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Preface 

This volume of Lecture Notes in Mechanical Engineering gathers selected papers pre-
sented at the 16th International Conference on Advanced Mechanical and Power Engi-
neering (CAMPE-2025), held online from Kharkiv, Ukraine, on October 20–21, 2025. 
Between 1972 and 2025, XXIII CAMPE Editions were carried out. The first 7 con-
ferences did not include international authors (1972–1993), and the other 16 con-
ferences held in 1994–2025 were international events. CAMPE-2025 was organized 
by the National Academy of Sciences of Ukraine, the Anatolii Pidhornyi Institute of 
Power Machines and Systems of the National Academy of Sciences of Ukraine, and the 
Engineering Academy of Ukraine. 

The aim of the conference was to present the latest achievements in mechanical and 
power engineering and to provide an opportunity for discussion and exchange of views 
and opinions. The conference covered the following topics: 

Development and Improvement of Numerical Methods of Calculation of Fluid Flow 
and/or Heat Transfer. 
Numerical Analysis of Fluid Flow and/or Heat Transfer in Power Equipment. 
Identification and Optimization of Fluid Flow and/or Heat Transfer in Power Equipment 
Profiling of Flow Parts of Turbomachines. 
Development of Thermal Circuits and Improvement of Thermodynamic Characteristics 
of Power Equipment. 
Efficient Fuel Combustion. 
Renewable Energy Sources. 
Resource-Saving and Energy Efficient Technologies. 
Energy Storage. 
Environmental Safety Issues of Power Engineering. 
Hydrogen Technologies. 
Theoretical and Applied Mechanics. 
Mechanical Structures and Stress Analysis. 
Engineering Design. 
Materials Engineering. 
Nanotechnology and Microengineering. 
Methods and Technologies for Additive Manufacturing. 
Engine Technology. 
Aerospace Technology and Astronautics. 

The book “Advances in Mechanical and Power Engineering” has been organized in 
three parts, according to the main topic covered by the respective contributions: 

1. Fluid Mechanics and Heat Transfer in Power Engineering. 
2. Energy Saving Technologies and Environmental Safety. 
3. Dynamics and Strength of Power Equipment.



vi Preface

The first part “Fluid Mechanics and Heat Transfer in Power Engineering” covers 
recent developments of advanced computational and analytical methods for applications 
in mechanical engineering, turbomachinery, heat and power engineering. It reports on 
both theoretical and experimental research, and the use of modern computer technology 
and effective mathematical methods for the analysis of fluid mechanics and heat transfer 
problems, as well as for the identification and optimization of fluid flow. It highlights new 
strategies for implementing intelligent solutions for the purpose of improving compressor 
and turbine stages and effective methods for profiling flow parts of turbomachines. 

The second part “Energy Saving Technologies and Environmental Safety” presents 
some comparative analysis of computational methods adopted for renovation projects in 
mechanical engineering, such as those relating to the development of thermal circuits, 
and the improvement of thermodynamic characteristics of power equipment. The works 
belonging to this part are also devoted to methods for ensuring ecological and human 
safety and for reducing material costs and environmental pollution. New advancements 
in energy saving technologies, renewable energy sources, topical issues in environmental 
safety, resource-saving, and hydrogen technologies are presented. 

The third part “Dynamics and Strength of Power Equipment” reports on recent 
developments in mathematical models and methods to simulating the dynamics charac-
teristics and durability of machines, and engineering designs applications. It describes 
advanced mathematical models for simulating the behavior of power equipment under 
static and dynamic loads and for making qualitative predictions on reliability and dura-
bility. It also covers topics related to stress-strain state, stability, structure optimization, 
and dynamic processes of mechanical systems and objects. It shows applications in 
nanotechnology, microengineering, engine and aerospace technologies, astronautics, 
materials engineering, and additive manufacturing. 

CAMPE-2025 program comprises an impressive range of topics addressing impor-
tant issues relating to energy production and its effects on the environment. Solutions 
that are proposed would enhance the performance of power engineering systems for 
the benefit of society. There are high-quality and innovative contributions on modelling 
and experimentation in material science, structural engineering as well as heat and mass 
transfer. 

The Program Committee and the Organizing Committee of the conference express 
their sincere gratitude to all our international partners, friends and colleagues who 
stand with Ukraine in these difficult times. Your support—humanitarian, institutional, 
scientific—is invaluable. 

This year we had a record number of participants. CAMPE-2025 received 44 con-
tributions. After a two-stage single-blind review, the Program Committee accepted 35 
papers written by 114 authors from 16 countries around the world (Austria, Algeria, 
Bulgaria, Brazil, Great Britain, India, China, Lithuania, Mexico, Moldova, Netherlands, 
Germany, New Zealand, Poland, Ukraine, Sweden). Each paper was peer-reviewed by at 
least three members of the Program Committee, along with invited external reviewers. 

Each submission was evaluated for originality, scientific significance, research 
methodology, accuracy of the research content, discussion of the obtained results, valid-
ity of the conclusions, completeness, clarity of presentation, and overall readability. The 
originality of the submissions was checked by Ithenticate plagiarism software.
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Abstract. In modern aviation, gas turbine engines are the main energy source, 
and their gas-dynamic stability is one of the prerequisites for the robustness, oper-
ational lifetime and safety of the aircraft as a whole. Gas turbine engine fans, due 
to the absence of a bandage, long blades, and wide chord width, are most sus-
ceptible to vibrations caused by interaction with the air flow. This paper presents 
the results of numerical simulation of blade aeroelasticity of aircraft engine fan in 
off-design mode. The equations of motion of unsteady fluid flow were integrated 
using the ANSYS Fluent software package, simulation of motion of the blades, as 
well as two-way coupling between the equations, was implemented in additional 
software to speed up the simulation process. The blade motion was simulated 
using the natural mode decomposition method for the first five natural modes of 
vibration. The aerodynamic damping values were obtained for five modes and four 
interblade angles, as well as the distribution of damping along the blade length. 
As a result, negative damping of vibrations was revealed in the first natural mode 
and synchronous vibrations of the blades. Subsequent modeling of coupled blade 
vibrations revealed self-excitation of blade vibrations in zero phase shift mode 
and damping for other vibration modes. 

Keywords: Aeroelasticity · Flutter · Fan · Aircraft Engine · Blade Vibrations 

1 Introduction 

In modern aviation, gas turbine engines are the most common, and their gas-dynamic 
stability is one of the essential conditions for the robustness, safety, and operational 
lifetime of the aircraft as a whole. The technical characteristics of aircraft, maximum 
altitude and flight speed, and maneuverability of aircraft largely depend on the perfection 
of aviation gas turbine engines (GTE) [1]. Therefore, finding ways to increase the stability 
reserves of GTE and eliminating modes of instability, as in the case of self-excited 
vibrations associated with energy exchange between the vibrating structure and the 
main flow (flutter), is an important and relevant task [2].
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The instability mode of blade vibrations, known as flutter, causes an intense increase 
in the amplitude of vibrations of the rotor blades and can lead to blade failure and even an 
accident in a very short time [3]. Therefore, the study of flutter, the causes of aeroelastic 
instability of vibrating blades in a gas flow, is of considerable theoretical and practical 
interest. GTE fan, subjected to blade flutter, is one of the most serious difficulties in 
gas turbine engine design, as it limits the range of safe operating modes and engine 
performance [4]. 

Blade flutter also occurs in steam turbines and can occur during transient and off-
design operating modes [5], with the aeroelastic characteristics being influenced by the 
structural design of the blade attachment [6], friction damping and mistuning of the 
blades is also important [7]. It has also been found strong dependency of turbine stage 
Mach number and the vibration amplitude of blades [8]. Predicting flutter is also a key 
task for industrial gas turbines with multistage compressors [9]. 

The reflection of acoustic waves in the air intake plays a significant role in the 
excitation of fan blade vibrations, which can either increase or decrease the stability of 
blade vibrations [10]. This factor is considered key in the analysis of a physical event 
known as flutter-bite [11]. 

Currently, there are many methods for assessing the probability of flutter, including 
a combination of machine learning methods with reduced-order models [12]. In gen-
eral, classical modeling methods require significant time and computational resources 
[13]. The search continues for more efficient methods, such as methods based on graph 
convolutional neural networks [14], using simplified numerical models [16], as well as 
using the Fourier decomposition to solve the problem in terms of frequency [15]. 

Correctly capturing the energy transfer between flow and structure demands a cou-
pled solution of fluid dynamics and structural dynamics [16]. The results of such methods 
show good agreement with experimental data [17, 18]. At the same time, it is necessary 
to verify the methods using new experimental data [19, 20]. 

In this study, based on the aerodynamic model described in the article [21] and the 
modal approach to solving the blade dynamics problem, a numerical analysis of the 
blade aeroelasticity of an aircraft engine fan is presented. 

2 Object and Methodology of Research 

Under investigation is a 24-blade wide-chord fan, which is the first rotor of an aircraft 
engine compressor. The visual appearance of the fan is shown in Fig. 1. The fan operates 
at medium speed under the following boundary conditions: 

– inlet total pressure: 100240 ÷ 101230 Pa; 
– inlet total temperature: 282 K; 
– axial flow direction at the inlet; 
– static pressure at the outlet in range 99200 ÷ 112600 Pa; 
– rotational speed of the fan: 4123 rpm. 

To obtain the aeroelastic characteristics of the fan blade cascade, the problem of 
coupled fluid flow and elastic blade vibration simulation was solved. The fluid flow is 
simulated by RANS pressure-based solver, with SST Menter turbulence model [22]. The
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Fig. 1. Appearance of the fan. 

elastic vibrations of the blades are assumed to be small, so the natural form decomposition 
method is used, with the first five forms being used in this case [21]. The flow equations 
are solved using the ANSYS Fluent software package [23]. The vibrations of the blades 
are simulated with second-order scheme and implemented in additional software, where 
two-way coupling is also performed. The state of the air is modeled by the equations 
of state of an ideal gas [24]. This approach to obtaining aeroelastic characteristics has 
been verified and used in different cases [25], as well as in problems of fluid-structure 
interaction [26]. 

The primary aeroelastic characteristics are determined using the energy method, 
with blade vibrations set according to a harmonic law, initial amplitude of vibrations 
was 0.5 mm. Initial inter-blade phase angles (IBPA) has four values differing by 90 
degrees. Table 1 shows the values of blade natural frequencies for the corresponding 
natural forms in the modeling of vibrations. 

Table 1. Natural frequencies of blade vibrations. 

Natural form 1 2 3 4 5 

Natural frequency, Hz 98 217 410 478 632 

3 Results and Discussion 

The fan’s operating mode is characterized by transonic flow, with a shock wave on the 
suction side and a small separation zone on the suction side, most developed in the middle 
section. The isolines of the relative Mach number in the middle section are shown in 
Fig. 2.
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Fig. 2. Relative Mach number isolines in the middle section. 

The resistance of blades to self-excited vibrations is determined by the aerodamping 
coefficient, which is the opposite to the dimensionless aerodynamic work on excitation 
of vibrations. The sign of the aerodamping coefficient determines the possibility of 
self-excited vibrations. 

For the five natural forms in Fig. 3, the aerodamping coefficient D is shown as a 
function of IBPA. 

Fig. 3. Dependency of aerodamping coefficient on IBPA for five natural forms of blade vibration. 

In Fig. 3, almost all modes have positive damping, except for the first and fourth 
modes for IBPA close to 0°, with the value for the first mode being significantly lower 
than zero compared to the values for other modes. 

Figure 4 shows the change along the blade of the aerodamping coefficient D for same 
natural forms and IBPA.
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form 1            form 2 

form 3           form 4 

form 5 

Fig. 4. Change by blade length of aerodamping coefficient for five natural forms and four IBPA. 

According to Fig. 4, for the third and fifth natural forms, damping is positive, so 
there is no danger of self-excitation for these forms. For the second form and an angle 
of 90° in the middle section, there is energy feed, but it is compensated by the work 
in the peripheral part of the blade. As for the first and fourth modes, for IBPA = 0°, 
energy feed is present for whole blade, thereby indicating the possibility of uncontrolled 
self-excitation of vibrations. 

The results of coupled simulation of blade vibrations and flow, with mutual energy 
exchange, are closest to reality. The initial conditions for coupled vibrations were set 
as harmonic blade vibrations with the same amplitude for all natural modes and four
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values of IBPA. The simulation was performed over a period of 10 rotor revolutions. 
Figure 5 shows the simulation result for IBPA = 0° in the form of circumferential force 
and displacement for the blade tip region, as well as their spectrum. 

circumferential force 

circumferential displacement 

Fig. 5. Force and displacement of the blade tip region for IBPA = 0°, and their spectrum. 

Figure 5 clearly shows that from chaotic vibrations, which are the sum of five natural 
forms, only vibrations with the frequency of the first natural form remain, while the 
amplitude of the vibrations increases. The force and displacement spectra show the 
dominance of the first natural frequency with a negligible amplitude of the exciting 
forces of other frequencies. 

The situation for IBPA= 90°, 180°, and 270° is approximately the same and develops 
according to the following scenario: attenuation of vibrations in all modes except the 
first, for which an initial decrease in amplitude is observed, followed by an increase. For 
example, Fig. 6 shows the result of modeling coupled vibrations for IBPA = 180°.
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circumferential force 

circumferential displacement 

Fig. 6. Force and displacement of the blade tip region for IBPA = 180°, and their spectrum. 

Here, despite the presence of exciting forces with the fourth and fifth natural fre-
quencies, the first natural frequency also dominates. The graph from the displacement 
spectrum shows that vibrations in forms other than the first quickly decay, while those 
in the first form begin to increase. In this process, there is an effect of changing the 
phase of vibrations – from values different from 0° to IBPA = 0°, at which the minimum 
damping is revealed for the first form. This is clearly visible in Fig. 7, which shows the 
displacement of the peripheral section of two adjacent blades. 

Fig. 7. Displacement of adjacent blades for initial IBPA = 180°.
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Figure 7 shows that the initial phase shift of 180 degrees changes to 0 over four 
vibrations, while the decrease in vibration amplitude changes to a noticeable increase. 
This shows how quickly the conditions for damping vibrations can change to favorable 
conditions for self-excitation of vibrations. 

Previously, using another method of flow modeling with a simpler turbulence model 
by Baldwin and Lomax, a numerical investigation of the aeroelasticity of the blades 
of the same aircraft engine fan in close mode was conducted [27]. The aerodynamic 
damping coefficient dependence on interblade phase angle was also calculated using 
the energy method. Subsequent analysis of coupled vibrations showed the presence of 
self-oscillations with a small amplitude. A comparison of the research results showed 
a similarity in the dependence of the aerodynamic damping coefficient on interblade 
phase angle, but the absence of negative values for IBPA = 0°. Thus, the application of a 
more advanced turbulence model and modern methodology can produce quantitatively 
different outcomes, yet retain strong qualitative consistency with results from other 
approach. 

4 Conclusion 

The blade aeroelasticity of an aircraft engine fan for an off-design operating mode was 
numerically analyzed, including the energy method analysis for the five natural forms 
and four values of the interblade phase angle, and solutions to the coupled problem of 
fluid flow and blade dynamics for the same modes and angles. Fluid motion simulation 
was performed in the ANSYS Fluent software package, with solution of the differential 
equations of blade dynamics and two-way fluid-structure coupling supplied by custom 
software developed for this purpose. 

At the first step, the aerodynamic damping coefficient dependency on the interblade 
phase angles were obtained for the five natural vibration modes of the blades. At the 
second step of the study, the coupled vibrations were simulated for the same five natural 
modes and four values of angles. 

It was found that for the first and fourth modes and interblade phase angles close to 
zero, the aerodynamic damping becomes negative, and this is a factor determining the 
possibility of flutter. 

Subsequent modeling of coupled vibrations showed that for IBPA = 0°, self-excited 
vibrations are observed, which have the frequency of the first blade vibration natu-
ral mode. At other values of IBPA, damping of vibrations is observed for all natural 
modes, which at some point in time change the inter-blade phase angle to 0°, leading to 
subsequent self-excited blade vibrations of the first natural mode. Such aeroelastic per-
formance of the fan blade cascade is caused by the compressor operating in off-design 
mode. 
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Abstract. The numerical and experimental investigation of impact of stay vane 
number on the flow patterns and efficiency of a pump-turbine model at heads up 
to 200 m in turbine and pump modes are presented. The study was conducted 
for two variants of flow parts, which consisted of spiral casing with stay vanes, 
guide vanes, runner, and draft tube, and differed in the number of stay vanes: 
20 in the original variant and two times less in the modernized one. Numerical 
studies of incompressible viscous flow were carried out using the Ansys CFX 
software. The flow structure was presented and analyzed, the distribution of radial 
and circumferential velocity components was compared, as well as the flow angle 
in the gap between the stay vanes and the guide vanes blades. Experimental tests 
were performed on the hydrodynamic test stand of the IEMS hydraulic machinery 
laboratory. The blades and rim of the runner were manufactured using 3D printing 
technology. The efficiency hill chart in turbine mode at the given speeds, which 
correspond to the best efficiency mode and the minimum, nominal, and maximum 
heads at the Dniester PSP are shown. In pumping mode, a comparison of efficiency 
and head at the optimal opening of the guide vanes is given. It is concluded that the 
double reduction of the stay vanes worsens the energy characteristics in turbine 
mode, but improves them in pump mode. 

Keywords: Pump-Turbine · Flow Part · Spiral Casing · Stay Vanes · Guide 
Vanes · Numerical Studies · Experimental Studies · Hydrodynamic Test Stand 

1 Introduction 

Reaching the target of the Paris Climate Agreement by 2050 will require more than 
doubling hydropower capacity, including the capacity of pumped storage plants. This 
requires investing approximately $85 billion in conventional hydropower and $8.8 billion 
in plants with pumped storage (PSP) every year. With the rapid development of solar 
and wind power generation, the role of hydroelectric units, which flexibly balance the 
peak part of the overall load schedule and serve as an emergency and frequency reserve 
for power systems, is growing significantly [1]. 

The hydroelectric power market has been growing steadily over the past few years 
and, according to experts, reached $246.51 billion in 2024. The hydroelectric power
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market is expected to continue growing in the near future. According to experts, by 2028, 
it will amount to $286.40 billion with an average annual growth rate of 3.8%. Among the 
prerequisites for growth are increased demand for renewable energy sources, increased 
government support for hydropower projects, rapid urbanization, and industrialization. 

Hydropower not only generates electricity but also plays a key role in energy storage. 
Modern pumped storage power plants act as natural “batteries,” storing excess electricity 
during periods of low demand and releasing it during peak loads. This ensures the stability 
of the power system, reduces the load on the grid, and promotes the effective integration 
of solar and wind energy by balancing their variable generation [2]. In 2025, hydropower 
will strengthen its position as one of the main tools of the global energy transition, 
contributing to the reduction of carbon emissions and ensuring a stable, reliable energy 
supply for future generations [3]. Improving the energy performance of turbines is a 
priority for researchers. 

One of the main trends is to establish dependencies between efficiency and the 
geometric parameters of flow parts, based on which their characteristics can be improved 
[4]. When operating as part of a PSP, pump-turbines are subject to special requirements, 
including stable operation in partial and transient modes. To this purpose, the entire flow 
section, in particular the blades of the runner, is optimized [5]. 

Optimizing the runner of a pump-turbine is the most demanding process, but it 
often gets the objective achieved [6]. To this aim, comprehensive methods are being 
developed that utilize the greatest number of parameters [7]. The flow part can also be 
optimized by installing new elements in the runner, in particular, splitter blades [8]. The 
number of parameters used to describe the geometric characteristics of the flow -part is 
of great importance for the convenience of design and speed of optimization [9], and a 
successful description method can also be applied to other types of hydraulic [10] and 
steam [11] turbines. Improvements can also be made to other components of the turbine 
unit, including the draft tube [12]. When optimizing the flow part, it is also necessary to 
take into account the parameters of erosion wear [13]. 

Special attention is now being paid to the guide vanes and stay vanes, as these ele-
ments ensure optimal flow characteristics at the runner inlet in turbine mode and reduce 
losses in pump mode. This area also experiences significant unsteady loads associated 
with the interaction between the runner and the stationary blades [14]. The number of 
stay vanes, their characteristics, and their interaction with the flow from the spiral case 
and the guide vanes blades also influence unsteady phenomena, both during the start-up 
process [15] and under constant load [16]. 

An important and necessary part of the method of developing and improving the 
flow parts of hydraulic turbines is conducting experimental research to confirm the-
oretical developments or numerical studies [17]. Some cavitation characteristics of 
pump-turbines can only be reliably obtained experimentally [18]. 

