHA OTPUMaHUX pe3ynbTaTiB 3 AaHUMKU  iHWIKMX aBTOPIB.
OoBeneHo edeKTUBHICTbL 3anponoOHOBAHOro MeToady BUBYEHHS MOPEOMETPUYHUX
XapaKTepPUCTUK CMOHMO3HOI KiCTKOBOI TKAHUHW.

Knroyoei cnoea: rnpomeHesa Kicmka; CIMOH2i03Ha KicmKo8a mMmKaHUHa; MpyXHUl
MOQyrib; nepeniom; nepepis.

OcTteonopos - ue metaboniyHe 3axXBOPIOBAHHA KiCTOK, SIke XapaKTepuay-
€TbCS 3HWKEHHSIM KiCTKOBOI Macu i MiKpOCTPYKTYpPHOIO nepebyaoBoto KiCTKO-
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BOI TKaHWHK, Y 3B'A3KY 3 UMM 3HMXKYETbCS MILHICTb KICTKM i MigBULLYETbCA
pu3uk nepenomis. HanbinbLw YacToro nokanisawieto 0CTeonopoOTUYHUX 3MiH i,
oTXe, nepenomiB € xpebui (komnpeciiHuii nepenom Tina xpebus), wwuiika
cTerHa i npoMeHeBa KicTka (guctanbHui Biggin, nepenom Konneca). Miu-
HICTb KiCTKM Bigobparkae iHTerpadito ABOX roflOBHMX XapaKTEPUCTUK: MiHepa-
NbHIN WINbHOCTI KICTKM (KiCTKOBa Maca) i IKOCTi KICTKM (apXiTeKTOHika, 0OMiH,
MiHepanisauis).

Mpobnema BMBYEHHSA MEXaHIYHUX XapaKTEPUCTUK, BUSBINEHHA MOPAOI0-
riYHMX 0coBnMBOCTEN CTPYKTYPW KiCTKM i NOB'A3aHa 3 GiomexaHiyHumMmn ocob-
NNBOCTAMM YacTa PYMHIBHICTb Ha AaHin AiNAHUI MaloTb NPaKTUYHUA iHTepec.
MeTogn megmyHoi MopdoMeTpii HagawTb 3HAYHI MOXIMBOCTI ANSA AOCHIi-
DPKeHHs1 6ionoriyHmx 06'ekTiB 3i CKNagHO HEOL4HOPILHOK CTPYKTYPOLO.

MeToto pob6oTH € BUBYEHHSA PO3MOAINY LWinbHOCTI B 06nacTi AncTanbHOro
mMeTaenicizy NpomMeHeBOi KiCTKK, Ha AiNAHLi, HanyacTille CXWUMbHIn Jo nepe-
NOMIB MpW PO3BUTKY OCTEONOPOTUYHMX 3MiH. Ha migctasi oTpMMaHux ekcne-
pPUMEHTaNbHUX AaHUX NPOBECTM GioMmexaHiuHe MOLENtoBaHHSA MPYXHUX KOH-
CTaHT KICTKOBOI TKAHWHW.

3a pesynbtatamm MopdoMeTpuyHOro aHanisy nodyaosaHo rpadik pos-
noAiny nNMTOMOI LWiNbHOCTI CMOHFIO3HOI TKAHUHW B 3aneXHOCTi Bif BigCTaHi
Bi 3an'ACTHOI cyrno6oBOi MOBEPXHI.

3a [onoMoro 3anpornoHOBaAHOrO MeTody BMBYEHO PO3MNOAiNn LWiNbHOCTI
CMOHriO3HOI KICTKOBOI TKaHWHW AUCTanbHOro Metaenicidy NpoMeHeBOi KiCT-
K. 3MEHLUEHHS 3MICTY CMOHFO3HOI KiCTKOBOI TKAHWMHW Y3[40BX NMO340BXHbOI
OCi KiCTKM NiATBEPAXEHO eKcrnepumeHTarnbHo. BukoHaHo GiomexaHiyHe Mmo-
OEenNOBaHHA MeXaHiYHUX XapaKTepPUCTMK CMOHTMO3HOI KiICTKOBOI TKaHWMHMW Mpu
BMKOPWCTaHHI BiZOMWX BapiaHTiB Modene MOAYNSA NPYXHOCTi AN HecyLi-
nbHUX cepeposul,. MNMpoBeaeHO NOPIBHSHHA OTPUMaHWX pesynbTaTiB 3 Aa-
HUMK iHWKX aBTopiB. [loBeaeHO eeKkTUBHICTb 3anpornoHOBAHOro mMeToay
BMBYEHHSA MOP(OMETPUYHMX XapaKTEPUCTUK CMOHTIO3HOI KiCTKOBOI TKAHMHM.