The proposed article considers comprehensive studies – numerical and experimen-
tal – of the impact of the number of stay vanes on the flow patterns and efficiency of a 
pump-turbine at heads up to 200 m in turbine and pump modes.
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2 Object and Method of Study 

The ORO170/5252M7 pump-turbine model, developed at IEMS and transferred to JSC 
“Ukrainian Energy Machines” for implementation in the project of 5–7 hydroelectric 
units of the Dniester pumped storage power plant, was selected as the study object. The 
main features of the object are as follows: 

– spiral casing with a coverage angle of φ = 360º, having round cross-sections designed 
according to the assumption of constant circular velocity Vu = const;

– a stator with flat rings, having 20 (in the original version) or 10 (in the modernized 
version) profiled stay vanes, including a spiral case tongue. It is possible to install a 
ring valve; 

– the guide vanes of 20 blades, height b0 = 0.14D1, rotation axis at diameter of D0 = 
1.2D 1;

– runner with 7 blades and diameter of D1 = 350 mm.
– draft tube with vertical 5º taper diffuser, an elbow of KU-3RO type, discharge pipe of 

constant diameter. The overall height of the draft tube is h = 3.19D1, and the length 
is L = 4.5D 1.

To reduce the production cost of the model unit and shorten the testing time, the 
runner blades and shroud were printed on a PLA plastic printer (Fig. 1). 

Fig. 1. Model of the R5252M7 runner (after testing on a hydrodynamic test stand). 

The hub is made of stainless steel. Calculations of the strength of the blades and the 
structure as a whole have shown that such a model can be tested on a hydrodynamic test 
stand in turbine mode at heads up to 15 m, which allows reliable results to be obtained. 

3 Results of Numerical Study 

Using the ANSYS software, for which IEMS has an academic license, a numerical 
study of the flow of viscous incompressible fluid was conducted in models containing 
all elements of the flow section, in turbine and pump modes. A tetrahedral mesh with 
wall refinement was selected [19]. The total number of cells was approximately 7.1
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million. The parameter y + was controlled and did not exceed 10 [20]. Water motion 
was simulated using the ANSYS CFX RANS solver, supplemented by the k-ε turbulence 
model [19]. For the turbine mode, the mass flow at the inlet of the spiral case and the 
static pressure at the outlet of the draft tube were set. For the pumping mode, the mass 
flow at the inlet of the draft tube and the static pressure at the outlet of the spiral case 
were set. 

Numerical studies have shown that the flow structure in the turbine mode is practically 
independent of the flow rate; only the values of the absolute velocity components change, 
proportionally to the flow rate. 

Figure 2 shows the distribution of streamlines for two variants of spiral casings 
(the original one with 20 stay vanes and the modernized one with 10) in turbine mode, 
close to best efficiency when the opening of the guide vanes is a0 = 20 mm, the unit 
rotation frequency is 91 min−1, and the unit flow rate is 0.303 m3/s. The results show that 
the distribution of streamlines in the stator column area is quite smooth in both model 
va riants.

a                b 

Fig. 2. Distribution of streamlines in spiral casings of pump-turbine models with different 
numbers of stay vanes in turbine mode: a – 20 stay vanes; b – 10 stay vanes. 

Figure 3 shows the distribution by the angle of coverage from 0 to 360º in the middle 
horizontal cross-section of the spiral of the radial V r and circumferential Vu components 
of the velocity and flow angle α, which forms the inflow, behind the stay vanes for two 
model variants at the above-mentioned turbine mode. It can be seen that the distribution 
of the flow velocity in both variants of the flow parts up to the angle of coverage φ < 

270º is uniform, while at φ > 270º the unevenness of the distribution increases in the 
variant with 10 stay vanes. The same pattern is observed in the distribution of the circular 
velocity. Accordingly, in the model with 10 stay vanes, a greater difference in the values 
of the angle α over the spiral wrap φ is obtained. Thus, at spiral coverage angles from 
15 to 345º, the flow angle behind the stator in the R5252M7 model varies in the range of 
25.6–28.5º, and in the R5252M7–10 model from 23.1 to 30º. This leads to an increase 
in the circumferential uniformity of the flow onto the guide vane blades and may lead 
to an increase in hydraulic losses.
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a                b 

c 

Fig. 3. Distribution by angle of coverage in the middle horizontal section of the spiral case of 
kinematic characteristics in turbine mode: a – radial velocity V r; b – circumferential velocity 
component Vu, c – flow angle α. 

In pump mode, numerous studies were conducted with the opening of the guide 
vanes at 26 mm, close to the best efficiency at a rotor speed of 700 rpm, at different 
flow rates. Figure 4 shows the distribution of streamlines at flow rates corresponding to 
the maximum efficiency. Both models have a fairly uniform distribution of streamlines. 
At the same time, the variant with 10 stay vanes demonstrates better flow around the 
tongue. This, taking into account the decrease in profile losses due to the reduction in 
the number of stay vanes, should lead to an increase in the efficiency of the flow part of 
the model in pump mode. 

Figure 5 shows the distribution by angle of coverage from 0 to 360º in the middle 
horizontal section of the spiral case of the radial V r and circumferential Vu components 
of velocity and flow angle α behind the guide vanes in front of the stay vanes for two 
model variants at the best efficiency pumping mode when the opening of the guide vanes 
is a0 = 26 mm.

As can be seen from the Fig. 5, the impact of the number of stay vanes on the 
kinematic characteristics of the flow between the guide vanes and the stay vanes is less 
than in the turbine. This is explained by the fact that the flow structure in the pump 
mode in front of the stator is mainly determined by the guide vanes and, to some extent, 
by the runner, which is identical in the two models under consideration. The reverse 
effect of the stay vanes also occurs, which is especially evident in the cross-sections 
corresponding to the spiral case coverage angles from 270 to 360º. At coverage angles 
from 0 to 270º, the distribution of both the flow rate and the flow angle is more uniform
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a                b 

Fig. 4. Distribution of streamlines in spiral casing of pump-turbine models with different numbers 
of stay vanes in pump mode: a – R5252M7, 20 stay vanes; b – R5252M7–10, 10 stay vanes. 

a                b 

c 

Fig. 5. Distribution by angle of coverage in the middle horizontal section of the spiral case of 
kinematic characteristics in pump mode: a – radial velocity V r; b – circumferential velocity 
component Vu, c – flow angle α.

in the R5252M7–10 model with 10 stay vanes. This should lead to an improvement in 
the energy characteristics of this flow part. 



Impact of Stay Vane Number on Pump-Turbine Characteristics 19

4 Results of Experimental Study 

The pump-turbine models were studies on the hydrodynamic test stand of the IEMS 
hydromachinery laboratory. The test stand is equipped with set of modern measuring 
instruments and has undergone metrological certification. All technical indicators of the 
test stand correspond to the IEC 60193 standard for model testing, primarily in terms 
of efficiency measurement error ± 0.25%. The main parameters of the equipment are: 
diameter of runner models up to 500 mm; flow rate up to 0.500 m3/s; test heads up 
to 30 m; motor-generator power 200 kW. The Reynolds number in the studies were in 
the range Re = 2.5·106…3.0·106 and were recorded in the protocols for each operating 
point. For a more detailed description of the stand, please refer to [21, 22]. 

a                b 

c                d 

Fig. 6. Dependency of η* on unit flow rate for models R5252M7 (with 20 stay vanes) and 
R5252M7–10 (10 stay vanes): a – nI’ = 80 min−1;  b  –  nI’ = 85 min−1;  c  –  nI’ = 91 min−1; 
d  –  n I’ = 95 min−1.

Experimental studies of models were conducted at a head of 6 m in turbine mode, 
and rotor speed was set to 700 min−1 in pump mode. The opening of guide vanes varied 
from 12 to 34 mm in the range of unit flow rate QI’ from 0.100 to 0.600 m3/s. Operating 
characteristics were obtained and used to construct efficiency hill chart. 

In turbine mode, the use of a stator with 10 stay vanes led to a decrease in the 
maximum efficiency relative to the initial variant by 0.72% with a decrease in the optimal 
unit flow rate by 0.008 m3/s, while the best efficiency unit rotation speed remained 
unchanged. 

Figure 6 shows a comparison of the distribution of the relative efficiency (η*) of two 
variants of pump-turbine models in the form of sections of hill chart at unit rotation speeds
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nI of 80, 85, 91, and 95 min−1 (nI nD1/
√
H , here n is rotation speed, D1 – runner 

diameter, H – head). The values of 85, 91, and 95 correspond to the highest, nominal, 
and lowest heads at the Dniester PSP, respectively. Hereinafter, relative efficiency η*  is  
defined as the ratio to the maximum efficiency of the model with 20 stay v anes.

As can be seen from the data presented, at almost all heads at the station and across 
the entire range of flow rate, the efficiency of the initial version is higher than that of 
the model with a reduced number of stay vanes. The exception is flow rates greater than 
0.500 m3/s, but these values are beyond the power limitation lines, and hydraulic units 
are not operated at such modes. 

Figure 7 shows a comparison of the relative efficiency and heads in pump mode when 
the guide vanes opening is a0 = 26 mm, which is practically optimal for both m odels.

Fig. 7. Dependency of η* and head on unit flow rate for models R5252M7 (with 20 stay vanes) 
and RK5252M7–10 (10 stay vanes) when the opening of the guide vanes is a0 = 26 mm.

The figure shows that in the flow rate range from 0.300 m3/s to 0.500 m3/s, i.e. almost 
throughout the entire operating range, the R5252M7–10 model with a reduced number 
of stay vanes has better characteristics of efficiency and head (to an even greater extent). 
A similar picture can be observed at other values of openings of the guide vanes. The 
maximum efficiency of this model exceeds that of the original version by almost 0.60% 
with a 3% increase in head. 

5 Conclusion 

The results obtained allow us to draw the following conclusions: 

1. As a result of experimental and numerical investigations, the impact of the number 
of stay vanes on the flow patterns in the pump-turbine inlet on the parameters of the 
Dniester PSP and on the energy characteristics of the flow part model was determined. 

2. The use of 10 stay vanes instead of 20 in the turbine mode increases the circumferential 
irregularity of the distribution of the flow and circumferential velocity components, 
as well as the flow angle in front of the guide vanes. This resulted in a 0.72% decrease 
in maximum efficiency and worsened its level over almost the entire operating range.
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3. In the pump mode, a double reduction in the number of stay vanes led to better flow 
pattern in the stay vane-guide vane region, but the effect is less than in the turbine 
mode. Experimental studies have confirmed the improvement of energy and pressure 
characteristics. The maximum efficiency in this model increased by 0.60% with a 
simultaneous increase in head by 3%. 
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Abstract. This study proposes an integrated methodology for evaluating the 
boundary layer thickness on building façades under airflow impingement. The 
objective is to find spatial characteristics of boundary layer formation on build-
ing surfaces for different types of urban development, considering microclimatic 
parameters. The scientific novelty lies in the development methodology, which 
combines theoretical analysis, experimental measurements, and CFD simulations, 
ensuring higher accuracy in predicting building thermal performance and improv-
ing energy-efficient heating strategies. For the first time, it is shown that the coor-
dinate, where the transition from gradient to non-gradient flow regimes happened, 
depends on both airflow velocity and temperature, allowing precise prediction 
of this critical phenomenon. Furthermore, unlike existing models, the proposed 
approach considers wind flow angle and velocity, which significantly impact local 
boundary layer characteristics and heat loss distribution. The practical significance 
of the study is the ability to accurately forecast façade heat losses, assess wind 
loads, and optimize energy efficiency. The obtained analytical dependencies and 
approximation functions for boundary layer thickness distribution can be applied 
in urban planning and architectural design to ensure microclimatic comfort and 
durability of building envelopes. 

Keywords: Boundary Layer Thickness · Airflow · Building Surface 

1 Introduction 

Increasing demands for building energy efficiency and urban microclimate optimiza-
tion require a detailed analysis of heat transfer through building envelopes. Heat losses 
depend strongly on boundary layer structure, shaped by airflow, solar radiation, thermal 
gradients, and façade geometry. The spatiotemporal variability of flow around build-
ings limits the accuracy of standard stationary models, highlighting the need to consider 
boundary layer thickness. Combining experimental measurements with CFD simula-
tions is therefore essential for predicting heat losses, optimizing heating systems, and 
maintaining comfortable indoor microclimates across diverse urban environments.
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2 Literature Review 

The study of airflow impingement on building envelopes combines experiments and 
numerical simulations to clarify boundary layer formation, separation, and vortex 
dynamics. Prior works [1–3] showed that corners, projections, and balconies create 
accelerated flows and low-pressure zones, strongly affecting boundary layer thickness 
and structure. These localized effects alter near-wall velocity distributions and generate 
secondary vortices. 

Comparisons of simulations and field data [4–6] reveal that classical laminar and 
turbulent flat-plate models fail near complex façades, especially in corner regions with 
recirculation. Even high-resolution CFD requires experimental validation, particularly 
for façades with pronounced projections [5, 6]. Studies on transition location x∗ [7– 
9] demonstrated dependence on free-stream velocity and temperature, governed by 
flow acceleration and stabilization of velocity profiles. Atmospheric parameters, includ-
ing temperature and pressure, also critically influence separation zones and velocity 
evolution [10–12]. 

Urban microclimatic effects on buildings of different heights [13–15] show that inter-
actions between high- and low-rise structures create complex circulation patterns, but 
dynamic variations (wind, temperature gradients, humidity) remain insufficiently stud-
ied. Experiments in upper façade regions [16, 17] confirmed increased local velocities, 
while numerical models often mispredict due to geometric simplifications and inade-
quate vortex representation. Minor architectural elements (balconies, cornices, canopies) 
also lack systematic analysis. 

Correlation-based flat-surface models [18–20] lose accuracy for façades with dis-
continuities. Study [20] highlights the need to combine CFD with detailed experiments, 
particularly in heterogeneous urban environments. 

In summary, current research outlines boundary layer behavior over façades, but a 
generalized model accounting for geometry, architectural details, urban microclimates, 
and unsteady atmospheric effects is lacking. Future work should refine transition criteria, 
separation and vortex modeling, include dynamic meteorological effects, and validate 
CFD models with comprehensive experiments. 

The aim of this study is to develop a comprehensive methodology for determining 
the spatial characteristics of boundary layer thickness under airflow impingement on 
façades of different urban building types, taking into account microclimatic parameters. 
The methodology integrates theoretical calculations, experimental measurements, and 
numerical modeling to enhance the accuracy of predicting building thermal performance 
and optimizing energy-efficient heating strategies. 

3 Research Methodology 

The determination of boundary layer thickness under airflow impingement on building 
façades is based on a multi-stage approach. At the first stage, theoretical calculations of 
boundary layer thickness and the transition coordinate from gradient to non-gradient flow 
regimes are carried out. The theoretical study is refined by experimental velocity field 
measurements, which allow localization of the boundary layer edge and confirmation of 
the transition point.
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At the third stage, numerical modeling is conducted using CFD, incorporating theo-
retical and experimental results. Appropriate turbulence models are selected to account 
for the specifics of urban development, façade geometry, and meteorological variabil-
ity. The numerical model is calibrated using experimental data to improve predictive 
accuracy. 

This stepwise approach ensures a comprehensive analysis of boundary layer struc-
ture, which serves as a foundation for developing effective measures to enhance building 
energy efficiency and optimize thermal regimes in residential areas. 

3.1 Theoretical Background 

The formation of the boundary layer during airflow over solid surfaces is described by 
the Reynolds-averaged Navier–Stokes equations, consisting of continuity, momentum, 
energy, and state equations. For building-scale flow, a turbulent boundary layer is formed 
with Reynolds numbers Re >  >  1·106; thus, the flow can be considered self-similar. The 
laminar and transitional sublayers are neglected due to the high roughness of external 
walls, which promotes turbulence.

Here is considered the boundary layer developing in a region of increased pressure, 
where the airflow originates from the stagnation. The characteristic parameter of interest 
is the momentum thickness of the boundary layer, which represents the integral measure 
of momentum loss relative to the inviscid flow. 

δ2 = 
δ 

0 

u 

U0 
· 1 − 

u 

U0
dy (1) 

The displacement thickness δ1 is defined as: 

δ1 = 
δ 

0 

1 − 
u 

U0 
dy, (2) 

where U0 is the free-stream velocity at the boundary layer edge in the region of non-
gradient flow, and δ is the boundary layer thickness.

To characterize the velocity profile under conditions influenced by the pressure 
gradient, a shape factor is introduced [21]: 

H12 = 
δ1 

δ 2
(3) 

Experimental studies of turbulent boundary layers demonstrate that velocity profiles 
can be approximated by a one-parameter family of curves, described by a power-law 
distribution of the form. 

The velocity of the approaching air flow under potential flow conditions can be 
represented as 

x∗ 

0 

U3.8dx = A · U3.8
0 (4)
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The variation of the shape factor H12 over the entire range of the flow dP dx ≤ 0 does not 
exceed ± 2.3%, i.e., for determining δ2(x∗) the mean value A = 0.489 can be adopted. 
In this case, at an air temperature of t = 0  °C,  P  = 0.098 MPa, wind speed U0 = 5  m/s,  
and ν = 13.75·10−6 m2/s takes the form

δ2(x∗) = 0.08276 · ν 
U0 

0.143

(5) 

From relation (6), for n = 6, the boundary layer thickness δ

δ = δ2 · (1 + n) · (2 + n) 
n 

= 9.33 · δ2 (6) 

or, for the considered example, δ = 12.4 mm.
Having determined the momentum thickness δ2, it is possible to calculate the 

coordinate x∗ of the transition point from pressure-gradient flow along the surface to 
zero-pressure-gradient flow .

3.2 Experimental Study 

The experimentally determined values of wall shear stress under pressure-gradient flow, 
taking into account H12 = 1.3, are well approximated by the formula

τ0 

ρ · U2 = 0.01383 · U0 · δ2 
ν 

−0.268

(7) 

The exact solution of the momentum equation for a plate over the length from 0 to 
x is given by [21] 

δ2(x) = 2 · τ0 

ρU2
0

· x (8) 

By substituting (8) into (9), we obtain 

x = 36.153 · U0 

ν 

0.268 

· δ2(x)1.268 (9) 

Using the value of δ2(x∗) with account of (9) for the section x = x∗, and performing 
the transformations, we obtain (taking into account that at х = х* U = U0)

x∗ = 1.79 · U0 

ν 

1 
8

(10) 

Formula (4) shows that the position of the section at which the transition from pressure-
gradient to zero-pressure-gradient flow occurs is influenced only by the velocity of the 
approaching airflow and the air temperature. At a velocity of U0 = 5  m/s,  t  = 0 °C, and a 
barometric pressure of P = 0.0981 MPa, x∗ = 7.6. The values of δ2(x), δ1(x∗), and x∗ are 
determined under a number of assumptions, including the use of a model for evaluating
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τ0 during pressure-gradient flow as in zero-pressure-gradient flow along a flat plate with 
a constant potential flow velocity U∞ along the boundary layer edge.

As a result of measuring pressure variations along the boundary layer height, velocity 
profiles were obtained in different flow sections. The analysis of boundary layer forma-
tion conditions on the flat surfaces of building elements requires experimental investi-
gation and generalization in the form of correlation relationships. For this purpose, the 
test stand shown in Fig. 1 was used. 

During the experiment, the main characteristic for comparison was the position of 
the section x ∗ corresponding to the transition of the flow from pressure-gradient to 
zero-pressure-gradient conditions.
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Fig. 1. Schematic diagram of the test rig (a) and working channel (b); 1 – centrifugal blower; 
2 – receiver; 3 – flow straightening grids; 4 – nozzle; 5 – experimental setup; 6 – flat channel; 
7 – shutters; 8 – flat slit; 9 – side wall; 10 – lateral inserts; 11 – measuring plate. 

The measurement results are shown in Fig. 2a, b. The experiment revealed three 
distinct regions of variation δ2(x): 

• at 0 ≤ x ≤ 4.1 - region I, characterized by a high gradient of the decrease in Р*; 
• at 4.1 < x ≤ 10.4 - region II, corresponding to the reduction of PPP to atmospheric 

pressure; 
• at x > 10.4 - region III, where a gradient-free flow along the plate is established. 

If the value of x at the transition from region II to the gradient-free flow region 
is taken as x∗ = 10 .4, and a comparison is made between the calculated value of x∗, 
determined using Eq. (11), and the experimental result, we obtain 

x∗ = 1.806 · U0 

ν 

1
8

(11) 

Experimental results indicate that the deviation associated with Eq. (12) remains 
within the acceptable error limits. The conducted study on the characteristics of the 
gradient flow region indicates that its extent depends on the velocity of the incoming flow 
and the air temperature (through the kinematic viscosity) and is limited in magnitude.
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Fig. 2. Variation of the boundary layer thickness during the impingement of a semi-confined jet 
on a flat surface 

The transition coordinate from the gradient to the gradient-free regime defines the 
spatial boundary beyond which the velocity and temperature gradients in the direction 
toward the surface diminish, and the flow structure becomes more homogeneous. Since 
intense heat transfer occurs in the high-gradient region, this results in significant thermal 
losses and affects the local dynamic loads on the façade. 

3.3 CFD Modeling 

The numerical experiment was conducted on a personal computer, with the flow around 
the building modeled in OpenFoam using the equations in steady-state formulation 
according to [23]. A symmetry condition was applied to the computational model, which 
reduced the required computational resources by a factor of two and allowed the creation 
of a finer computational mesh. An adaptive mesh was employed, meaning the grid was 
automatically refined in regions with rapid parameter changes and near the building. 

As a result of the simulation of the air boundary layer thickness distribution on the 
building’s exterior walls under variable flow conditions − depending on height, flow 
incidence angle (0°, 45°, 90°), and wind speed (2 m/s and 5 m/s) − approximation 
functions were obtained for each of the 36 building façades, along with the model 
coefficients A and B, the maximum deviation δmax, and the root-mean-square deviation 
δ 2.

4 Results and Discussion 

A general analysis of the results for airflow angles of 0°, 45°, and 90° at wind speeds of 
2 m/s and 5 m/s showed that increasing wind velocity leads to a reduction in the average 
boundary layer thickness on the building’s frontal and side façades due to the enhanced 
dynamic pressure component of the flow. At the same time, for the leeward façades, 
the variability of boundary layer thickness increases, along with a higher likelihood of 
local recirculation zones and flow separation, as indicated by larger spreads in maximum
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deviations and the appearance of negative thickness values. At angles of 45° and 90°, 
boundary layer development becomes more unstable compared to 0°, reflecting increased 
complexity in the aerodynamic interaction between the flow and the building façades 
under varying wind directions. 

The highest variability was observed for coefficient A, particularly at a 45° incidence 
angle, where its coefficient of variation reached 471% at 5 m/s. This indicates a high 
instability in the distribution of parameter A and a potential dependence on the complex 
turbulent flow structure in this direction. In contrast, at a 90° incidence angle, A showed 
the lowest variability (<110%) for both speeds, indicating greater stability under normal 
airflow conditions. Coefficient B generally exhibited lower variability, with coefficients 
of variation ranging from 77% to 122%. Especially stable B values were observed at 90° 
(for 2 and 5 m/s), where the spread did not exceed 78% and was accompanied by low 
dispersion and nearly symmetric distribution (skewness close to zero). To account for the 
specifics of airflow around the building surfaces, a regression analysis was performed 
separately for each group of conditions, which significantly reduced residual disper-
sion and improved the reliability of the estimated regression coefficients. This, in turn, 
provided higher explanatory power for the model and allowed an accurate description 
of the influence of wind speed and geometric parameters on boundary layer thickness 
formation. 

Numerical modeling of the boundary layer thickness distribution on the building 
façades is performed considering height, airflow attack angle (0°, 45°, 90°), and wind 
speed (2 m/s and 5 m/s). Based on the results, the relationships δ = f (A,B,H,φ) are con-
structed for 36 building sides, and the model coefficients A and B, as well as the maximum 
(δδmax) and root-mean-square deviations (δδ 2), are determined to assess accuracy. Com-
parison of the coefficients makes it possible to evaluate the influence of flow velocity and 
direction on the boundary layer profile and to predict its distribution without repeated 
full-scale modeling, while the deviations characterize the acceptable error range. At a 
wind speed of 2 m/s and an incidence angle of 0°, with R2≈0.76, the coefficients were 
calculated according to the f ollowing relationship:

A = 114.7C(−2) 
p − 114.03 · C(−2) 

p .expAp, B =  −  0.2866 · Ap

where Ср, Ар – polynomial coefficients for determining static pressure, H -
The analysis of boundary layer thickness modeling results for airflow incidence 

angles of 0°, 45°, and 90° showed that constructing unified regression relationships for 
coefficients A and B was statistically unreliable. Specifically, at 0° and a wind speed of 
5 m/s, as well as at 45° and 90° across speeds from 2 to 5 m/s, the following were observed: 
significant discrepancies between mean and maximum boundary layer thickness values, 
with deviations up to 0.3 m; presence of negative boundary layer thickness values, 
indicating flow instability, separation, or recirculation zones (especially at 5 m/s); lack 
of a stable functional relationship between height and layer thickness across different 
building façades (in some cases increasing, in others decreasing or fluctuating). As a 
result, regression models built for coefficients A and B under these conditions showed 
low convergence (R2 < 0.5) and, in some cases, could not be approximated due to 
excessive data variability. Nevertheless, even in the absence of a clear mathematical 
model, a pattern in boundary layer thickness variation is evident: it clearly depends
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on the incidence angle and flow velocity. As the flow velocity increases, the overall 
boundary layer thickness decreases, but its fluctuations grow, particularly in leeward 
and side zones. 

For a wind speed of 5 m/s and an incidence angle of 90°, with R2 ≈ 0.76, the 
coefficients are calculated according to the following relationship

B = 5525.29−309.28 · expδPmax + 735.2  expδ 
Pmax · Ap · Cpcosθ − 108.4 · δP max + 57.47 expδmax

In this case, the values of the incidence angle in degrees (0°, 45°, 90°) are used without 
conversion into radians; that is, they are treated as numerical parameters representing 
the angular configuration of the flow 

δδmax =  −0.00873 · θ + 0.0641, δ2 δ =  −0.004875 · expδ δmax + 0.27795 · δδmax

5 Conclusions 

As a result, the spatial variability of airflow impingement conditions was revealed, and 
statistical models were developed to describe the variation of boundary layer thickness 
as a function of height, wind speed, angle of attack, and hydrodynamic characteristics of 
the flow. The obtained dependencies have practical significance for assessing convective 
heat transfer on the external surfaces of building envelope structures. 

The boundary layer thickness determines the intensity of heat exchange: in regions 
with a thin layer (typically frontal surfaces under direct impingement), increased thermal 
interaction with the surrounding environment is observed, whereas in rear and lateral 
zones, where the layer is significantly thicker, heat transfer decreases. This allows the 
implementation of a zonal approach for evaluating facade thermal regimes. In particular, 
dividing external surfaces into zones with different boundary layer thickness enables: 

• assessing the non-uniformity of heat losses; 
• refining heat transfer coefficients; 
• rationally varying the thermal insulation properties of materials according to the 

intensity of heat exchange. 

The simulation results, complemented by experimental measurements, allowed the 
derivation of analytical dependencies for determining the boundary layer thickness and 
the transition location, taking into account variations in the flow incidence angle and the 
approaching flow velocity. The proposed formulas are adaptive and can be applied to 
various types of urban buildings and microclimatic conditions, providing more accurate 
predictions of building thermal regimes. 

The studies [24, 25] allow refinement of heat transfer parameters in different zones, 
considering the microclimatic characteristics of the approaching flow. This approach 
ensures a more precise analysis of local temperature regimes arising from the com-
plex interaction between the flow and the surface. The integrated application of the 
derived analytical dependencies and results from other studies enhances the accuracy of 
predicting thermal regimes in conditions of variable aerodynamic environments.
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The practical significance lies in the possibility of using the obtained dependencies 
to optimize energy-efficient solutions in heating systems, reduce energy consumption, 
and improve the thermal protection of envelope structures. Moreover, the integration 
of analytical calculations, experimental validation, and CFD modeling has formed a 
comprehensive methodology for assessing the spatial characteristics of the boundary 
layer, which can be effectively applied in the design, reconstruction, and modernization 
of building facilities in urbanized environments. 
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Abstract. The problem of energy-efficient reconstruction of the housing stock is 
particularly relevant in the context of damaged urban infrastructure. This study 
aims to establish a quantitative relationship between experimentally measured 
aerodynamic pressure coefficients and numerically simulated static pressure on 
façades of residential buildings with different orientations to the airflow. This 
provides a basis for constructing spatial–angular wind load maps, which are nec-
essary for predicting heat losses and implementing adaptive façade heating. The 
novelty of the research lies in the integrated methodology that combines field 
experiments with numerical simulations to analyze the relationship between aero-
dynamic coefficients and static pressure. Verification of the CFD model against 
experimental data significantly improved its reliability and allowed the transition 
from conventional averaged normative values to detailed façade-specific wind load 
mapping. The practical significance of the work consists in the development of 
a methodology for generating spatial–angular wind load maps, enabling precise 
identification of infiltration heat-loss zones and determination of the most vulner-
able façade areas. This creates a foundation for targeted modernization and the 
design of adaptive heating systems, ultimately increasing the energy efficiency of 
residential buildings. 

Keywords: Airflow · Static Pressure · Aerodynamic Coefficient · Building 
Facade 

1 Introduction 

In the modern conditions of urban infrastructure damage resulting from military conflict, 
the energy-efficient reconstruction of the affected residential buildings has become a 
critical priority. A significant contributor to thermal losses in buildings is air infiltration 
through the building envelope, which is strongly influenced by the spatial and angular 
distribution of wind loads. Accurate quantitative assessment of these effects necessitates 
consideration of the aerodynamic pressure coefficient (P) and the static pressure (Pstat), 
as these parameters directly govern the interaction between wind and building facades.
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2 Literature Review 

The analysis demonstrates the relevance of applying combined experimental and numer-
ical methods for simulating airflow around buildings. In [1, 2], CFD simulations of air-
flow over high-rise residential buildings at heights ranging from 0.9 m to 2.2 m were 
conducted to characterize turbulent flow. However, these studies do not specify the 
dependence of the aerodynamic pressure coefficient and static pressure on the angle of 
attack, flow velocity, and facade orientation, which limits the applicability of the results 
for adaptive design. In [3, 4], wind loads on buildings with various geometries, includ-
ing skyscrapers and complex-shaped structures, were analyzed, and the wind energy 
potential in dense urban areas was assessed. Nevertheless, there is no comparison of 
the obtained coefficients with full-scale measurements, and the effects of extreme wind 
loads and changes in flow direction are only partially investigated. Works [5, 6] include 
experimental and numerical results for high-rise buildings, examining mean pressure 
values, natural ventilation mechanisms, and internal airflow. However, the integration 
of aerodynamic coefficients with facade thermal losses and infiltration remains insuf-
ficient. In [7, 8], data on pressure distribution over historical and high-rise structures 
are presented, including an analysis of aerodynamic effects on local facade elements. 
Yet, transitional regimes during wind direction changes are only limitedly studied. In 
[9, 10], CFD models of complex terrain and urban layouts were developed, considering 
the influence of building density on aerodynamics. Spatial pressure gradients relative 
to facade surfaces remain underexplored. Studies [11, 12] investigate the impact of 
balcony and facade geometry on natural ventilation and thermal comfort, but a direct 
integration with the assessment of whole-building thermal losses is lacking. In [13, 14], 
comparisons between aerodynamic experiments and CFD simulations were conducted; 
however, extreme wind loads and their influence on internal airflow are not addressed. 
Works [15, 16] utilize cloud-based platforms and large-scale LES simulations to evalu-
ate aerodynamic coefficients and internal airflow. The limitation of these studies is the 
insufficient assessment of changes in aerodynamic coefficients under angled building 
configurations and real urban conditions. Studies [16–19] analyze pressure distribution 
and wind speed variation in urban environments. Nevertheless, the comparison of CFD 
models with actual measurements is limited, and the effects of microclimatic conditions 
and air humidity on facade thermal losses are almost entirely neglected. 

Thus, the reviewed research demonstrates significant progress in modeling wind 
effects, pressure characteristics, and internal airflow. At the same time, there remains a 
critical need for a comprehensive study of the interrelationship between aerodynamic 
coefficients and static pressure as functions of flow velocity and wind incidence angle, 
to enable adaptive regulation of heating systems, particularly for residential buildings 
with variable facade orientations and complex geometries. 

The aim of this study is to quantitatively determine the relationship between exper-
imentally obtained aerodynamic pressure coefficients and numerically simulated static 
pressure on the facades of residential buildings with different orientations relative to the 
airflow. This analysis is essential for generating spatial-angular maps of wind loading, 
which are applied in the prediction of thermal losses and adaptive facade heating.
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3 Research Methodology 

The study is based on two interrelated stages: 

experimental determination: data obtained in [20] using a wind tunnel test of a dense 
urban model were used to generate spatial fields of airflow velocity in the interbuilding 
environment. Within the present study, these data were systematically processed and 
grouped according to building height levels and geometric positioning. This approach 
allowed the formation of generalized relationships for evaluating the local distribution of 
the aerodynamic pressure coefficient near facades, which serves as a basis for subsequent 
CFD calculations; 
numerical simulation of Pstat: a CFD model was used to simulate airflow around the 
same buildings. The model was chosen based on [21] and near the corners was used 
methodology described in [22]. The spatial distribution of static pressure on the building 
envelope was calculated under equivalent velocity and flow incidence conditions. 

The results of the Pstat analysis are applied to construct pressure distribution maps, 
which can serve as a basis for assessing infiltration loss zones and managing facade-based 
heating. The aerodynamic pressure coefficient, in turn, is used to identify aerodynami-
cally active areas of the facade that are subject to maximum local flow impact and may 
require additional protection or adaptation of building envelope elements. 

3.1 Experimental Study 

The value adopted as the aerodynamic pressure coefficient is 

P = 2 · Pexp/ρ · U2
0

where P is the local value of absolute pressure on the envelope surface, Pa; Pexp is the 
excess pressure, Pa; ρ is the air density at the considered pressure and temperature, kg/m3; 
U0 is the wind flow velocity, m/s. Figure 1 presents the variation of the aerodynamic 
coefficient in five planar sections located at the height of: 0; 0.286; 0.571; 0.857; and 
1.0. The main characteristics of the airflow impinging on a flat surface were determined 
under conditions of a jet flow emerging from a nozzle h = hfl 2 · b, x = xi 2 · b 0, 
where 2b0 is the jet width, xi is the cross-section position, and hfl is the measured distance 
(m), hfl - the axial distance from the nozzle exit, m. The value P was obtained by dividing 
the pressure measured at the i-th point by the total pressure of the decelerated flow at U 
= 21.2, m/s. The cross-section a t h = 0,286 passes through the point of complete flow 
stagnation P = 1,0. As shown in Fig. 1, the character of the pressure variation P differs 
somewhat from that observed for an impinging jet on a flat plate. In the vicinity of point 
“0”, the variation P is similar to that of the jet impingement case; however, after reaching 
P = 0.9, most cross-sections exhibit a region with an almost constant value o f P.  In  this  
case, the distribution for different sections x ≈ 0.35 (h = 0; ; 0.38; 0.286; 0.571; 1.0). 

When x > 0.35 a reduction is observed across all sections, caused by the end of the 
wall and, consequently, by the change in the direction of the airflow. In this case, there 
exists an air stream generated by wind load along the wall surface (an accelerating flow 
with a negative pressure gradient near the wall) and its deflected motion of the airflow 
beyond the building boundary.
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Fig. 1. Variation of relative pressure on the windward and leeward surfaces of the building under 
impinging airflow conditions. 

Considering the high level of P(x) under constant barometric pressure of the sur-
rounding environment, it can be interpreted at each local point as stagnation pressure in 
the normal component of the velocity vector U at the section x . 

A generalization of experimental wind-tunnel data on a dense urban block model 
(according to [20]) made it possible to identify patterns of aerodynamic coefficient 
variation on building surfaces depending on facade height and orientation. The highest 
coefficient values, up to 1.0, are recorded at stagnation points on the windward side 
under perpendicular impingement (φ = 90°), corresponding to the local transformation 
of dynamic pressure into static pressure under normal airflow impact. With increasing 
distance from the center of impingement, P(x) decrease to 0.5 and lower due to flow 
diversion and deflection toward the roof. On lateral and leeward surfaces, stable negative 
values of P(x) down to –0.6 are recorded, which corresponds to separated flow regions 
with the formation of low-pressure zones. Such pressure reduction indicates the domi-
nance of reverse flows and local turbulent structures, which can be used for predicting 
zones of infiltration heat losses. 

Thus, the revealed pattern of spatial distribution of P(x) confirms that at points of 
local maximum pressure, the dynamic pressure is fully transformed into static pressure, 
and these zones can be identified as key for assessing wind influence on infiltration 
heat losses. Analysis of P(x) as a function of attack angle and wall height provides a 
substantiated basis for further calculation of static pressure and its inclusion in models 
of facade-based heat supply regulation. 

3.2 CFD Modeling 

Numerical modeling of Pstat is performed to transition from a local assessment of peak 
loads P(x), obtained experimentally, to a comprehensive spatial characterization of pres-
sure, relevant for the analysis of infiltration heat losses and the control of facade-based 
heating systems. When the airflow impinges on the building surface, flow deceleration 
occurs; in this case, the velocity of the main stream at the wall is reduced to zero, and, as 
a consequence, the dynamic pressure is transformed into static pressure. A relationship
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is thus established between the static pressure and the parameters of the external air. 

PN stat = f(UN,ϕN,H) at U = f(t)

where PN – static pressure at point N; UN – velocity of the incoming airflow at point N; 
φN – angle of incidence of the airflow at point N; H – height at which point N is located. 

In this study, numerical simulations were carried out to evaluate the distribution of 
static pressure along the building height for 37 individual façade surfaces. The simula-
tions were performed for wind velocities of 2 m/s and 5 m/s, and for three representative 
inflow directions (0°, 45°, and 90°), thereby encompassing a broad range of boundary 
conditions relevant to real operating environments of buildings. For each façade surface, 
the pressure–height dependence was approximated using a quadratic regression fit of 
the form: 

Pstat = C + B · H + A · H2

where A, B, C– polynomial regression coefficients obtained from multifactor analysis. 
Figures 2–4 present the results of airflow simulations around the building at incident 
angles of 0°, 45°, and 90° for wind speeds of 2 m/s and 5 m/s. 

Changing the airflow direction to 45° leads to a redistribution of pressures between 
two adjacent façades. Zones of elevated static pressure emerge near the building corner 
(sides 1 and 2). This flow direction results in an asymmetric distribution of aerodynamic 
loading and a more complex turbulent wake behind the building. At an incident airflow 
angle of 0°, a zone of maximum positive static pressure forms on the windward façade 
(side 1), reaching critical values as the wind speed increases to 5 m/s. On the leeward 
side of the building, a low-pressure area develops, with pronounced gradients between 
the windward and leeward façades. This indicates a clearly symmetric flow pattern 
dominated by frontal pressure forces. The maximum concentration of static pressure 
occurs on the side facing the airflow, which may cause intensified infiltration (wall 1) 
and potential air leakage on wall 19, located within the suction zone. Such a distribution 
generates a vectorized flow through the building, significantly affecting internal thermal 
dynamics. 

At an incident angle of 90°, the airflow bypasses the building’s end faces (sides 1 
and 19). At 2 m/s, the highest loading occurs on sides 2, 4, and 6–18 (see Fig. 3). 

Pressure is distributed relatively evenly along the façade, but a noticeable turbulent 
low-pressure zone appears on the opposite side. In the case shown in Fig. 4c and 4d, at 
5 m/s, pressures increase significantly, consistent with the quadratic dependence of pres-
sure on height. The suction on the leeward side becomes deeper and more widespread. 
The lateral façades remain in an aerodynamically neutral zone, which reduces the risk of 
localized infiltration but may create an internal pressure differential between the ends, 
potentially inducing drafts along the building’s axis. 

As shown in Figs. 2–4, at a wind speed of 2 m/s, the static pressure distribution on 
building surfaces is complex and non-uniform. Increasing the wind speed proportionally 
raises both positive and negative pressures. The results emphasize the importance of 
considering the wind incidence angle for ensuring energy efficiency and resilience to 
wind loads.
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а                                                     b 

c  d 

Static pressure, Pа

Fig. 2. Results of airflow simulation around the building at an incident angle of 0° for wind speeds 
of 2 m/s (a, b) and 5 m/s (c, d). 

a      b 

c  d 

Static pressure, Pа

Fig. 3. Results of airflow simulation around the building at an incident angle of 45° for wind 
speeds of 2 m/s (a, b) and 5 m/s (c, d).