Oles Honchar
Dnipro National University
Dnipro, Ukraine Hadidwna do pedkoneaii 06.10.2020
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FPULLAK Biktop 3axapoBuy4
(mo 80-pivusa Big AHA HapoXKeHHSA)

26 1romozo 2020 poKy eurnoeHus10Ccsi
80 pokie 3 OHs1 HapoO)XeHHs1 3aeidy-
eaya kaghedpu npuknadHoi mMame-
Mamuku i MexaHiku 3anopizbkoz2o
HayioHanbHO20 yHieepcumemy, do-
Kmopa mexHiYHUX Hayk, npogeco-
pa, 3acnyxeHoeao disiyua Hayku i me-
XHiKku YKpaiHu Bikmopa 3axapoesu4a
Ipuwaka.

BiH HapoawuBca 26 ntotoro 1940 po-
Ky ¥ M. 2Kutommp y poauHi cnyxoosLis.
CepegHio ocBiTy 3g006yB y >Kutomup-
Cbkin cepefHin wkoni Ne 25, aky 3akiH-
ymB i3 3onoToto meganno. Y 1964 poui
3aKiHUMB 3 BiA3Hakow  i3uKo-
TexXHiYHMN dakyneTeT [HinponeTpoB-
CbKOro  Aep>KaBHOro yHiBEpPCUTETY
(Aay).

3 1967 no 1969 pik HaB4aBca B acnipaHTypi O0Y Ha kadeapi npuknagHoi
Teopil NpyXHOCTi, siIKky y Ti poku ovonoBaB akagemik HAH YkpaiHn
B. I. MocakoBcbkuin. Y TpaBHi 1969 poky 4OCTPOKOBO 3aXMCTMB KaHOMOATCb-
Ky AucepTadito 3a cneuremaTtukoto. 3 1964 no 1975 p. — acucTeHT, cTapwmi
BMKIagad, goueHT kadedpu npuknagHoi Teopii npyxHocTti A0Y; 3 1975 no
1976 p. — 3anpoweHun gocnigHnK npy OendTCbKOMY TEXHOSOrYHOMY YHi-
BepcuteTi (HigepnaHam). Y 1976—1985 pp. — HaykoBWI KePIBHWUK HayKOBO-
pocnigHoi nabopaTtopii MexaHikv HeO4HOPIAHOro Ta aHi30TPOMNHOro cepeno-
BMLLA NpobnemHoi HaykoBO-AOCHiAHOI nabopatopii MILHOCTI Ta HagiNHOCTI
KOHCTPYKLiN, AeKkaH mexaHiko-maTemaTtuyHoro dakynbtety A0Y. 3 1985 no
1986 p. — 3anpoweHunin HaykoBeLb 3a nporpamoto IREX yHiBepcuteTy [iBHI-
yHoro Texacy (m. [leHToH, CLUA).

3 1986 no 1992 p. — gekaH dhakynbTeTy MpUKNagHoi MaTemaTuku. Y
1988 poui 3axncTMB OOKTOPCHKY AucepTauito Ha Temy «CTilkicTb Ta Konu-
BaHHS TOHKOCTIHHMX KOHCTPYKLiN 3MiHHOI )XopcTKocCTi»; y 1990 poui otpumas
3BaHHA npodecopa no kadeapi NpuknagHoi Teopii NPYXXHOCTI.

Hum  BReple 3anpornoHOBaHO TiGPUOHWA  acMMNTOTUYHIN  MeTop,
PO3B’A3yBaHHA HENIHINHNX CUHTYNAPHUX AndepeHLuianbHNX PiIBHAHb 3i 3MiH-
HUMKM KoeddilieHTamn Ta iX cuctem, po3pobneHo MeToAMKY 3aCTOCyBaHHS
nigxogy ANsi BUPILWEHHA MpUKNagHux npobnem MexaHikm HeogHopigHoro
cepenoBsuLLa, 30KpeMa Y HeniHinHMX 3agadax AMHaMiKu CUCTEM 3i 3MiIHHUMU
3a 4Yacom napameTpamu.

Biktop 3axapoBuy Bepe yyacTb Ta Kepye HayKkoBMMMW MpOeKTamu 3 Mil-
HOCTi Ta CTIAKOCTi KOHCTPYKLI/A aepOKOCMIYHOI TEXHIKM 33 3aMOBMEHHAMMU
npomucrnoBocTi. ¥ 1991-1992 pp. 3a nporpamoto Pynbpaita untaB Nekuii
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Ta npoBoaue HaykoBy poboTty y CLUA (CtaHdopacbkuin yHiBepcuTeT, Kani-
dopHis). MNepebyBatoyn 3a KOPAOHOM, BiB pOOOTY, CNPSIMOBaHY Ha BCTaHOB-
NEeHHs AiNoBMX Ta HayKOBUX CTOCYHKIB 3 yHiBepcuteTamu YKpaiHu.