As a result of the simulation of the air boundary layer thickness distribution on the 
building’s exterior walls under variable flow conditions − depending on height, flow
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a       b 

c  d 

Static pressure, Pа

Fig. 4. Results of airflow simulation around the building at an incident angle of 90° for wind 
speeds of 2 m/s (a, b) and 5 m/s (c, d). 

incidence angle (0°, 45°, 90°), and wind speed (2 m/s and 5 m/s) − approximation 
functions were obtained for each of the 36 building façades, along with the model 
coefficients A and B, the maximum deviation ämax, and the root-mean-square deviation 
δ2.

4 Results and Discussion 

Based on the obtained results, an analysis of the influence of wind speed and incidence 
angle on the coefficient C of the polynomial model, as a function of wind speed V and 
angle ϕ, , was performed. A two-factor analysis of variance with repetitions was applied 
to 216 experimental points. The analysis revealed that both wind speed and incidence 
angle have a statistically significant effect on the coefficient C. Moreover, the interaction 
between these factors also exerts a significant influence. The coefficient C of the static 
pressure model exhibits a nonlinear variation as a function of wind speed (U) and angle 
(ϕ). 

Pstat = Cf (U,  ϕ◦) + B · H + A · H2

After performing a multifactor regression analysis to model the coefficient C, the 
obtained coefficient of determination was R2 = 0.60, indicating that the model explains 
approximately 60% of the variance. This represents an acceptable level of accuracy 
for tasks related to the wind flow around buildings. Simultaneously, the discrepancies 
between the observed and predicted values were eva luated.

The initial model was constructed for the normalized value ZC according to the 
mean statistical value of the sample C = 1.74, with a standard deviation δ C = 8.497. 
Reverse normalization was then performed, resulting in an analytical expression for
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C: ZC = (Ci − C) σC or Ci = ZC · σ C + C. The distribution of the normalized ZC 
coefficient is characterized by a monotonic increase and symmetry near the mean values, 
with a moderate left-sided asymmetry. Within 90% of the population, the ZC value is in 
the interval [−2.5; 1.5], which indicates the stability of the main part of the data, with 
the presence of individual extreme values. A significant portion of the data lies in the 
interval [−0.5; 0.5], but the presence of observations with ZC > 2 indicates the influence 
of local flow areas (corner regions) that are difficult to account for in a linear model. 
This explains the moderate accuracy of the constructed model, where R2 ≈ 0.6. Based 
on the statistical analysis to determine the nature of the variation and to generalize 
the value of the coefficient B, the following results were obtained: B =  −  12.4325, 
δВ2 = 0.888, minimum value В =  −  16.9065, maximum value -9.7801. To determine 
the value of coefficient A, a multi-parameter regression analysis was performed based 
on 216 experimental observations. The regression results demonstrated a high level of 
agreement between the model and the empirical data: the coefficient of determination 
is R2 = 0.715. The value of the Fisher criterion is F = 57.35, which indicates that 
the variation explained by the regression model significantly exceeds the unexplained 
variance. The low value of the probability of a type I error, p = 2.54 × 10-56, means 
that the probability of obtaining such an F-criterion value by chance is practically zero. 
Thus, the model is valid for practical application in predicting the value of coefficient
A.

A =  −0.0009455 − 0.0002098 · U · φ + 3.18588 · 10−6 · φ2 + 0.00001506 · U2+ 

0.23461 · (lnU · Zn) + 0.000104476 · (φ · Zn ) + 5.39449 · 10−6 · Zn + 0.0022 · Bh + 0.01232Fb

As part of the study on the influence of building geometric parameters on coefficient 
A, a classification system for façade zones was implemented. Each type of zone was 
assigned a numerical code: lateral zone Bh – 1; rear zone (; frontal balcony Fb – 3. It 
was found that the most reliable models (with R2 > 0.6) were obtained for angles of 
0° and 90°, where the airflow around the building is either symmetrical or uniformly 
distributed. However, at 45°, a special methodology is needed to account for the complex 
geometry and increased pressure gradients.

Therefore, the models and statistical characteristics obtained provide the basis for 
building an integrated predictive system to calculate static pressure, taking into account 
key meteorological and geometric parameters. 

5 Conclusions 

The comparison of numerical modeling data and experimental measurements confirms 
the qualitative agreement of the spatial pressure distribution on building facades under 
different angles of airflow incidence. Experimental values of the aerodynamic pressure 
coefficient, obtained in the study conducted in [20] using a wind tunnel model of the 
building layout, were used for comparison and accuracy assessment of the numerical 
results. The aerodynamic coefficient at frontal incidence (φ = 90°) indicates a maximum 
value in the stagnation zone, extending at a height of z/H= 0.286. On the lateral walls, the 
coefficient decreases to –0.7, and on the leeward side to –0.4. Numerical modeling results
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of the static pressure (Pstat) under similar conditions exhibit a corresponding distribution: 
Pstat reaches + 32.4 Pa at the stagnation points and –26.7 Pa in the suction zones. In 
contrast, Pstat operates in absolute pressure units, allowing for direct identification of 
critical infiltration zones and estimation of potential thermal losses with high spatial 
accuracy. Thus, for further analysis of building heat consumption and heating regulation, 
it is more appropriate to use Pstat, as this parameter: has a clearly defined physical 
interpretation as the normal component of the total pressure; can be directly associated 
with the magnitude of air exchange through gaps; allows the construction of infiltration 
maps for each facade plane without normalization.

In subsequent studies, it is advisable to use Pstat as the primary parameter for devel-
oping models of thermal losses, adaptive zonal heating, and evaluating the effectiveness 
of design solutions in damaged urban areas. 
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Abstract. Ensuring technical objects magnetic silence (TOMS) is an important 
practical problem when designing new types of equipment and technologies, 
the requirements for electromagnetic compatibility of technical means, as well 
as issues of magnetic ecology. The study proposes robust prediction and con-
trol TOMS method based on geometric inverse magnetostatics problems solution 
(GIMSPS) using initial magnetic field (MF) compensation with magnetic charac-
teristics uncertainty (MCU). Geometric forward magnetostatics problems solution 
(GFMSPS) to calculate TOMS with initial magnetic field sources (IMFS) or com-
pensating units known coordinates and these IMFS or compensating units MF 
multipole coefficients values. Mathematical model (MM) of TOMS for GFM-
SPS calculated based on Laplace equation solutions (LES) in spherical coordinate 
system (SCS), prolate spheroidal coordinate systems (PSCS) and Cartesian coor-
dinate systems (CCS). Both prediction and control GIMSPS are reduced to multi-
objective nonlinear minimax optimization problems solutions (MONMMOPS). 
Both vector nonlinear objective function (VNOF) of MONMMOPS calculated 
based on LES for scalar potential (SP) of MF of TOMS with MCU using COM-
SOL Multiphysics software. Both MONMMOPS calculated from Pareto opti-
mal solutions (POS) with binary preference relations (BPR) by hybrid heuristic 
multi-swarm optimization algorithm (HHMSOA). Results of prediction TOMS 
far MF based on near MF measurements and compensation of initial MF with 
MCU for ensuring TOMS given to demonstrate the performance of the proposed 
methodology. 

Keywords: Technical Objects · Magnetic Silence · Prediction · Control · 
Geometric Inverse Magnetostatics Problem · Uncertainty 

1 Introduction 

When design new types of equipment and technologies, the requirements for electro-
magnetic compatibility of technical means as well as issues of magnetic ecology occupy 
a central place in the study and development of methods for purposefully changing the
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external quasi-stationary MF of complex technical objects (TO) outside their shell [1– 
3]. To ensure the specified accuracy of orientation and control of spacecraft in orbit, an 
urgent task is to reduce external MF [4, 5]. External MF level also strictly regulated and 
naval vessel and submarines is main operational characteristics [6]. 

2 Literature Review 

The design of TO with a normalized level of external MF based on three-dimensional 
quasi-stationary external MF MM created TO outside its shell [7–9]. Currently, when 
describing the external MF of technical objects, multipole models are mainly used [5]. 

To ensure a given TOMS, two interrelated GIMSPS solved – prediction and control 
of TOMS [6]. These both GIMSPS based on GFMSPS – TOMS MF MM calculation 
generated by its IMFS with known spatial location coordinates and known magnetic 
characteristics. 

TOMS predicting problem is GIMSPS as result of which TOMS MF MM designed 
based on real TOMS measurements results. IMFS spatial location coordinates and 
magnetic characteristics calculated. TO resulting MF coincides with actually measured 
MF. 

TOMS control problem is also GIMSPS which result is compensating IMFS spatial 
location coordinates and magnetic characteristics calculated to ensure TOMS specified 
requirements. 

Naturally, in the course of these both GIMSPS, it is necessary to solve the 
corresponding GFMSPS many times. 

In [4–9] work, TO magnetic characteristics are considered to be precisely known and 
do not change during the work process. In reality, TO magnetic characteristics depend on 
their operation modes and change significantly during operation and are MCU [10–14]. 

The goal of the work is to develop a method for controlling TOMS improving by 
solving GIMSPS, taking into account TOMS MCU. 

3 Research Methodology 

TO is a complex electromagnetic system. TO three-dimensional quasi-stationary (TDGS) 
external MF MM it is advisable spatial harmonic analysis methods (SHAM) used [15–17]. 
SHAM used to external TO MF control allows to simplify TO MF MM based on harmonic 
approximation used in multipole coefficients set form [5]. 

Such mathematical modeling of the MF of a TO allows not only to simplify the 
calculation of the MF, but also to simplify experimental measurements of parameters 
of the model of the MF of a TO. In particular, it is possible to directly experimentally 
measure the spatial harmonics of the external MF of TO based on measuring the MF 
strength of TO and calculating the multipole coefficients of their spatial harmonics. 

The most widespread practical application has found the use of spherical basis solu-
tions of LES, the history of which comes from Gauss representation of the geomagnetic 
field. The MF strength of a technical object is calculated as the sum of the strengths from
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spherical spatial harmonics (SSH) in spherical coordinate system (SCS), taken with the 
corresponding multipole coefficients: 

Hr = 
∞ 

n=1 

n 

m=0 

n + 1 
rn+2 gm n cos mφ + hm n sin mφ · Pm

n (cos θ) (1) 

Hθ =  −  
∞ 

n=1 

n 

m=0 

1 

rn+2 g
m 
n cos mφ + hm n sin mφ 

dPm 
n (cos θ)

dθ
(2) 

Hφ = 
∞ 

n=1 

n 

m=0 

m 

rn+2 g
m 
n sin mφ − hm n cos mφ 

Pm 
n ( cos θ)

sin θ
(3) 

where Pm 
n (cos θ  )  – degree n first kind and order m Legendre polynomials; 

r, θ, φ – spherical coordinates of the observation point; gm n and h
m 
n – values of 

multipole harmonic coefficients. 
SHAM application based on MF harmonic composition study. This application result 

is transition from MF vector measured values to MF harmonics integral characteris-
tics – multipole coefficients. Then MF described based on multipole coefficients values 
obtained. MF description accuracy depends both on multipole coefficients determining 
accuracy themselves and spatial harmonics number used of MF source function expan-
sion. For specific problem conclusion made about spatial harmonics qualitative and 
quantitative composition, which multipole coefficients would provide solution required 
accuracy. 

Thus, SHAM is universal tool for quasi-stationary describing MF regardless of source 
nature. From the main provisions of such SHAM it follows that choice of both type of 
basic solutions and coordinate system depends on specific conditions of problem being 
solved. This makes it possible MF analytically describe for TO wide class and TO 
measuring apparatus for selected basic solutions practical used. 

MF source simplest model is dipole with initial magnetic moment (IMM) compo-
nents Mnx,  Mny,  Mnz in CCS with coordinates (xn, yn, zn), In this case, series (1)–(3) take 
into account first-order harmonics. Let us imagine TO MF MM in N dipoles form with 
IMM Mnx,  Mny,  Mnz located at points with coordinates (xn, yn, zn). All TO elements 
undergo strict control for TOMS. All TO elements IMM Mnx , Mny, Mnz measured before 
installation and TOMS stringent requirements satisfy.

TO MF components BKX , BKY , BKZ at space any point Pk with coordinates xk , yk , 
zk in multiple magnetic dipole models (MMDM) form with IMM Mnx , Mny, Mnz of N 
dipole located at TO space points with coordinates (xn, yn, zn), calculated [17] 
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TOMS strict requirements imposed MF description accuracy near TO, when TOMS 
problems solving for magnetic orientation and TOMS ensuring spacecraft magnetic 
silence means developing. SP spherical expansion for MF TO with predominant overall 
size does not enable TOMS MF description near their surface. Extended shape TO MF 
most advisable SHAM in PSCS used, where coordinate surfaces shape makes it possible 
to bring description region of MF closer TO itself surface. 

PSCS feature is parameter c used, which linear scale determines for all three 
coordinates ξ, η, φ unit v ectors

x = c · ξ 2 − 1 · 1 − η2 · cos(φ); 

y = c · ξ 2 − 1 · 1 − η2 · sin(φ);⇒  
ξ ∈  [1, ∞]; 
η ∈  [0, 1];
φ ∈ [0, 2π ];

z = c · ξ · η;

(5) 

where coordinates x, y, z in CCS, c – spheroid interfocal distance half. 
Similar SSH MF determined as MF strength projections sum of prolate spheroidal 

spatial harmonics (PSSH) 

Hξ =  − ξ 2 − 1 
c ξ 2 − η2 

∞ 

n=1 

n 

m=0 

dQm 
n (ξ ) 
d ξ 

cm n cos mφ + smn sinmφ Pm
n (cos η) (6) 

Hη =  − 1 − η2 

c ξ 2 − η2 

∞ 

n=1 
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m=0 

Qm 
n (ξ ) 

dPm 
n (cos η) 
d η 

cm n cosmφ + smn sinmφ (7) 

Hφ = m 

c ξ 2 − 1 1 − η2 
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n=1 

n 

m=0 

Qm 
n (ξ )P

m 
n (cos η) cm n sin mφ − smn cosmφ (8) 

Consider TOMS prediction and control problems by GIMSPS. To solve GIMSPS, 
it is necessary to solve GFMSPS many times. GFMSPS is TO MF calculated based on 
IMFS or compensating units known coordinates and these IMFS or compensating units 
MF multipole coefficients values. GFMSPS accuracy depends both of multipole coef-
ficients calculation accuracy and expansion used for spatial harmonics number original 
function. GIMSPS result is IMFS or compensating units coordinates and these IMFS 
or compensating units MF multipole coefficients values. GIMSPS results depend of 
GFMSPS MF MM choice. When MF MM in SCS using, spherical coordinates r, θ, 
φ – and spatial spherical harmonics gm n and h

m 
n are sought parameters. When MF MM in 

dipoles set – MMDM in CCS form used, orthogonal coordinates (xn, yn, zn) and dipoles 
IMM Mnx, Mny, Mnz are required parameters. When MF MM in PSCS used spheroidal 
coordinates r, θ, φ – and spatial spheroidal harmonics gm n and h

m 
n are required parameters. 

Let us now consider prediction problem when TO MF MM design based on MF 
measurements in near zone for MF calculating in far zone. Such prediction MF MM is 
GIMSPS and called prediction TOMS. 

Unlike works [4–9], we introduced TO units MCU vector δ in operation various 
modes [18–21]. Unlike works [1, 2], we consider TO MF MM, created not only by TO 
blocks dipoles, but also by quadrupoles and octupoles as TO spheroidal units [5].
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Introduce this GIMSPS required parameters vector Xp with TO space blocks spatial 
arrangement coordinates and dipoles, quadrupoles and octupoles multipole harmonic 
coefficients values and these units spheroidal harmonics. Then, based on accepted TO 
MF MM it is possible vector Hc(Xp,δ) with predicted MF values at near MF given points 
calculated. Let’s form a vector Hd(Xp,δ) with the squared difference between the vector 
HC(Xp,δ) of the calculated MF and the vector HC(Xp,δ) of actually measured values 
of MF of TO at given points of the near field 

Hd (Xp,δ) = Hm(δ) − Hc(Xp,δ) (9) 

Then, GIMSPS reduced to MONMMOPS by minimizing VNOF (9) with respect to 
required parameters vector Xp, but by maximizing the same VNOF (9) with respect to 
vector δ of MCU [22]. 

Consider TOMS control problem based on introduction of compensating units into 
TO space for original MF compensated. TO initial MF calculated based on a prediction 
MM by TOMS GIMSPS. Introduce required parameters vector Xs of this GIMSPS of 
TOMS with compensating units spatial location coordinates in TO space and spatial 
harmonic coefficients values these compensating units. Then, based on the designed 
prediction MF MM of TO, it is possible vector with compensating units values calculated. 
Let’s form vector Hr(Xs,δ) with squares of sum of compensating MF vector Hs(Xs,δ) 
and TO initial MF vector HC(Xp,δ), calculated from predicted MF values 

Hr(Xs,δ) = Hs(Xs, δ) + HC (Xp,δ) (10) 

GIMSPS for control TOMS of TO with MCU reduced to MONMMOPS calculated 
by minimizing VNOF (10) according to required parameters vector Xs of compensating 
units, but maximizing the same VNOF (10) according to vector δ of MCU.

of TO [22]. 
These both prediction and control problems of TOMS of TO with MCU based on both 

GIMSPS reduced to both MONMMOPS with VNOF (9) and VNOF (10) by minimizing 
required parameters vector Xp of VNOF (9) or required parameters vector Xs of VNOF 
(10) of compensating units, including spatial coordinates and spatial harmonics of IMS 
or compensating units, but maximizing the same VNOF (9) and VNOF (10) according 
to vector δ of MCU of TO. Both VNOF (9) and VNOF (10) calculated based on LES 
for SP of MF for TO with MCU using COMSOL Multiphysics softwa re.

Thus, both GIMSPS solution taking into account MCU of TO reduced to both MON-
MMOPS with VNOF (9) and VNOF (10). This standard approach for robust systems 
design for worst case. Both MONMMOPS with VNOF (9) and VNOF (10) associated 
with both game in which both game payoff are VNOF (9) and VNOF (10). Desired 
parameters vector Xp or Xs is first player and its strategy is game payoff minimize. 
Vector δ of MCU of TO is second player and its strategy is the same game payoff max-
imize. Moreover, since the game payoff are vectors, such games called multi-objective 
games with vector payoff or vector games by analogy with multi-objective optimization 
or vector optimization.

Both MONMMOPS with VNOF (9) and VNOF (10) calculated based on HHMSOA 
from POS with BPR [23].
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When VNOF (9) and VNOF (10) calculated it is necessary for PP GIMSP desired 
parameters vector Xp and SP GIMSP desired parameters vector Xs minimum calculated. 
For this purpose VNOF (9) and VNOF (10) minimum calculated by PSO in following 
procedure. Particle i swarm j movement described by 

xij(t + 1) = xij(t) + vij(t + 1) (11) 

where 

vij(t + 1) = wjvij(t) + c1jr1j(t)H p1j − ε1j(t) ∗ .  .  .  
.  .  .  ∗ yij(t) − xij(t) + c2jr2j(t)H p2j − ε2j(t) ∗ . . .

. . . ∗ y∗
j (t) − xij(t)

(12) 

Position xij(t) and velocity νij(t) vectors components of swarm j particle i for 
VNOF (9) and VNOF (10) minimum for PP GIMSP desired parameters vector Xp, 
and SP GIMSP desired parameters vector Xs calculated. 

To improve convergence in nearly stationary region, second-order methods (SOM) 
used, which the of objective function second derivatives matrix Hessian matrix used. 
SOM compared with first-order methods, allow for effective solution in a region close to 
optimal point, when gradient vector components have sufficiently small values. Recently 
Levenberg-Marquardt algorithms have become widespread in quasi-Newton methods. 
Hessian matrix replaced with positive coefficient matrix. Then linear equations system 
used 

J(F(xk ))J(F(xk ))
T dk + λkdk + J(F(xk ))F(xk ) = 0 (13) 

Jacobian matrices J(F(xk)) components along vectors Xp for VNOF (9) or along 
vectors Xc for VNOF (10) calculated from particle i of swarm j movement velocities 
vij(t). 

From which recurrent Eq. (9) obtained for desired parameters vector iteratively 
finding 

xk+1 = xk + αkdk (14) 

Maximizing VNOF (9) and VNOF (10) according to vector δ of  MCU  of  TO  are  
calculated similarly (11)–(14).

In conclusion, we note that GIMSPS (9) and (10) are often solved using least squares 
method (LSM) and without MCU. For prediction GFNSP prediction MF vector Hc 

calculated in linear dependence form 

Hc = AXp (15) 

Matrix A all elements calculated by GFMSPS process based on (1)–(8). 
Equations (15) number usually exceeds unknowns elements vectors Xp number and 

this linear equations over determined system calculated by generalized LSM. Introduce 
discrepancy vector Hd(Xp) between measured MF vector Hm and predicted by model 
(15) MF vector Hc(Xp) 

Hd (Xp) = Hm − Hc(Xp) = Hm − AXp (16)
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LSM objective function wrote as squared discrepancy vector Hd(Xp) weighted sum 

f (Xp) = Hd (Xp)
T WHd (Xp) = (Hm − AXp)

T × .  .  .  
. . . × W(Hm − AXp).

(17) 

This quadratic objective function (17) minimum based on necessary minimum 
condition LSM calculated 

Xp = (AT WA)−1AT WHd (18) 

Weight matrix W takes into account different importance of vector Hd error compo-
nents between measured MF Hm and predicted by model (15) MF Hc values. If weight 
matrix W used as inverse covariance matrix V of random errors vector Hd , than general-
ized LSM in linear unbiased estimates class is most effective. If measurement MF vector 
Hm components not correlated with each other, then weight matrix W is diagonal. Then 
generalized LSM becomes weighted LSM. However, with this approach it is necessary 
inverse matrix in (18) calculated, which in some cases requires special regularization 
algorithms used. 

Note that when forming nonlinear MONMMOPS for GIMSPS weight matrices W 
in form (17) also used for VNOF (9)–(10) calculated. Therefore, when GIMSPS used 
weight matrices W in form of inverse covariance matrix V of random errors vector 
Hd this GIMSPS in linear unbiased estimates class is also most effective. In addition, 
GIMSPS (9)–(10) with MCU resulting solution sensitivity significantly reduced with 
respect to MCU vector δ, since it GIMSPS (9)–(10) calculated for MCU worst case. 

4 Results 

Let us give an example of TOMS controlling of the «Sich-2» microsatellite family shown 
in Fig. 1. MF main part at onboard magnetometer LEMI-016 installation point generated 
by plasma sensor KPNCP [5]. Microsatellite MF MM adopted in dipoles, quadrupoles, 
and octupoles form. Microsatellite control TOMS it is necessary compensating dipoles, 
quadropoles and octopoles installed. 

Let us give an example of elongated TO TOMS controlled [6]. Elongated TO MF 
MM described in PSCS. Figure 2 shown MF components dependences of this elongated 
TO. To TOMS control by such elongated TO, it is necessary 16 compensating dipoles 
installed in TO space.
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Fig.1. «Sich-2» microsatellite on measuring stand. 
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Fig.2. Elongated TO MF components dependencies. 

5 Conclusions 

Prediction and control by TOMS with MCU method based on SHAM developed. Pre-
diction and control by TO with MCU are GIMSPS. TO TDGS MF MM SSH in SCS 
and PSSH in PSCS calculated based on LES using the COMSOL Multiphysics software. 
Both GIMSPS reduced to MONMMOPS calculated based on HHMSOA from POS with 
BPR. 

When TOMS by TO with MCU prediction and control, model and compensating 
IMFS location coordinates in TO space and MMDM calculated. 

TOMS prediction and control by «Sich-2» microsatellite and by elongated TO are 
given.
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Abstract. Combined electromagnetic active and passive silencing (CEAPS) 
design method of overhead power lines (OPL) magnetic field (MF) based on 
geometric inverse magneto-quasi-static problem solution (GIMSPS), taking into 
account the uncertainties of the geometric forward magneto-quasi-static prob-
lem solution (GFMSPS) developed. In course of CEAPS designing passive elec-
tromagnetic silencing (PES) and active electromagnetic silencing (AES) spa-
tial location geometric coordinates, and AES silencing windings (SW) currents 
and phases calculated. GIMSPS for CEAPS designing to compensate initial MF 
reduced to multi-objective nonlinear minimax optimization problems solutions 
(MONMMOPS). Vector nonlinear objective function (VNOF) calculated based 
on Maxwell equations solutions (MES) using COMSOL Multiphysics software. 
MONMMOPS calculated based on Pareto optimal solutions (POS) and binary 
preference relations (BPR) based on hybrid heuristic multi-swarm optimization 
algorithm (HHMSOA). Designed CEAPS computer modeling and experimental 
studies results to reduce OPL MF level are given. 

Keywords: Magnetic Silence · Geometric Inverse Problem · Uncertainty · 
Computer Modeling · Field Experimental Study 

1 Introduction 

Recently in world developed countries more and more attention being electromagnetic 
pollution population protecting problem which intensity increasing from year to year. 
Power frequency (PF) MF main source are OPL. PF MF leads to changes in the hema-
tological parameters of the blood and the immune status of a person, affects the repro-
ductive, central and neurovascular systems, affects the bioelectrical activity of the brain, 
causes genetic mutations in the human body and has carcinogenic properties [1]. In
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world developed countries strict state sanitary regulations on the permissible PF MF 
levels in the environment of long-term stay of people. The social significance of the 
work consists in ensuring the protection of the health of the population living near OPL 
from the negative impact of a long-lasting PF MF. Work economic significance con-
sists in MF reducing methods and means development to a sanitary-reasonable level in 
residential and public areas of people long-term stay without OPL route changing or 
resettling people [2, 3]. 

2 Literature Review 

The most common reducing MF level method is PES [4–6]. The operating principle 
of PES is: primary MF action conduction currents induced in silence; secondary MF 
create these current; resulting MF formed by primary MF with secondary MF, which is 
weaker as primary MF in silencing area [7]. Consequently, for PES materials manufacture 
high electrical conductivity used. PES made of aluminum most widely used, which is 
relatively low cost. Silence increases by PES thickness. Silencing efficiency increases 
linear dependence in certain. With a further increase in thickness, the silencing efficiency 
reaches saturation and behaves asymptotically. Required shielding efficiency ensuring by 
silence thickness increasing leads to required metal volume increase for its manufacture. 

MF silencing efficiency increase without silence volume increasing CEAPS consist-
ing  of  PES  and  AES  used [8]. Designing such CEAPS is a GIMSPS. Initial MF generated 
by OPL calculated based on GFMSPS. In the course of CEAPS designing it is necessary 
to solve GIMSPS – to calculate AES and PES spatial location geometric coordinates and 
AES SW currents and phases in such a way that CEAPS using generated compensating 
MF directed opposite to original MF [9, 10]. 

GFMSPS uncertainties caused by GFMSPS parameters inaccurate knowledge and 
their changes during operation it is necessary to take into account [11–13]. 

The goal of the work is CEAPS design method developed of OPL MF based on 
GIMSPS taking into account GFMSPS uncertainties. 

3 Research Methodology 

Initial MF generated by OPL. Let us consider GFMSPS – calculating MF at points in 
the silencing space (SS) for OPL wires spatial location given coordinates and OPL wires 
currents given values. Analysis and MF MM reduced to MES, which MF describe in 
media with characteristics that vary continuously or piecewise continuously and are the 
basis for analytical and numerical modeling of any electromagnetic processes, both in 
vacuum and in material media. MES are systems of partial differential equations that 
are subject to mathematical study and numerical solution [14–16]. 

When calculating MF of OPL significant simplifications made to MES [17–19]. 
In this approximation, displacement currents neglected compared to conduction currents 
[20–22]. From these MES it follows that determined by electric currents distribution. 
MF calculated by integration over distributed sources. When modeling three-phase OPL 
MF following assumptions often made: wires have the form of endless linear conductors
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with a uniformly distributed current, processes of current redistribution within the cross-
section of wires are not considered, currents in the wires are strictly harmonious, equal 
in amplitude and in different phases shifted by 120 degrees. 

In this case, the Biot-Savart’s laws has the form 

H(P, t) = 
i(t) 
4π 

L 

(d l × R)

R3 (1) 

Thus, to solve GFMSPS – calculating MF generated by OPL wires, this formula is 
widely used instead of MES. 

This formula is also widely used to solve the second GFMSPS – calculating the 
compensation MF, generated by SW of AES of CEAPS at SS points for SW spatial 
location coordinates and SW currents and phases of AES of CEAPS. 

Let us now consider third GFMSPS – calculating the compensating MF generated by 
PES part of CEAPS – a solid PES at SS points for solid PES spatial location coordinates 
of the and thickness, material and etc. When considering PF MF PES problems can 
assume that MF wavelength is significantly larger than PES main dimensions. This 
circumstance makes it possible to solve MES in a quasi-stationary approximation: 

rot H = σ E + J , 
rot E =  −j ω μ0μH ,

(2) 

where H, E are magnetic and electric fields strengths; J – external currents density; 
σ – specific conductivity; μ – relative magnetic permeability; μ0 – magnetic constant; 

ω – field circular frequency; j is a complex unit.
The distribution of OPL MF silencing by CEAPS, consisting of active contour and 

electromagnetic components, can be found from Ampere law, written in differential form 
with respect to vector potential of the electromagnetic field: 

1 

μ0μ 
rot(rotA) + σ 

∂A 
∂t 

+ ε0ε 
∂2A 
∂t2

= J (3) 

where A – electromagnetic field vector potential, σ – electrical conductivity ,
JCT – extraneous current density. 
Finite element method application is conducting numerical experiments effective 

ways [16–18]. This method is the basis of most modern software environments COMSOL 
Multiphysics. If we assume that OPL wires parallel to each other and silencing length is 
much greater than its width, then the resulting silencing MF will be plane-parallel. In this 
case, the problem considered in a two-dimensional formulation. However, for silencing 
residential buildings, combined AES and PES of finite length, comparable to the length 
of the house used. Therefore, to calculate the effectiveness of silencing along the edges 
of a house, it is necessary to use a three-dimensional formulation of the problem of MF 
calculating. 

Let us now consider the CAMPECS designing problem to compensate for the initial 
MF. Let us introduce this GIMSPS desired parameters vector X with AES and PES spatial 
location geometric coordinates and SW AES currents and phases that compensating MF 
CAMPECS generated directed opposite to original MF.
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In works [6–8] contrast initial MF MM uncertainties vector δ introduced with original 
MF parameters inaccuracy and their changes during operation [20]. Let’s form a squares 
of sum BR(X,δ,Pi) compensating MF vector and original MF vector in silencing space 
(SS) points Pi. Let’s form a vector 

BR(X,  δ) BR(X,  δ,P1), BR(X,  δ,P2)...BR(X, δ,Pn)} (4) 

With resulting MF BR(X,δ,Pi) in SS points Pi. Then GIMSPS for multi objective 
CEAPS designing for initial MF compensated taking into account uncertainties vector δ 
reduced to MONMMOPS [22–24] 

min 
X 

max 
δ 

BR(X,  δ) BR(X,  δ,Pi) (5) 

In this MONMMOPS (5) it’s necessary minimizing VNOF BR(X,δ) (4) according to 
designed CEAPS desired parameters vector X, but maximizing the same VNOF BR(X,δ) 
according to uncertainties parameters vector δ of original MF .

MONMMOPS (5) associated with game solving [25]. Desired parameters vector X is 
first player. Its strategy is to minimize vector payoff BR(X,δ). Parameters uncertainties 
vector δ is second player. Its strategy is to maximize same vector payoff BR(X,δ). 
Moreover, since game payoff (4) is vector, such game is called multi objective or vector 
game by analogy with multi objective or vector optimization.

VNOF BR(X,δ) (4) is calculated using COMSOL Multiphysics software. A feature 
of finite-difference methods is that the spatial grid is applied to the entire computational 
domain [14–16]. In the problem under consideration, the area of study of the MF dis-
tribution contains OPL conductors, AES SW conductors, PES and the SS. Since the 
diameter of OPL and SW conductors are much smaller than the distance between them, 
they are considered as current threads and the distribution of the current density that 
flows through them is represented as a sum of delta functions. 

For objects whose linear dimensions differ by several orders of magnitude, the com-
putational domain is divided into a number of subdomains with different steps and their 
stitching is performed through the values of the sought functions on the dividing surfaces. 
The PES thickness is magnitude smaller several orders than their width. Therefore, grid 
spatial steps along different directions differ significantly. A three-dimensional uniform 
grid is applied to the computational domain – a global grid, which is applied in such a 
way that the screen profile lies on its lattice. To find the distribution of magnetic induc-
tion inside the PES, this screen is divided by thickness by an additional uniform grid – a 
local grid, with a step N times smaller than the step of the global grid. 

MONMMOPS (5) calculated from POS [20] with BPR based on HHMSOA [26, 
27]. Consider MONMMOPS algorithm. When MONMMOPS calculated it is necessary 
VNOF BR(X,δ) minimum for GIMSP desired parameters vector X calculated. For this 
purpose VNOF BR(X,δ) minimum for GIMSP desired parameters vector X calculated by 
particle swarm optimization (PSO) algorithm in following procedure. Particle i swarm 
j movement described by 

xij(t + 1) = xij(t) + vij(t + 1) (6)
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where 

vij(t + 1) = wjvij(t) + c1jr1j(t)H p1j − ε1j(t) ∗  · · ·  
· · ·  ∗  yij(t) − xij(t) + c2jr2j(t)H p2j − ε2j(t) ∗ · · ·
· · · ∗ y∗

j (t) − xij(t)

(7) 

Position xij(t) and velocity νij(t) vectors components of swarm j particle i for VNOF 
BR(X,δ) minimum for GIMSP desired parameters vector X calculated. 

PSO (6)–(7) works effectively at initial stages of iterations, when PSO movement 
speeds have significant values [22–24]. When entering quasi-stationary regions of VNOF 
BR(X,δ), PSO motion speeds tend to zero. To speed up VNOF BR(X,δ) global optima cal-
culating process in stationary region, it is advisable second-order optimization methods 
(SOOM) used based on second derivatives. One of simplest and quite effective SOOM is 
sequential quadratic programming (SQP) algorithm. The of the initial parameters values 
of desired parameters vector X GIMSP obtained with PSO help are initial values for 
refining solutions in quasi-stationary region. 

To calculate VNOF BR(X,δ) minimum by GIMSP desired parameters vector X 
formulated minimization problem with quadratic objective function (QOF) 

Hr(Xij(t), δij(t), Qi) + 
1 

2 
dT ijx(t)Hijx(t)dijx(t) + .  .  .  

.  .  .  + ∇T
ijx(t)dijx(t)

(8) 

Jacobian matrices ∇ijx(t) and Hessian matrices Hijx(t) components along vector X 
calculated from particle i of swarm j movement velocities νij(t) and accelerations Aijx(t), 
which calculated based on velocities νij(t) 

Aijx(t + 1) = vij(t + 1) − vij(t) (9) 

At each iteration step, in addition to VNOF BR(X,δ) quadratic approximation (8) 
constraints linear approximation also used 

∇gijx(xij(t),  δij(t))T dijx(t) + gij(xij(t),  δij(t)) ≤ 0 (10) 

During SQP process (8)–(10) step size dijx(t) calculated, which used to calculated 
VNOF BR(X,δ) minimum by desired parameters vector X. 

xij(t + 1) = xij(t) + αijx(t)dijx(t) (11) 

To calculate VNOF BR(X,δ) maximum by vector δ of uncertainties formulated 
maximization problem with QOF by analogy (8)–(11). 

4 Results 

Consider CEAPS designing results. In Fig. 1.a showed initial MF distribution. MF level 
in SS under consideration varies from 2.0 μT to 1.3 μT, which is more than 2 times 
higher than 0.5 μT level for residential buildings long-term residence people safe.
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a) b) 

Fig. 1. Initial a) and resulting b) MF when operating PES only. 

a) b) 

Fig. 2. Resulting MF distribution a) AES b) CEAPS. 

In Fig. 1.b showed resulting MF distribution when PES using. MF level in SS center 
under consideration varies from 0.5 μT to 0.35 μT, but at the edges of the SS under 
consideration the induction level reaches 1 μT or more. The maximum calculated value 
of the silencing factor when PES using only is 6.8 units. 

In Fig. 2.a showed resulting MF distribution when AES using. MF level in considered 
SS center varies from 0.1 μT to 0.3 μT, but at considered SS edges MF level reaches 1 μT 
or more. The maximum silencing factor value calculated when AES using is 17 units. 

In Fig. 2.b showed resulting MF distribution when CEAPS using. MF level in 
SS under consideration center varies from 0.1 μT to 0.3 μT, but at space SS under 
consideration edges MF level reaches 0.5 μT or more. 

The maximum silencing factor value calculated when CEAPS using is also 17 units. 
CEAPS advantage is that MF level value minimum of 0.1 provided in considered SS 
significantly larger part compared to AES using. 

Consider designed CEAPS experimental studies results. In Fig. 3.a showed CEAPS 
experimental installation.
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Fig. 3. CEAPS experimental installation a) initial and resulting MF PES b) EMD. 

a) b) 

Fig. 4. Initial and resulting MF EMD when AES using a), when CEAPS using b). 

In Fig. 3.b showed initial and resulting MF experimentally measured distribu-
tions (EMD) when PES using. In SS under consideration center varies MF level from 
0.5 μT to 0.35 μT, but SS under consideration edges MF level reaches 1.2 μT or more. 

In Fig. 4.a showed initial and resulting MF EMD when AES using. In SS under 
consideration center MF level varies from 0.3 μT to 0.2 μT, but at SS under consideration 
edges MF level 1 μT. 

In Fig. 4.b showed initial and resulting MF EMD when using CEAPS and AES. MF 
level in considered center SS varies from 0.3 μT to 0.2 μT, but at considered SS edges 
MF level reaches 0.5 μT. 

5 Conclusions 

CEAPS design method of OPL MF based on GIMSPS taking into account GFMSPS 
uncertainties developed. AES and PES spatial location geometric coordinates and AES 
SW currents and phases calculated during CEAPS design.
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GIMSPS for CEAPS designing to compensate for initial MF reduced to MON-
MMOPS. VNOF calculated using COMSOL Multiphysics software. MONMMOPS 
calculated based on POS taking into account BPR by HHMSOA. 

Based on GIMSPS developed method CEAPS of OPL MF designed. Computer 
modeling and EMD MF results of designed CEAPS are given. 
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Abstract. Industrial applications often demand water quality that exceeds nat-
ural water conditions, necessitating effective multi-stage treatment. This study 
investigates a combined treatment approach utilizing iron (II) sulfate heptahy-
drate (FeSO4·7H2O), anionic polyacrylamide (PAM), and calcium hydroxide 
(Ca(OH)2) to remove turbidity, total suspended solids (TSS), chemical oxy-
gen demand (COD), and phosphate ions (PO4 

3−). The experimental procedure 
employed jar tests with variable reagent dosages, pH adjustments, sedimentation 
times, and temperature conditions. Removal efficiencies were evaluated using 
standard analytical methods and correlated via the Pearson analysis. Results 
demonstrated that optimal removal - up to 95% for turbidity and >90% for TSS -
was achieved at 2500 ppm FeSO4·7H2O, 1.0 ppm PAM, and pH 9.0, with enhanced 
performance at 25 ± 5 °C and 1.4 h settling time. PO4 

3− removal peaked at pH 
8.0, likely due to precipitation of ferric and calcium with PO4 

3−. Correlation 
analysis confirmed that coagulant dose, pH, and temperature were dominant fac-
tors in removal performance, while PAM exhibited a secondary but enhancing 
role. Microscopic observations indicated a transition to denser and more compact 
flocs during treatment. The integrated method demonstrated a synergistic effect, 
offering an efficient and scalable solution for improving industrial water quality. 

Keywords: Turbidity Reduction · Sediment Morphology · Jar Test · Water 
Quality Optimization 

1 Introduction 

Natural waters typically do not meet industrial requirements and require multi-level water 
treatment to meet water quality standards for power plants [1]. In particular, turbidity 
and total insoluble solids (TSS) can damage equipment and cause deposits, chemical 
oxygen demand (COD) indicates organic contamination that is dangerous for production 
processes, and phosphate ions (PO4 

3−) contribute to scale formation, especially in heat 
exchangers [2]. In order to mitigate the impact of these indicators, appropriate water 
quality requirements are established [3]. Compliance with these requirements necessi-
tates the implementation of water treatment methods. In the field of water treatment,
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considerable attention is paid to the coagulation and flocculation processes, which have 
been proven to be effective removing polluting solutes. In addition, liming has been 
shown to play a crucial role in regulating the pH of the medium [4, 5]. Each of these 
methods has its own strengths. Consequently, coagulation provides an effective reduction 
of turbidity and removal of fine insoluble impurities due to the introduction of coagu-
lants [6]. Simultaneously, the process of flocculation is responsible for the enlargement 
of coagulated particles, resulting in the formation of larger flocs [7]. Furthermore, liming 
has been shown to correct the hydrogen pH of the medium, aid in the precipitation of 
carbonate and other insoluble impurities, and frequently function as an amplifier of the 
preceding treatment stages due to the co-precipitation phenomenon [8, 9]. 