3 1993 no 2014 p. — npopekTop 3 HaykoBoi poboTU Ta MiXHaApPOO4HOro
cniBpobGiTHMLTBa 3anopi3bkoro HauioHansHoro yHiepcutety (3HY). Y 1994
poui — opraHidyBaB i o4onuB Kadeapy MaremMaTMyHOro MOAEMBaHHA Ta
iHdbopmauinHnx TexHonorin; 3 2001 p. No TenepiwHii Yac — 3aBigyBay Ka-
deapuv NpuknagHoi MmatemaTumky i mexaHiku 3HY.

€ KepiBHMKOM HaykoBO-LOCHiOHUX OepXOromkeTHUX Tem MiHicTepcTBa
OCBITM | Haykn YkpaiHu. Y 2013 poui yknae [Jorosip npo HaykoBe chiBpobiT-
HUUTBO i3 [depxaBHum nignpuemctBom «KoHcTpykTopchke Gtopo «[iBoeH-
He». O4onuBe rpyny HayKoBLIB YHiBEpCUTETY ANS BMKOHAHHS HayKoBUX OOC-
nigpkeHb 3a 3aMOBMeEHHAM nignpuemctsa. Kepye HaykoBoto poboToto acni-
paHTiB, € rONOBOIO CneujianizoBaHoOl BYEHO| pagu i3 3axucTy gucepTadin npu
3HY, uneHom cneuianisoBaHOi BYEHOI pagn i3 3axucTy auceptauiv Hauio-
HanbHOro yHiBepcuTeTy «3anopisbka MofiTexXHika», € 3aCTYMHMKOM FOfloBU
TpaauuiiHoi MixxHapogHOI HayKOBO-TEXHIYHOT KOHMEepeHLil «AKTyarnbHi npo-
6rnemu npuknagHoi MexaHikun Ta MILHOCTI KOHCTPYKUi». € ronoBolo pegko-
nerii  «BicHuka 3anopisbkoro HauioHanbHoro yHiBepcuteTy  (cpismko-
MaTeMaTU4Hi HayKkun)», YrieHOM OpraHisauiiHoro KomiTeTy LwopivyHoi Beceykpa-
THCbKOT KOHbepeHLUii monoamx AocniaHuKiB «AKTyanbHi npobnemu matema-
TUKK | iIHbOpMaTUKNY.

Psp vioro yyHiB npautotoTb B yHiBepcutetax CLUA, AHrnii, Mlonnaxgii, As-
cTpanii.

3pobuB cyTTEBUIN OCOBUCTUI BHECOK Y PO3BUTOK MiDKHAPOAHOI AiiNIbHOCTI
yHiBepcuTeTy. O4orntoBaB TBOPYi KONekTuBKM i 6paB yyacTb y psgi MixHapoa-
HWX MPOEKTIB i nporpam, 3okpema 3a nporpamamu «Temnyc-Tacucr», «Big-
poaxeHHsi» Ta iH. Y 2016 poui — 3anpoweHun Weddinaceknum yHiBepcute-
ToM (AHrMis) 4o yyacTi y MixxHapogHin nporpami «"opusoHT 2020». HeogHo-
pa3oBO MpPUIUMaB y4yacTb Yy HAyKOBUX MiXKHapOOHWX KOHdepeHuisx Ta KoH-
rpecax.