The purpose of this study was to ascertain the most efficacious doses of reagents 
for the effective removal of contaminants (turbidity, TSS, COD, PO4 

3−), with the iden-
tification of factors affecting the efficiency of pollution and the study of the resulting 
sediment. The employment of the controlled mixing rate test method enabled the assess-
ment of the impact of each component individually, in addition to the synergistic effect 
of the three-component approach. The application of the Pearson correlation analysis 
method enabled the identification of the interrelated dominant factors of the combined 
application, and the study of the sediment fraction, in particular the particle size, revealed 
trends in sediment formation. 

2 Literature Review 

Heptahydrate of ferrous sulphate (FeSO4·7H2O) is a cost-effective inorganic coagulant 
with high coagulation efficiency [10]. In the context of FeSO4·7H2O solutions, the pro-
cess of hydrolysis is known to be accelerated, resulting in the formation of a multitude 
of iron hydroxide compounds. The efficiency of coagulation is observed to be suscepti-
ble to alterations in pH, a phenomenon that can give rise to the generation of unstable 
coagulants, as well as the formation of insoluble iron hydroxides. The presence of these 
insoluble compounds has been found to be associated with an increase in turbidity and 
TSS. In order to achieve the desired outcome, it is necessary to combine the use of 
FeSO4·7H2O with other reagents, such as a flocculant and a pH adjuster. The floccu-
lant adsorbs on the surface of coagulant-aggregated particles, forming bridges between 
them, which leads to the formation of larger flocs that settle more rapidly [11, 12]. 
Polyacrylamide (PAM) flocculant, a water-soluble polymer, is a well-known industrial 
water treatment agent used as a flocculant. It is widely accepted that PAMs can be cat-
egorised into three distinct groups: anionic PAMs, cationic PAMs, and nonionic PAMs. 
The flocculation efficiency of flocculants is contingent on the type of flocculants and 
their molecular weight, ionic nature and content, and TSS content. PAM has been shown 
to neutralise the charge of coagulant-aggregated iron hydroxide particles and has been 
demonstrated to affect the morphology of flocs by creating macropores for additional 
adsorption. It has been determined that the flocculation efficiency of a polymer chain is 
contingent upon its length [13]. Furthermore, quicklime (CaO or Ca(OH)2)  is  a  low-cost  
liming agent that increases the pH level, removing bicarbonate and carbonate ions and 
thus creating an additional purification effect [14]. 

The combined use of coagulant, flocculant and lime can significantly increase the 
efficiency of water treatment. However, to achieve maximum water treatment efficiency,
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it is necessary to optimise the conditions for the combined use of these methods - to 
determine the dose of reagent [15, 16], the order of their introduction and the impact of 
environmental parameters (pH, time, temperature) [17]. By optimising coagulation + 
flocculation+ liming processes, it is possible to achieve a significant reduction in reagent 
costs, minimise the formation of sediment, and improve the quality of treated water. 
The present study proposes an integrated approach to water treatment for industrial use, 
combining coagulation, flocculation and liming using FeSO4·7H2O, PAM and Ca(OH)2. 

3 Research Methodology 

The analytical methods of measurement employed in the study are enumerated in Table 1. 
The experiment was conducted in 1-L beakers with mechanical stirring on a six-stirrer 
MTOPS Jar Tester SF6. The reagents utilised in the study were as follows: The substance 
under investigation is FeSO4·7H2O, with a purity of at least 97%, anionic PAM of 
medium molecular weight, and Ca(OH)2 of technical grade, with a purity of at least 
79%. Water samples were collected from the Styr River [18], the quality of which is 
characterised by the quality indicators shown in Fig. 1. 

Fig. 1. The quality indicators of the input natural water used in this study. 

The distribution of sediment particles by size was performed using a HIAC/ROYCO 
8000A laser particle counter. Sediment morphology was determined using an XS-5520 
LED binocular microscope. Temperature control was performed using a DAIHAN HP-
30A analogue hotplate. Statistical processing of the research results included determin-
ing the range of the data series (min-max), the arithmetic mean (M), and the standard 
deviation (SD) using the BioEstar software package (Version 5.3, MLM). The analysis 
of the data set to assess the relationship between the variables of the control results was 
performed using the Pearson correlation coefficient (r) [19], using IBM SPSS, v27. 

The effect of coagulation of FeSO4·7H2O, PAM, Ca(OH)2 on the excretion of sub-
stances was measured by the calculated method, the doses of FeSO4·7H2O: 500, 1000, 
1500, 2000, 2500 ppm, PAM 0.25, 0.5, 1.0, 1.5, 2.0 ppm, and Ca(OH)2 to create a pH.
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Table 1. List of adopted analytical procedures. 

Parameter Analytical instrument Reference method 

pH pH/millivolt meter І-160, Δ =  ±  0.05 рН* Instruction manual for devices 

Turbidity turbidity meter Eutech TN 100, δ =  ±  2%*

TSS gravimetric method, balance 
OHAUSV12146 

KND 211.1.4.039–95** 

COD permanganate titrimetric method КND 211.1.4.021–95** 
PO4 

3− molybdenum method, spectrophotometer 
ULAB S102 

МVV 081/12–0005–01** 

Note: * Δ – are the absolute and δ relative measurement error; ** - are Ukrainian m easurement
standards

The solutions under study were analysed using the Jar test methodology at slow (20– 
50 rpm) and fixed rapid stirring for 3 min (200 rpm). Moreover, the study was carried out 
with different sedimentation times (0.6–1.6 h) and temperatures (10–30 °C). The per-
centage of removal efficiency (%) [20] for turbidity, TSS, COD, PO4 

3- was calculated 
using Eq. (1). 

Removal efficiency (%) = (Ci − Ct/Ci) × 100 (1) 

where Ci and Ct are the concentrations parameter before treatment and after treatment, 
respectively. 

4 Results and Discussion 

Determining the optimum coagulant dosage is important for controlling the coagula-
tion process, including the efficiency of contaminant removal. The coagulant dosage 
in this study of FeSO4·7H2O was varied from 500 to 2500 ppm under fixed agita-
tion. Figure 2 shows the percentage removal of turbidity, TSS, COD and PO4 

3−.  The  
percentage removal of turbidity (Fig. 2a), TSS (Fig. 2b), COD (Fig. 2c), and PO4 

3− 
(Fig. 2d) increased with the dosage of FeSO4·7H2O, reaching maximum values of 83.5%, 
50.7%, 59.5%, 55.8%, respectively, for turbidity, TSS, COD and PO4 

3− at 2500 ppm 
FeSO4·7H2O. Removal of turbidity, TSS, COD achieved comparable results, taking 
into account the maximum values of the percentage of removal for a dose of 2000 ppm 
FeSO4·7H2O. It is known from numerous studies that a higher dose helps to form larger 
and denser flocs that bind pollutants more effectively, facilitating their removal. How-
ever, the obtained results of comparable turbidity, TSS, COD removal efficiency for 
2000 and 2500 ppm FeSO4·7H2O can be explained by the subsequent slowdown with 
the destruction of flocs formed during sedimentation at high doses of FeSO4·7H2O coag-
ulant and the excess of this dose led to the reverse stabilisation of flocs due to excessive 
charge [21]. 

Adjusting the pH is important for efficient deposition, especially for hyllysing coag-
ulants [22]. Ca(OH)2 lime, when reacting with bicarbonate and carbonate ions, also
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forms a precipitate of calcium carbonate, which intensifies the deposition through the 
co-precipitation phenomenon [23]. Therefore, using different doses of Ca(OH)2 lime 
from 5.55 to 1105 ppm, which created a pH of 7.0 ± 0.2 to 10.0 ± 0.2 units, with fixed 
stirring, the percentage of turbidity, TSS, COD and PO4 

3− removal was determined. 
The percentage of removal of turbidity (Fig. 2e), TSS (Fig. 2f), COD (Fig. 2g), and 
PO4 

3− (Fig. 2h) increased, reaching maximum values at pH = 9.0 ± 0.2 units for tur-
bidity, TSS, COD and pH = 8.0 ± 0.2 units for PO4 

3−. Then the removal efficiency 
decreased at pH = 10.0 ± 0.2 units for turbidity, TSS, COD; at pH = 9.00 ± 0.2 units 
and pH = 10.0 ± 0.2 units for PO4 

3−. The increase in the percentage of removal with 
pH can be explained by the presence of positively charged hydrolysed particles of iron 
hydroxide forms, which enhance the neutralisation capacity. At pH = 10 units and more, 
iron is primarily in the insoluble form of hydroxides, thus the neutralising capacity is 
exhausted. Removal PO4 

3−demonstrated moderate sensitivity to changes in pH with a 
slightly higher removal rate at pH = 8.00 ± 0.2. At pH > 7.5, the phosphate ion exists 
in the form of hydrophosphate ions (HPO4 

2−), which can be assumed to intensify the 
formation of ferrous phosphate precipitates due to the interaction between HPO4 

2− and 
positively charged iron particles. To summarise, at higher (pH > 9.0) and lower (<8.0) 
pH values, the removal efficiency of joint coagulation with FeSO4·7H2O and liming 
with Ca(OH)2 decreases. 

Fig. 2. The effect of FeSO4·7H2O coagulant dosage on the removal of turbidity (a), TSS (b), 
COD (c) and PO4 

3− (d) and the effect of pH at Ca(OH)2 lime dosage and coagulation on turbidity 
(a), TSS (b), COD (c) and PO4 

3− (d) removal 

The dynamics of changes in the removal efficiency of turbidity (Fig. 3a), TSS 
(Fig. 3b), COD (Fig. 3c), and PO4 

3− (Fig. 3d) in the processes of coagulation and 
liming with the participation of PAM flocculant shows a clear dependence between the 
flocculant dosage and the percentage of removal up to the PAM dose of 1.0 ppm. With an 
increase in the PAM dose within 0.25 ppm, a gradual increase in the removal efficiency 
of all studied indicators is observed. The most pronounced positive effect of PAM is 
demonstrated for turbidity and TSS: their removal efficiency exceeds 90% at a dose of
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more than 1.0 ppm and is almost equal in the range of PAM doses of 1.5–2.0 ppm, 
which indicates the optimisation of aggregation and deposition of coagulated sludge. 
COD removal also increases with PAM dose, although the increase is less pronounced, 
probably due to the partial solubility of organic compounds that do not fully precipitate. 
A gradual increase in the efficiency of PO4 

3− removal from 50.2% to 73.5% may indi-
cate the participation of the flocculant in the formation of precipitates of insoluble iron 
and calcium salts due to electrostatic neutralisation and complexation with ions. Floc-
culant PAM significantly enhances the efficiency of combined coagulation and liming, 
especially at an optimal dose of 1.0 ppm or more. This may be due to improved inter-
particle contacts and the formation of dense flocs due to the chain structure of PAM. 
However, the efficiency gains tend to saturate, indicating that the limiting concentration 
(optimal dose) is reached, after which additional flocculant addition does not provide a 
proportional increase in purification. In this case, it can be stated that this phenomenon 
is observed at a PAM dose of more than 1.0 ppm. 

Fig. 3. The effect of flocculant dosage on the removal of turbidity (a), TSS (b), COD (c) and 
PO4 

3− (d) during coagulation and liming and the influence of temperature and settling time on 
the removal of turbidity (a), TSS (b), COD (c) and PO4 

3− (d) during coagulation - flocculation -
liming. 

As the temperature of the polymerisation process is increased, the movement of the 
molecules is also increased, leading to more efficient collisions and faster polymerisation 
[24]. Consequently, this results in polymers with elevated molecular weights, thereby 
enhancing their adsorption and bridging properties. Consequently, the removal efficiency 
increases with both increasing temperature and increasing deposition time (Fig. 3e, f, 
g, h). This trend reflects the typical behaviour of coagulation - flocculation - liming 
processes, where higher temperatures accelerate the hydrolysis and aggregation of the 
formed flocs, and longer time provides better floc stabilisation and deposition [25]. 
The highest efficiencies for turbidity and TSS were achieved at temperatures ranging 
from 20 to 30 °C and settling times of more than 1.4 h. This finding indicates that 
improved aggregation and sedimentation occur at elevated temperatures. For both COD
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and PO4 
3−, the trends are analogous, yet the removal rate is lower, indicating partial 

chemical binding of phosphates to calcium and constrained capacity for coagulation-
based organic removal. The optimal conditions for this process are a temperature of 25 
± 5 °C and a duration of 1.4 h, which ensure maximum efficiency for all four indicators 
without significantly increasing the process time. 

The correlation analysis presented in Fig. 4a facilitates the quantification of the 
strength and direction of the relationship between the parameters of the water treatment 
process (coagulant dose, flocculant, pH, temperature, contact time) and the efficiency 
of pollutant removal (turbidity, TSS, COD, PO4 

3−). The highest correlation coefficients 
(r = 0.92–0.97) were found between coagulant dose, pH, temperature, settling time 
and turbidity, TSS, COD and PO4 

3− removal efficiency, indicating a strong relationship 
between these factors in this combined water treatment process (Fig. 7). In particular, 
pH (r = 0.97 for turbidity and 0.95 for COD) significantly affects the hydrolysis of 
FeSO4·7H2O coagulant and the precipitation of hydroxides, which serve as flocculation 
nuclei. In a similar manner, the temperature and duration of deposition have a direct 
impact on the kinetics of aggregation and floc growth. The coagulant dose has been 
demonstrated to exhibit a high degree of correlation with the purification rates (r = 
0.94–0.97), thereby confirming its dominant role in the primary coagulation mechanism. 
Conversely, the dosage of PAM flocculant exhibited a negligible correlation with the 
majority of water treatment parameters, with r values ranging from 0.12 (turbidity), 0.11 
(TSS), 0.25 (COD), and 0.32 (PO4 

3−). 

Fig. 4. Pearson correlation matrix of conditions, factors and efficiency (a), microscopic view of 
the formed flocs at the beginning (b) and at the end (c) and histogram of the size distribution of 
flocs formed after (d) the combined coagulation - flocculation - liming processes. 

As a consequence of the integrated processes of coagulation, flocculation and liming, 
a discernible alteration in the morphology of flocs is evident (Fig. 4b,c). At the initial 
stage (Fig. 4b), the formed flocs exhibit a branched structure with a less dense texture, 
indicating an active primary aggregation of colloidal particles under the influence of the 
coagulant. Upon completion of the processes (Fig. 4c), the flocs become more compact, 
dense and darker, indicating increased particle adhesion in the presence of the flocculant 
and increased pH due to liming. The analysis of the histogram of the floc size distribution 
(Fig. 4d) shows that most flocs have a size in the range of 300–400 µm, which is
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favourable for efficient sedimentation. This size ensures a high sedimentation rate and 
improves the conditions for subsequent treatment stages, confirming the feasibility of 
simultaneous use of FeSO4·7H2O, PAM and Ca(OH)2 to improve the aggregation and 
removal of turbidity, TSS, COD and PO4 

3− from water. 
The implementation of the optimized coagulation - flocculation - liming processes 

using FeSO4·7H2O, PAM, and Ca(OH)2 contributes significantly to the environmental 
safety of industrial water treatment. The substantial reduction in turbidity, TSS, COD, 
and PO4 

3− ensures that the treated water meets regulatory discharge limits and is suitable 
for reuse in industrial operations, safe environmental discharge, or irrigation applica-
tions. Effective phosphate removal, in particular, mitigates the risk of eutrophication in 
receiving waters. The optimization of reagent doses and process parameters minimizes 
excess chemical use and reduces the potential for secondary pollution. Furthermore, 
the formation of dense and stable flocs facilitates efficient solid–liquid separation and 
reduces sludge generation, improving downstream sludge handling. This process sup-
ports a more sustainable and circular approach to water management in power plant oper-
ations by enabling internal water reuse and lowering the ecological burden of wastewater 
discharge. 

5 Conclusions 

The study demonstrated that the combined use of FeSO4·7H2O, PAM, and Ca(OH)2 is 
an effective method for improving industrial water quality. Optimal pollutant removal 
was achieved using FeSO4·7H2O at 2500 ppm, anionic PAM at 1.0 ppm, and Ca(OH)2 
sufficient to adjust the pH to 9.0 ± 0.2. These conditions ensured efficient removal 
of turbidity, TSS, COD, and PO4 

3−, particularly when applied at 25 ± 5 °C with a 
sedimentation time of 1.4 h. pH regulation played a key role in enhancing the hydrolysis 
and precipitation of iron hydroxides. Microscopic analysis confirmed the formation of 
denser and more compact flocs during the process. Pearson correlation analysis supported 
the dominant role of coagulant dose, pH, temperature, and settling time. This integrated 
approach offers a technically feasible and scalable solution for industrial water treatment. 
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Abstract. Modern requirements for product quality in rolling production require 
increased accuracy of temperature control of rolls in the rolling zone. This is pos-
sible by controlling the temperature regime using a mathematical model of the 
thermal process in the roll caliber. Quite promising, from the point of view of 
reducing energy costs for strip production, is the use of continuous casting-rolling 
technology, which allows obtaining metal, in particular steel strip, as close in thick-
ness as possible to the finished product. This significantly reduces the production 
cycle and the number of technological operations and required equipment. 

The purpose of this work is to build mathematical models of the temperature 
field of rolls during traditional strip rolling technology and a mathematical model 
of the temperature field of rolls during continuous strip casting-rolling technology 
(technology using roll crystallizers) and to develop methods for solving model 
problems. 

In the models presented in this paper, the authors tried to generalize and 
improve the mathematical models of thermal processes during rolling and con-
tinuous strip casting-rolling by setting more accurate boundary conditions. The 
models consider the different heat exchange between the internal and external 
surfaces of the roller with the strip and the outgoing roller core, as well as perfect 
thermal contact between the different roller layers. The constructed mathematical 
models, despite the fact that they describe various technological processes, make 
it possible to optimize and predict the cooling-heating parameters, as well as the 
service life of rolls in industrial conditions. 

Keywords: Mathematical model · Thermal processes · Continuous 
casting-rolling technology · Rolling · Perfect thermal contact 

1 Introduction 

Rolling of strip products is accompanied by significant changes in temperature con-
ditions along the production line. It is impossible to meet modern requirements for 
rolled product quality without using process control systems that must consider the 
maximum number of influencing parameters. One of the most important indicators of
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strip rolling technology is the rolling temperature, which has a significant impact on the 
energy parameters of the rolling process [1], the structure and mechanical properties of 
the resulting product. One of the important conditions for optimizing the temperature 
regime is clear control of the heat exchange conditions of the rolls with the environment 
surrounding the roll. The use of continuous roll casting of liquid metal in roll crystalliz-
ers is a promising direction in the production of metal strip, which allows to significantly 
reduce the energy costs for its production [1, 2]. Due to the reduction in the number of 
hot processing operations compared to traditional technology for producing thin strips, 
rolling mills achieve significant savings in energy resources, which is very relevant in our 
time. During the development of energy-saving technologies for the production of strip 
and rolled products, great importance is attached to the mathematical modeling of the 
technological process in the roll crystallizer. Direct observation of the processes occur-
ring in the crystallization-deformation zone, due to its closed nature, remains practically 
impossible for the researcher. Therefore, simultaneously with the development of exper-
imental studies, the question of creating physical and mathematical models describing 
the processes of strip rolling and strip casting-rolling remains open. 

2 Literature Review 

A number of mathematical models of the heat transfer process during strip rolling and 
during strip casting-rolling have been proposed in the scientific literature [2–9]. In most 
studies, mathematical models of the thermal process during strip casting-rolling involve 
a number of assumptions made to simplify such a complex process [3]. In [5], a finite 
element model was developed to simulate the thermal process during strip rolling, which 
took into account various strip rolling parameters and high-temperature properties of 
the work roll material. In [6], the construction of a finite-element model and adjustment 
of parameters of electromagnetic induction heating made it possible to estimate the 
temperature field during the rolling of titanium and aluminum. Evaluation of the effect 
of rolling temperature and compression speed of Ti/Al plates was carried out with the help 
of rolling experiments. In [9], a finite element one-dimensional model of heat transfer 
of a casting roller during two-roll casting of an aluminum alloy was developed. All the 
above studies are mainly focused on finite element models of heat transfer of individual 
elements of a complex system (roller-sheet). In this case, it is not taken into account that 
the heat exchange conditions of the inner and outer surfaces of the roll with the strip are 
different, since the inner surface of the roll interacts with the coolant (or other medium), 
and the outer surface interacts with the cooling liquid or air. The conditions of perfect 
thermal contact of different layers of the roll in the case of a two- or three-layer roll 
are not taken into account; also, in most models, there is no nonlinear component in the 
boundary conditions – the Stefan-Boltzmann conditions [3–8]. 

The aim of this work is to develop a model of the temperature field of rolls during the 
traditional technology of hot strip rolling and a mathematical model of the temperature 
field of rolls during the technology of continuous casting-rolling of strip (technology 
using roller crystallizers), and to develop methods for solving model problems.
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3 Research Methodology 

3.1 Temperature Field of Rolls During Traditional Rolling Technology 

Let us consider a physical model of the temperature field of a rolling mill during tradi-
tional strip manufacturing technology. The outer surface receives heat from the deform-
ing strip and then loses it outside the deformation zone according to Newton’s and 
Stefan-Boltzmann’s laws. Its inner surface loses heat by convection or conduction, in 
some cases, and also by radiation. In the zone of contact of the roll with the strip, heat 
from the roll surface is transferred to its axis by thermal conduction. In the other of the 
roll, heat is lost by radiation, convection or conduction. Such a thermophysical model 
of the heat exchange process during rolling leads to a mathematical model based on the 
homogeneous equation of heat conduction, which has the form 

λ 
1 

r 

∂ 
∂r 

(r 
∂T 

∂r 
) + λ 

1 

r2 
∂2T 

∂φ2 + λ 
∂2T 

∂z2 
− cρ

∂T

∂t
= 0. (1) 

During the strip rolling process, the temperature field significantly depends on the 
time and number of roll rotations, resulting in uncontrolled heat transfer. Therefore, a 
unsteady heat conduction equation is used to calculate the roll’s thermal state. We further 
assume that the temperature of a cylindrical roll does not depend significantly on the 
axial coordinate, and that the bases are thermally insulated. In this case, determining the 
temperature distributions on the surface and in the body of the roll leads to an initial-
boundary value problem for heat conductivity in the axial cross-section of a hollow 
cylinder T = T (r,  φ, t), which rotates around its axis with an angular velocity ω. When 
the heat flux is orthogonal to the axis of rotation, we have the initial-boundary value 
problem in × t = { (r,  φ)|R1 < r < R, 0 < φ < 2π, t > 0}
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= F(φ, t,T ), (2) 

F(φ, t, T ) = h2TM , ωt <  φ  <  φ0 + ωt 

h1(Tc − T ) + k(T 4 c − T 4), ωt + φ0 < φ < ωt + 2π,

where a2 = λ 
c ρ , hi = αi 

λ
, λ – thermal conductivity coefficient; c – heat capacity; ρ– 

material density; αi – heat transfer coefficient, TM = Tm + T d , Tm temperature of 
the metal entering the deformation zone, Td – average increase in temperature in the 
deformation zone (caused by metal deformation), Tc – temperature of the medium outside 
the ring, Tc2 – temperature inside the ring. 

A quasi-steady temperature distribution is established if the roll speed is sufficiently 
high, and the temperature is independent of time. Problem (2) reduces to the problem
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of determining the temperature in the ring = { (r,  φ)|R1 < r < R, 0 < φ < 2π}.  And  
the mathematical model for determining such a temperature is described by a stationary 
heat conduction equation with inhomogeneous boundary conditions and heat exchange 
conditions outside the ring, depending on the angular coordinate φ. . Problem (2) can 
be considered as a generalization of the one-dimensional finite element mathematical 
model considered in the work [9] (Fig. 1). 

R1 

R 

Fig. 1. Radial cross-section of a cylindrical roll 
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Where k = εσ 
λ
; ε – degree of blackness; σ – Stefan-Boltzmann constant. The solution 

to the problem is reduced to the Hammerstein integral equation, where the kernel of the 
equation is constructed based on the Green’s function. 
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This allows the differential equation with boundary conditions to be transformed into 
an integral equation, the solution of which is sought using iterations. The solution of 
the integral Eq. (7) was found using the modified Newton method. The iterative process 
was structured as follows 

εk−1(ξ ) = τ 
2π 

0 

Gi(φ, ξ )u4 k−1(φ)dφ − uk−1(ξ),

φk−1(ξ ) = εk−1(ξ ) + uL(ξ ) − 4τ 
2π 

0 

Gi(φ, ξ ) u0(ξ)3φk−1(φ)dφ,

The convergence of the solution was checked both by the deviation εk−1 ≤ εk , 
where < 1, and by the norm of the difference of iterations un−1 − un <  δ  .The number 
of iterations depends on the accuracy required, but does not exceed 100 in this case. 

3.2 Mathematical Models of the Temperature Field of Rolls During 
the Production of Metal Strip Using Continuous Casting-Rolling Technology 

According to the technology of manufacturing a strip in a roll crystallizer, liquid steel 
enters the space between the moving rolls and, upon contact with them, crystallizes, 
giving off its heat to the moving rolls, and then exits the space between the rolls in the 
form of a solid strip (Fig. 2). The thickness of the latter is determined by the distance 
between the rollers of the crystallizer, and the width is determined by the side walls of 
the roller crystallizer, which can vary. The rollers of the crystallizer are made of heat-
resistant materials, for example, an alloy of copper with chromium in the form of hollow 
cylinders for rolling aluminum strip [9], which rotate and are intensively cooled inside 
by liquid [2]. 

The mathematical model of the heat exchange process during strip continuous 
casting-rolling in the roll caliber of a rolling mill includes three components: 1) a model 
of heat exchange of a part of the roll with the metal undergoing deformation, during 
which heat of deformation is released; 2) a model of heat exchange of a part of the roll 
with a liquid forcibly cooling it; 3) a model of heat exchange of a part of the roll with 
the surrounding environment according to the Newton and Stefan-Boltzmann laws. 

Next, we will consider a mathematical model of the thermal process of a roll in a 
roller crystallizer, which has the form of a three-layer cylinder, in which one part of 
the outer layer is in contact with the molten metal, and the other part of the outer layer 
takes part in heat exchange with the surrounding environment, which has a temperature 
Tc. Heat is transferred to the second layer of the roll, which has perfect thermal contact 
with the first, by thermal conductivity, and from it to the third layer also by thermal 
conductivity. Determination of the temperature distribution Ti(r, z,  φ, t) in a three-
layer cylinder of a roller crystallizer, where part of the outer layer under conditions of 
perfect thermal contact perceives the heat flux from the molten metal and transfers it 
to the next one. The inner layer of the roll, which has a constant temperature lower 
than the outer layers, participates in heat exchange with the outer layers. The thermal
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process is described by a boundary value problem for the homogeneous heat conduction 
equation in a cylindrical region with cyclically acting heat exchange conditions × t : 
{0 < r < r0, 0 < z < l, 0 <  φ  < 2π, 0 < t < t0}
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Fig. 2. The scheme of the formation of the strip in the roll crystallizer 

The physical model of the problem allows for the application of a radial averaging 
operator to (8)–(13). This, in turn, leads to the appearance of an impedance-type boundary 
condition at the interface between the two media. The algorithm then proceeds from the 
last layer to the first using the finite element method [9]. 

4 Results 

Numerical experiments were carried out based on the solutions of the problems. For 
the numerical experiment, the thermophysical characteristics of steel grade 1.2365 were 
taken, T0 = 300 K– initial temperature, Tc = 300 K– ambient temperature TM1 =
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900K,Tm1 = 615 K – the temperature of the metal being processed and the temperature 
of the metal at the exit from the deformation zone, hi = αi 

λ
α1 = 100 W 

m2 K
, α2 = 150 W 

m2 K
, 

ε = 0 .7, σ = 6.67×10−8 W 
m2K4 – Stefan-Boltzmann constant, R = 0.2 m and R1 = 0.1 m

– outer and inner radius of the ring. 

Fig. 3. Temperature distribution obtained at t = 10 s in radial cross-section of a cylindrical roll

Figure 3, 4 describes the temperature state in the cross section of a steel cylindrical 
roll that perceives heat within the range of the rotation angle change 0 <  φ < φ0 and 
within φ0 <  φ  < 2π loses heat according to Newton’s and Stefan-Boltzmann’s laws 10 
sec after the start of the rolling process. 

Numerical calculations of the temperature distribution of the heat exchange process 
during rolling are given in Table 1. It contains the results of temperature measurements 
Tn using the AXIOMET-6520 pyrometer and the results of the computational experiment 
found from (3)–(6) Tm. = |Tn − Tm| – the modulus of the difference between the 
results of temperature measurement using a pyrometer and the results of numerical 
modeling on the roll surface, δ = Tn100% relative calculation error. 

Table 1. Comparative results between numerical and 
experimental analysis 

φ, rad Tn, K Tm, K K δ,  %  
π 
3 585 554 31 5.3 
2π 
3 565 540 25 7. 6 

π 550 525 25 4. 5 
4π 
3 565 535 30 5. 3 

5π 
3 570 540 30 5. 3

(continued)
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Table 1. (continued)

φ, rad Tn,K Tm,K K δ, %

2π 610 578 32 5. 2 

Temperature, K 

φ, rad 

Fig. 4. Temperature distributions obtained from curve 1 are from (8)–(14) for a steel roll; curve 
2  «  +» – the results of the natural e xperiment.

5 Conclusions 

A physical and mathematical model of the temperature field of a hollow roll of a rolling 
mill, which rotates around its axis with a constant angular velocity, has been constructed. 
The constructed model describes the thermal process occurring during strip rolling using 
traditional technology and takes into account the thermal interaction between the roll and 
the strip. In the case of a quasi-steady temperature distribution, the mathematical model 
of the thermal process in the hollow roll cross-section is described by a problem for the 
heat conduction equation in a ring with inhomogeneous boundary conditions and heat 
transfer conditions outside the ring, which depend on the angular coordinate. Integral 
equations were used to solve this problem. The second part of the paper is devoted to 
the study of the thermal process of rolls during the production of metal strip using the 
continuous casting-rolling technology. A mathematical model of the temperature field of 
a complex system – a three-layer roll crystallizer during the production of metal strip with 
perfect contact between roll layers with different thermophysical characteristics of the 
layers has been constructed. Analysis of the model, namely a comparison of a series of 
numerical and natural experiments, showed good agreement with the measured values. 
The calculation error does not exceed 7%. The constructed mathematical model and 
the method for constructing impedance conditions make it possible to obtain modeling 
results close to real conditions, which is confirmed by experiments. Further research 
will focus on using the data obtained from modeling the thermal behavior of the roller 
and the ideal shape of the cast strip to control the thermal processes during rolling. The 
results of this study provide a valuable theoretical basis for improving the design of 
roller structures in the strip rolling and strip casting-rolling processes.
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Abstract. A highly efficient technology for the combustion of hard-to-burn agri-
cultural biomass with an annual regeneration cycle has been developed in Ukraine, 
based on jet-vortex bio-heat generators. The technology enables the combustion of 
sunflower, rapeseed, wheat, and corn processing residues of various dispersity and 
with moisture content up to 40%. These heat generators, with capacities ranging 
from 1.0 to 5.0 MW, have proven their efficiency and are already widely applied, 
particularly for grain drying and building heating. The cost of thermal energy 
produced in such bio-heat generators is 5–7 times lower compared to traditional 
hydrocarbon-based sources. The objective of this study is to improve the envi-
ronmental performance of a 3 MW vortex heat generator by optimizing biomass 
mixing and combustion processes through the application of numerical methods. 

Numerical modeling of biomass particle mixing and combustion processes 
in the vortex heat generator was performed using the finite volume method. The 
obtained results revealed shortcomings in the combustion process within the flow 
path of the existing generator design. The authors propose a novel structural 
scheme, in which secondary air is supplied at an inclination to the axis of the 
heat generator. Numerical investigations demonstrated that such an organization 
of the combustion process reduces the velocity of combustible gas release from 
biomass particles, enhances the mixing of combustible gases with secondary air, 
and decreases nitrogen monoxide emissions by 22%. 

Keywords: low-reactivity biofuel · numerical modeling · jet-vortex bio-heat 
generator · energy and environmental performance of combustion processes 

1 Introduction 

The agro-technically available volume of biomass with an annual renewal cycle in 
Ukraine amounts to 25–30 million tons per year, which is equivalent to more than 10 
billion m3 of natural gas. This refers to biomass of agricultural origin, varying in particle
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size and moisture content up to 40%, which accumulates annually in large quantities 
after the processing of corn, sunflower, wheat, rapeseed, etc., and is currently considered 
as waste. For regions with developed agriculture, using such non-standardized biomass 
as fuel is economically the most feasible. 

The main problem in obtaining thermal energy from such biomass is that standard 
heat-generating equipment designs do not ensure its efficient combustion. This prob-
lem has been addressed through the creation and implementation of original designs of 
jet-vortex bioheat generators for continuous combustion of high-moisture biomass with 
undefined particle size, moisture, and calorific value. High-quality energy and envi-
ronmental performance of the generators is achieved thanks to an automated biomass 
dosing and combustion system based on artificial intelligence [1]. The energy efficiency 
of these complexes is quite high; however, further improvement of the environmental 
performance of combustion remains a very relevant task. 

It is proposed to solve this problem by improving both the design of the heat generator 
and the processes of mixture formation and biomass combustion using modern 3-D 
modeling technologies. 

Thus, the aim of this work is to improve the environmental performance of a vor-
tex bioheat generator by optimizing the processes of mixture formation and biomass 
combustion using numerical methods. To achieve this aim, the following tasks were 
formulated: 

– Analyze existing methodologies for numerical modeling of biomass combustion in 
heat generators; 

– Propose new design solutions and operational control approaches for heat generators 
that can potentially enhance their efficiency and environmental performance; 

– Conduct numerical studies and a comparative analysis of combustion processes in 
existing and improved heat generator designs; 

– Develop scientific and practical recommendations for improving the environmental 
performance of the vortex bioheat generator. 

2 Literature Review 

Modern CFD modeling methods are increasingly being applied to the study of complex 
thermo-physical and physico-chemical processes, including the combustion of solid 
dispersed fuels and biomass. Achieving the highest possible model accuracy primarily 
depends on the correct formulation of numerical studies and the consideration of features 
that most significantly influence these processes. Verification of the model is crucial, 
preferably through comparison with experimental results. 

In [2], the authors investigated the combustion characteristics of biomass particles 
in an industrial circulating fluidized bed (CFB) furnace. CFD modeling of individual 
particles provided insight into the physical and chemical processes of granular flow 
in the dilute and dense regions of the CFB furnace. A multiphysics coupled model of 
solid-phase combustion on the grate and gas-phase combustion of biomass in small 
chain-grate boilers was developed in [3]. The results demonstrated the possibility of sta-
bilizing temperature distribution in the furnace and reducing NOx emissions through the 
redistribution of primary air supply. The study in [4] conducted numerical and exper-
imental investigations of co-firing brown coal and biomass in a 300 MW boiler. The
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findings showed that when biomass particles are sprayed in a fixed position at a given 
proportion, NOx emissions from wheat, corn, and cotton straw are reduced. 

Research on gasification of woody biomass in fluidized bed reactors is presented in 
[5]. A comparative analysis of 2D and 3D modeling results indicated that both mod-
els show similar behavior of the fluidized bed motion; however, the relative error is 
significantly lower in three-dimensional calculations. 

Enhancing the efficiency of wood and agro-pellet combustion in boilers using numer-
ical modeling methods is discussed in [6]. The results indicate that the use of a combus-
tion intensifier can achieve a significant reduction in unburned pollutant emissions (CO 
> 40% – > 30%), particulate emissions (28–56 mg/m3 at 10% O2 in dry flue gases), 
and improved combustion efficiency (>2.6–3.7%). 

The study in [7] focused on improving existing and developing innovative burner 
devices for their effective integration into most existing boilers. Comparison of numerical 
modeling results with experimental data showed satisfactory correlation and validated 
the feasibility of using the chosen model for the burner–boiler system. 

In [8], the thermal decomposition process of biomass was studied through numerical 
modeling of its combustion in heat generators. The authors proposed a procedure con-
sisting of a static modeling phase to create algorithms (macrofunctions) and a dynamic 
modeling phase where the CFD model is coupled with an external biomass decomposi-
tion model in the form of a user-defined function. The proposed approach was validated 
on various cases and showed good agreement between calculations and experimental 
data. 

In [9], the authors proposed scaling up the pyrolysis of a single biomass particle 
to particles of larger diameter and a higher number of particles. As particle size and 
moisture content increased, the temperature difference between the particle surface and 
center also increased, resulting in longer pyrolysis times. 

The work in [10] utilized new experimental methods with high spatial and temporal 
resolution, such as laser diagnostics, in combination with numerical modeling of physical 
and chemical aspects of biomass conversion. The approach allowed for understanding 
the link between transport phenomena, chemical kinetics, and physical transformation 
at the single-particle scale, aiding in resolving issues related to emissions and efficiency 
at larger scales. 

The use of computer-based numerical modeling tools to enhance the efficiency of 
hydrocarbon and alternative energy resource combustion is described in [11]. Equipment 
modifications significantly reduced harmful atmospheric emissions and saved energy 
resources during thermal and electrical energy production. 

In [12], the biomass pyrolysis process was divided into three stages: water evapora-
tion, volatile release, and coke combustion. The results demonstrated that the numerical 
model could accurately reproduce temperature, velocity, and composition variations in 
a hot-water boiler with an accuracy of up to 20 K. 

In [13], a three-dimensional CFD model was employed to analyze co-firing of biochar 
and pulverized coal in blast furnaces, taking into account binary particle flow charac-
teristics. Results showed that adding biochar effectively increases the volume fraction 
of high-temperature regions in the rolling channel, improves preheating, and enhances 
combustion efficiency.
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As noted in [14], numerical modeling of biomass gasification in fluidized bed reactors 
faces several challenges, including accurate modeling of the physical and chemical 
processes involved and numerical stiffness of dense particle two-phase flow problems. It 
was shown that changing the steam-to-biomass ratio in the range of 0.8–2.0 had minimal 
impact on pyrolysis and heterogeneous reactions, whereas homogeneous reactions were 
significantly affected, altering the final gas composition. 

A comprehensive review of various numerical models for pyrolysis, gasification, 
and solid fuel combustion is provided in [15]. It is highlighted that 3D CFD can provide 
detailed local and global information on the interaction of hydrodynamics, mixing, and 
heterogeneous and homogeneous chemical reactions, even for complex systems such as 
combustion chambers, gasifiers, or chemical reactors. 

The review of available technologies and methods indicates that contemporary 
research predominantly focuses on combustion processes at the level of an individ-
ual biomass particle, with the possibility of further scaling to groups of solid biomass 
particles. Complex processes such as fuel preparation, pyrolysis, release of combustible 
fractions, and interactions of turbulent and convective phenomena in the combustion 
chamber during biomass burning are considered. 

However, scaling numerical simulation results from single-particle biomass combus-
tion to multiple particles, their interactions with each other and with gas and air flows, 
as well as detailed analysis of the release of individual combustible gas components 
and complex heat transfer processes during solid biomass combustion, remain insuffi-
ciently studied. A detailed investigation of these issues will improve the accuracy and 
informativeness of numerical modeling results in studying solid biomass combustion 
processes. 

3 Materials and Methods 

Considering the authors’ previous research [1, 11] along with international experience, 
this study employs the following algorithm to perform numerical investigations of the 
combustion processes of annually renewable biomass (Fig. 1). 

It should be noted that, in the course of numerical modeling, experimental data on 
the physicochemical properties and calorific value of actual biofuels were utilized. The 
determination of calorific value was carried out in accordance with ISO 1716:2019, 
while their main physicochemical properties were established in accordance with ISO 
18134–3 and ISO 1928–76. The computational model employed was verified by com-
paring the values of the main indicators of the biomass combustion process obtained 
through numerical simulations with the measurements taken during industrial tests of 
the developed jet-vortex heat generator with capacity of a 3 MW. 

For a comparative computational study using numerical methods implemented in 
modern CFD software packages, an investigation was conducted into the processes of 
mixing, combustion, and the formation of toxic components in the flow section of a 
vortex heat generator. 

The main features of the CFD model used in this work include the consideration 
of the unsteady process of combustible gas release from biomass particles, taking into 
account their gradual heating; and the tracking of biomass particle trajectories with



88 O. Кravchenko et al.

Fig. 1. Flowchart of the numerical study procedure. 

respect to their size (the initial particle size was specified based on experimental data 
and recommendations from other authors). 

The configuration (Fig. 2a) is based on a cyclone-type combustion chamber featuring 
a lower tangential injection of biofuel and primary air, along with an additional control-
lable tangential supply of secondary air. Tangential injection of the fuel–air mixture 
prolongs the residence time of fuel particles within the combustion zone by increasing 
their trajectory length, thereby significantly enhancing the completeness of biofuel com-
bustion. The tangential supply of secondary air promotes improved mixing between fuel 
particles and the oxidizer and ensures the provision of sufficient oxygen for the complete 
and environmentally compliant combustion of low-reactivity solid fuels. 