Y 1995 poui — 3anpoLleHnin KOHCYNbTaHT MixkHapoaHoi Acouiauii 3 aHani-
3y aBapin Ta katactpod (Menno Mapk, KanidopHis, CLWA). Y nepioa 3 1995
no 2000 p. — 3anpoweHun npodecop IHCTUTYTY TexHomoriyHnx npobnem
Monbcbkoi akagemii Hayk (Bapwasa, 1996), CtaHdopackbKoro yHiBepcuTeTy,
CLUA (1998, 1999, 2000); acouiioBaHWA pegakTop MiKHaApPOAHOro XXypHarny
“Applied Mechanics Reviews”; uneH pocnigHuubkoi Pagn KoHcynbTaHTiB
AmepukaHcbkoro biorpadiyHoro IHCTUTYTY; yBIMWOB Y 36ipHMK “XTO € XTO B
CeiTi”, 13-e BugaHHs, sugasHmutBo Mapkyc, CLUA, 1996. Ynen Giopo lNpe-
3uaii YKpaiHCbKOro TOBapuCTBa iHXEHepiB-MexaHikiB, YneH akagemiyHoro
COl3y 3 Hayku i ocBiTM y CxigHin €sponi. ¥ 1993 p. obpaHuin akagemikom
Akagemii Hayk BULLOT WKONKU YKpaiHu BigaineHHs «MexaHika Ta mMalmHoby-
ayBaHHA», 3 2002 p. — akagemik MixkHapogHoi akagemii HayK BULLIOT LLKONW.
HaropompxeHun dunnomamu naypearta Haropogu Apocnasa Myaporo, aun-
nomMomM faypeata perioHanbHOi nporpamu «30psaHUA WNax» 3anopisbkoi
obnacTi y HomiHauil «[is4 ocBiTK i Hayku poky» (2001), noyecHUMM rpamo-
Tamn MiHicTepcTBa ocBiTW | Haykn YKpaiHu i meganammu «3a HayKoBi Jocsr-
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HeHHs» MOH Ykpainn, «Apocnasa Myaporo» Tta «CeaTtoro Bonogumupa
Mpesugieto AH BO Ykpainu, «3a 3acnyrm» [OHINponeTpoBCbKMM HaLuioHanb-
HUM yHiBepcuTeToM iMeHi Onecs MNoH4apa, HauioHanbHUM FipHUYUM yHiBEpP-
cuteTom, MNpuaHinposckkoto OepxaBHoto Akagemieto OyaiBHULTBA Ta apxi-
TekTypu, «20 pokiB KB «[iBoeHHe», 3HakoM «3a CTBOpeHHsi PakeTHo-
KocmiyHoi TexHikn», noyecHMMU megansamu [epxaBHOro KOHCTPYKTOPCLKOro
6topo «liBaeHHe iM. M.K. AHrensay», noyecHnmu rpamotamn ToproBesnbHO-
Mpomucnosoi nanatu 3emni CakcoHis-AHransTt (HimewuuHa). Y 2015 poui
06paHun MovyecHum npodecopoM 3anopi3bKoro HauioHanbHOrO TEXHIYHOro
yHiBEpPCUTETY.

3a nepioa cBoei HaykoBOI AisnbHOCTI BikTop 3axapoBuy 3pobvs Baromumi
BHECOK Y psifi HanpsIMKiB, a came y TaKi 9K CTiKiCTb Ta KONMMBaHHS TOHKOC-
TIHHUX MEeXaHiYHMX CUCTeM, MeXaHika nnacTuH Ta 06OMOHOK, YyTNUBICTb A0
noYaTKOBUX HEOOCKOHANoCTen, aCUMNTOTUYHI METoAM Y MPUKNagHin mate-
MaTuUi i MexaHili, HabnkeHi aHaniTUKO-YMCNOBI MeToaM AOCHIOXEHHS He-
OAHOPIAHWUX KOHCTPYKLiWA, eKkcnepuMmeHTanbHe Ta mMaTemaTudHe MoJerto-
BaHHSA KOMMO3UTHUX CTPYKTYP, CTIMKICTb KOHCTPYKUIA Nig Aieto iMnyrbCHUX
HaBaHTaXXeHb, HEMiHIMHUIA aHani3 CTaTUKM | AMHaMIKM KOHCTPYKLUIN pakeTHo-
KOCMIiYHOT TEXHIKW.

3a 3HayHi 3000yTKM B ranysi Hayku i TexHiku Ykasom lNpeangeHTa Ykpai-
HM Big 2 xoBTHA 2004 p. B.3. Ipuiaky NpuCBOEHO 3BaHHS «3acnyxeHuw
JisY HayKu | TeXHiKK YKpaiHu».

Y TenepiwHin yac € uneHom Haykosoi Pagn MOH Ykpainu 3a cpaxosum
HanpamoM «MexaHika» i ekcneptom MOH YkpaiHvm gnsa npoBefeHHst OuiHio-
BaHHA eeKTMBHOCTI AisNbHOCTI 3aknagiB BULLOI OCBITM B YaCTWHI npoBa-
[PKEHHS HUMW HaYKOBOI (HayKOBO-TEXHIYHOI) AiANbHOCTI 3a HaykoBMM Ha-
npsiMom « TexHiuHi Hayku» (Hakas MOH Big 07.09.2020 poky Ne 1111).

BikTop 3axapoBwuy y cBili 1OBiNe CNOBHEHMWI CU Ta TBOPUYUX 3a4YMOK.
Bid imeHi pedakuyiliHoi konezii eimaemo waHoeHO20 Bikmopa

3axapoeuya 3 rogineem ma wupo 6axaemo liomy 0obpozo 390opoe’s i
HoeUX MeopYux 38epuweHb!
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