The combustion chamber of the heat generator is divided into three main zones. In 
Zone 1, primary air enters from below through openings in the lower horizontal wall, 
while the biomass–air mixture is injected tangentially. Zone 2 serves as the primary 
combustion zone, and Zone 3 allows for tangentially controlled injection of secondary 
air. This configuration enables partial oxidizer deficiency in Zone 2, promoting partial 
thermal decomposition of fuel components, which are then fully combusted in Zone 3. 
This approach is particularly effective for handling large, high-moisture particles. 

The flow section of the jet–vortex heat generator, modeled in a CAD system in 
3D, is shown in Fig. 2b. A computational mesh of this flow section was then gener-
ated for numerical simulation of mixture formation, combustion, and the production of 
combustion products, including pollutants (Fig. 2c). 

Calculations were carried out using the finite volume method. To capture near-wall 
effects in the working fluid flow within the vortex heat generator, the computational mesh 
was refined in regions with abrupt geometric changes and near solid boundaries. For 
subsequent simulations, the third-level mesh of the computational domain was selected 
(Fig. 2c), containing over 3.8 million cells. 

The energy and environmental performance of low-reactivity fuels, such as untreated 
biomass, is influenced by several factors, including combustion chamber design, the 
supply of air and biomass to the combustion zone, and the fuel’s thermophysical prop-
erties, moisture content, and particle size distribution. The air excess ratio also affects
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а) b)  c) 

Fig. 2. Schematic (a), flow section geometry (b), and computational mesh (c) of the vortex heat 
generator. 

combustion kinetics. These factors determine the occurrence and duration of key com-
bustion stages—biomass drying and heating to the volatile release temperature, igni-
tion and combustion of volatiles, char heating to ignition, and subsequent char volatile 
combustion—and ultimately govern overall energy and environmental performance. 

Insufficient oxidizer leads to thermal decomposition and the formation of interme-
diate combustion products. The residual carbon after volatile release is highly porous 
and reactive, and moisture released during preliminary drying may promote steam or 
steam–oxygen conversion of carbon and hydrocarbons. For numerical modeling, aver-
aged properties of actual biomass used in bio-heat generators were considered: lower 
heating value 18.5 MJ/kg, moisture 15%, and density 250 kg/m3. 

A critical factor influencing combustion efficiency and environmental performance is 
the density of the fuel bed. Higher fuel bed density shortens ignition time and accelerates 
particle combustion by reducing inter-particle distance and ensuring sufficient oxidizer, 
thereby increasing fuel burnout and reducing pollutant formation in the flue gases. 

Assessing fuel steam density during biomass combustion requires studying indi-
vidual particle motion and interactions. This enables identification of the flame shape 
and zones of incomplete combustion, supporting improved efficiency and environmental 
performance of low-reactivity biomass in vortex bio-heat generators. Numerical mod-
eling should also consider particle size distribution, initial moisture, and the formation 
of residual carbon and ash. 

4 Results and Discussion 

Numerical analysis of biomass particle and gas trajectories in the combustion chamber 
suggested an improved vortex heat generator design. Two additional tangential secondary 
air channels, inclined slightly rather than perpendicular to the reactor axis (Fig. 3), 
promote higher particle trajectories, enhancing thermal decomposition and complete 
combustion. 

All subsequent numerical simulation results and their comparisons are presented for 
two configurations: the existing bio-heat generator design (Fig. 2) and the improved 
design with additional secondary air introduced at an angle to the horizontal plane of
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Fig. 3. Enhanced design a)                                         b) 

Fig. 4. Comparative flame and gas temperature distributions. 

the combustion chamber (Fig. 3). In all simulations, the air excess ratio was set at 
1.5. Figure 4 shows comparative results of flame and gas temperature distributions in 
a vertical cross-section of the flow part for both the existing and improved bio-heat 
generator configurations. 

For the existing design (Fig. 4a), the maximum gas and flame temperature reaches 
975 °C in the central part of the vortex heat generator. This is due to excess air, where 
some of the heat is consumed in warming air that does not participate in combustion. 

For the improved design (Fig. 4b), the maximum gas and flame temperature reaches 
1200 °C in the central part of the vortex heat generator. Direct supply of secondary air 
to the combustion zone allows combustible gases (CnHm,  H2, CO) from biomass to mix 
more efficiently, enhancing combu stion.

Figure 5 compares biomass particle size distribution and trajectories. In the improved 
design (Fig. 5b), particles rise only up to 2–2.5 m and release combustible gases within 
this region. In the existing design (Fig. 5a), particles rise higher and release gases over 
a longer period. This promotes higher fuel burnout and reduces tar deposition on heat-
exchange surfaces. 

The comparison of nitrogen monoxide (NO) mass fraction distribution is shown in 
Fig. 6. In the existing design (Fig. 6a), the maximum NO mass fraction occurs in the 
central part of the vortex heat generator, with MF(NO) = 4.48 × 10-6. In the improved 
design (Fig. 6b), the maximum NO mass fraction is observed in the upper part of the 
vortex heat generator, and NO emissions are significantly lower than in the existing con-
figuration, at MF(NO) = 2.66 × 10-6, due to enhanced combustion and more complete 
fuel burnout. 

Comparative of the distribution of mass fraction of combustible gases in the process 
of their exit from biomass is shown in Fig. 7. For the existing design (Fig. 7a) the exit of 
combustibles is observed in the lower part of the heat generator. Further, the combustible 
gases mix with air and burn at a lower speed and temperature. For the improved design 
(Fig. 7b) the exit of combustibles is mainly noted in the central part of the heat generator. 
Then the combustible gases mix with air and, evenly filling the volume of the flow part, 
burn at an increased speed and temperature.



Enhancement of Combustion Processes of Nonstandardized Biomass 91

a)  b) 

Fig. 5. Comparative biomass particle size 
distribution and trajectories. 

a) b) 

Fig. 6. Comparative NO mass fraction 
distribution. 

a)  b) 

Fig. 7. Comparative of mass fraction of combustible gases 

Table 1. Summary of comparative study results 

Design 
configuration 

Parameter 

Exit temperature 
of heat generator, 
°C 

Biomass particle 
rise height, m 

Mass fraction of 
combustible 
gases 

NO mass fraction 

Existing 
design 

700 1,9 1,1e-10 3,6e-10 

Improved 
design 

710 2,7 8,7e-09 2,06e-08

Table 1 summarizes the comparative study results. Modern 3-D modeling enables 
detailed analysis of complex processes, such as biomass mixing and combustion in the 
vortex heat generator. The improved design shows better environmental performance 
and lower unburned gas fractions, especially at higher air excess ratios. 
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Modifying the secondary air supply with two additional inclined channels reduces 
aerodynamic resistance for biomass particles and extends the height over which com-
bustible gases are released. This improves mixing and combustion, lowering flue gas 
emissions. As a result, NO emissions decreased by 22%, with local values along the 
flow section nearly halved. 

5 Conclusions 

It has been proven that one of the ways to improve the results of numerical modeling 
of dispersed biomass combustion processes is to take into account the influence on 
combustion of the processes of mixture formation, movement and gasification of biomass 
particles during their stay in the combustion zone. 

The design of the heat generator with a thermal capacity of 3 MW has been improved 
by changing the secondary air supply mode, which allows significantly increasing the 
efficiency of biomass combustion and reduces of harmful emissions into the atmosphere. 
Comparative analysis of the improved jet-vortex heat generator and its baseline design 
confirmed that modernization—particularly optimizing secondary air supply—reduces 
NO emissions by 22% and nearly halves local NO concentrations along the flow section. 

Future studies should focus on optimizing mixing and additional air supply to 
enhance large-particle burnout and reduce oil-containing residues, improving heat-
exchanger operation and reducing maintenance effort. 
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Abstract. The article proposes a method for regulating the discharge of hydro-
gen (oxygen) from the gas separation system of an electrolyzer during continu-
ous operation of the electrolytic cell under pressure. The hydraulic diagram of a 
membrane-less electrolyzer equipped with a controlled pressure regulating valve 
is illustrated. This method allows for the safe discharge of hydrogen and oxy-
gen from the corresponding separators during the operation and maintenance of 
the electrolysis system. A valve control model is proposed to maintain constant 
pressure. A simulated model of deviations from ideal gas formation indicators 
is presented, and the feasibility of the valve control model is verified. The paper 
compares the efficiency and operating cycle of an electrolysis system with and 
without constant pressure support. Using a simulation-based model, the results 
demonstrate that although the average efficiency improvement is modest (from 
71.3% without control to 72.8% with control), the benefits of regulation become 
more pronounced under higher operating pressures and larger separator sizes. 
These findings highlight that even incremental efficiency gains, when combined 
with improved stability, safety, and gas quality, can have meaningful implications 
for the design and scaling of electrolyzer systems. 

Keywords: simulation modeling · control valve · pressure regulation · Alkaline 
electrolyzer 

1 Introduction 

Green hydrogen is one of the main renewable energy sources. It is universal and can 
be used across a wide range of industries, benefiting from its energy capacity, ability 
to be stored and transported, and the level of decarbonization that can be achieved by 
replacing fossil fuel resources with it. 

According to the IEA report from July 2025, renewable energy sources account for 
the largest share of the increase in total energy supply (38%), followed by natural gas 
(28%), coal (15%), oil (11%), and nuclear energy (8%) [1]. Hydrogen review at the 
same time states that while green hydrogen market is still 1% of hydrogen demand 
due to costs and demand is still almost exclusively from established sectors (refining, 
ammonia, methanol and fossil-based direct reduced iron [DRI]), there are fast-growing
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market for fuel cell electric vehicles, and in shipping, the fleet of ships able to use 
hydrogen-based fuels is growing and offtake agreement activity has increased [2]. For 
this reason, optimization of green hydrogen costs is currently a highly relevant issue. 

Alkaline remains the leading technology, with 60% of the additions and the global 
installed capacity [2]. At the same time techno-economic analysis show that efficiency 
could vary between 58–70% [3]. The increase in efficiency is a key objective of this 
research, as precise control of chamber pressure enables the electrolyzer to operate 
under optimal conditions. 

2 Literature Review 

The growing demand for renewable energy sources has positioned green hydrogen as a 
promising vector for achieving deep decarbonization across multiple industries [1–3]. 

Previous studies have examined designs, efficiency and enhancements for models of 
water electrolyzers [4], with particular attention to PEM electrolyzers enhancements [5] 
and alkaline electrolyzers enhancements using optimal operation parameters [6]. 

While numerous studies on alkaline systems focus on comprehensive reviews of 
electrochemical processes and optimal operating parameters [7, 8], as well as the cost-
effectiveness of the technology in transport applications [9], integration with wind [10] 
and solar [11] systems, and advances in cell material design [12], other research empha-
sizes the superior performance [13] and responsiveness of PEM technologies under 
fluctuating loads [14], along with investigations into mass transfer optimization [15] 
and degradation mechanisms with mitigation strategies [16]. These contrasting direc-
tions highlight a persistent gap: unlike PEM systems, alkaline electrolyzers have not 
benefited from equivalent levels of design innovation and performance enhancement. 

Despite significant usage of alkaline systems and parameter optimization works, 
few studies have examined alkaline degradation, design of pressure handling in alkaline 
systems and control tools for alkaline system as a main topic. 

This gap provides the foundation for the present research, which seeks to develop a 
robust tool for control of optimal pressure in an electrolysis cell. 

3 Research Methodology 

3.1 Research Design 

This study adopts a theoretical and simulation-based research design to model the process 
flow of hydrogen production via alkaline electrolysis with separator valve regulation 
that designed to maintain steady pressure needed for efficient evolution of hydrogen. 
The design was selected because it enables the integration of ideal laws of electrolysis 
and mass transfer with existing experimental data from the literature which is used in 
computational analysis to predict system performance under varying conditions.
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Fig. 1. Hydraulic diagram of a high-pressure membrane-less electrolyzer: 1 - electrolyzer cell; 
2 - hydrogen separator; 3 - oxygen separator; 4 - residual gas separator; 5 - hydrogen storage 
tank; 6 - oxygen storage tank; 7,8 - electrically operated needle valve; 9 - hydrogen half-cycle 
solenoid valve; 10 - oxygen half-cycle solenoid valve; 11 - residual gas discharge solenoid valve; 
12 - hydrogen feedback solenoid valve; 13 - oxygen feedback solenoid valve. 

3.2 System Definition 

To achieve optimal pressure parameters for alkaline electrolyzers and maintain them 
during process of gas evolution was developed a design of the system with electrically 
operated needle (Fig. 1) that regulates gas leak rate to gas containers. 

The study was conducted by modeling a system with an electrically operated needle. 
The system was modeled with a fixed temperature of 300K, a half-cycle duration of 30 
min, a separator volume of 0.75 L each, and a current of 2500 amperes. 

3.3 Control System and Model Inputs 

As noted in [7], although hydrogen evolution is theoretically defined by Faraday’s law, 
real values deviate from the ideal. The Faraday’s efficiency of an electrolyzer (the 
ratio of actual to theoretical productivity) is influenced by several factors, including 
overpotentials (where higher overpotential increases cell voltage and reduces overall 
efficiency), bubble coverage (slow or inefficient detachment leads to electrode surface 
blockage, decreasing the number of active reaction sites), and the reversible voltage (the 
thermodynamic decomposition voltage).
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The bubble diameter and coverage rate decrease with increasing pressure, and the 
resistance between the electrolyte and electrode plate, which is called the ohmic over-
potential, decreases. [7] demonstrated that the ohmic overpotential decreases slowly 
with increasing pressure and then hardly changes. At the same time reversible voltage 
increases when the pressure increases (but pressure has a smaller effect than temperature 
where high-temperature electrolysis requires lower electrical energy). 

The control system for the valves is designed to maintain optimal pressure once it 
has been reached and sustain it until the end of gas generation during the corresponding 
half-cycle. The primary objective of the control procedure is to keep the pressure at the 
target value, which requires that the rate of gas leaving the separator chamber matches 
the rate of gas production. For simplicity, during activation, the controller operates based 
on the pressure defined by Fourier’s law (2) and the valve loss law (3), while effects such 
as overpotential, bubble coverage, and reversible voltage are treated as errors (4) and are 
randomized according to correlations reported in the literature. 

F − Vloss − error = 0 (1) 

F = dm 
dt 

= I · M 

n · F (2) 

Vloss = dm 
dt 

= Cd · A · ρ · v (3) 

error = F · (1 − η(P)) (4) 

Thus, the regulating parameter for maintaining constant pressure is the size of the 
valve, which is determined as the difference between the opening required to release 
the produced hydrogen and the area required to handle underproduction (i.e., the size 
required to compensate for the underproduced gas compared to the ideal state) (5). 
The equations for the size of the opening for the release of produced hydrogen (6) and 
compensation for underproduction (7) are determined by the valve loss law (3). 

A = AF − Aerror (5) 

AF = F 

Cd · ρ · v (6) 

Aerror = error 

Cd · ρ · v (7) 

3.4 Data Analysis and Validation 

The efficiency of the system is simulated based on the data from Article 7 and the 
corresponding approximation shown in Figure 2. For the sake of experiment efficiency 
and its proximity to reality, the efficiency in modeling was taken with a random error 
of 3%, which made it possible to simulate noise and simultaneously test the regulator’s 
performance in its presence.
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Fig. 2. Approximation of the efficiency of an electrolysis system based on the pressure in the 
system. 

Validation is performed by comparing the pressure and efficiency of the process 
without a pressure maintenance system and with a system that maintains optimal pres-
sure. An electrolyzer without pressure maintenance accumulates gas during production 
until the pressure in the separator reaches an acceptable level (which is significantly 
higher than the optimal level; in this example, a limit of 20 atmospheres is used), after 
which the pressure in the system is completely released. The process is repeated until 
the half-cycle is complete. 

4 Results and Discussion 

The results of the study are shown in Figs. 3 and 4, which illustrate the change in pressure 
in the electrolyzer and the efficiency of the system with and without a control valve. The 
results show that this control option can achieve the desired results. Although the average 
efficiency remains relatively the same—71.3% when using the model without control 
and 72.8% with control—the difference increases with an increase in configuration 
parameters such as maximum working pressure or separator size. It is also worth noting 
that with this type of regulation, we obtain a more stable gas flow, which reduces the 
likelihood of entrainment with electrolyte turbulence and, as a result, increases the quality 
of the gas obtained. In addition, the constant and regulated output of the gas obtained 
allows for predictable and safer filling of gas tanks.
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Fig. 3. Comparison of changes in the pressure of an electrolyzer with constant pressure (orange 
solid line) and an electrolyzer without constant pressure control (blue dotted line) 

Fig. 4. Comparison of changes in the efficiency of an electrolyzer with constant pressure (yellow 
solid line) and an electrolyzer without constant pressure control (green dotted line)
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5 Conclusions 

This study examined the possible effect of incorporating a control valve into an alkaline 
electrolyzer system, with particular focus on pressure regulation, efficiency, and gas 
quality. The results obtained using imitational model demonstrate that while the average 
efficiency improvement is modest rising from 71.3% without control to 72.8% with con-
trol the advantages of regulation become more evident under higher operating pressures 
and larger separator sizes. The results of operation under noisy conditions indicate that 
the valve-based loss-speed adjustment approach provides a robust solution that does not 
require the continuous tuning and regulation typically associated with PID controllers. 

In addition to efficiency, the implementation of a control valve significantly enhanced 
operational stability. The stabilization of gas flow reduced the likelihood of electrolyte 
entrainment, thereby improving the purity of the produced hydrogen. Furthermore, the 
consistent and predictable output achieved with regulation supports safer and more 
reliable hydrogen storage, especially in the filling of pressurized tanks. 

Overall, the findings highlight that even small improvements in efficiency, when cou-
pled with gains in system stability, purity, and safety, can have meaningful implications 
for the design and operation of electrolyzer systems. Future work should extend this 
analysis to larger-scale configurations and evaluate long-term operational performance 
to fully assess the benefits of control strategies in industrial applications. 

References 

1. IEA: Global Energy Review 2025. IEA, Paris (2025). https://www.iea.org/reports/global-ene 
rgy-review-2025 

2. IEA: Global Hydrogen Review 2025. IEA, Paris (2025). https://www.iea.org/reports/global-
hydrogen-review-2025 

3. ECOS: Production: techno-economic analysis of temperature influence and control. In: Proc. 
36th Int. Conf. Efficiency, Cost, Optimization, Simulation and Environmental Impact of 
Energy Systems (ECOS), pp. 908–919 (2023). https://doi.org/10.52202/069564-0082 

4. Riaz, M.A., et al.: Water electrolysis technologies: the importance of new cell designs and 
fundamental modelling to guide industrial-scale development. Energy Environ. Sci. 18, 5190– 
5208 (2025) 

5. Yang, Y., Yang, G., Chu, F.: Mass transfer enhancement and cell performance promotion 
of PEM electrolyzer by biomimetic lung-inspired flow field. Clean Energy Sci. Technol. 3, 
393–403 (2025). https://doi.org/10.18686/cest393 

6. Xia, Y., Cheng, H., He, H., Wei, W.: Efficiency and consistency enhancement for alkaline 
electrolyzers driven by renewable energy sources. Commun. Eng. 2, 70 (2023). https://doi. 
org/10.1038/s44172-023-00070-7 

7. Hao, X., Wu, X., Pan, Q., Xiu, T., Zhang, Z., Qian, H.: Simulation of a pressurized alkaline 
water electrolysis electrolyzer cell and its system. ACS Omega 10, 2476–2488 (2025). https:// 
doi.org/10.1021/acsomega.5c02476 

8. Affranchi, A., et al.: Effect of operating temperature on Ni–Fe alloy nanostructured electrodes 
for alkaline electrolyzer. ChemElectroChem 12, 42 (2025). https://doi.org/10.1002/celc.202 
500042 

9. Halder, P., et al.: Advancements in hydrogen production, storage, distribution and refuelling 
for a sustainable transport sector: hydrogen fuel cell vehicles. Int. J. Hydrogen Energy 52(D), 
973–1004 (2024). https://doi.org/10.1016/j.ijhydene.2023.07.204

https://www.iea.org/reports/global-energy-review-2025
https://www.iea.org/reports/global-energy-review-2025
https://www.iea.org/reports/global-hydrogen-review-2025
https://www.iea.org/reports/global-hydrogen-review-2025
https://doi.org/10.52202/069564-0082
https://doi.org/10.18686/cest393
https://doi.org/10.1038/s44172-023-00070-7
https://doi.org/10.1038/s44172-023-00070-7
https://doi.org/10.1021/acsomega.5c02476
https://doi.org/10.1021/acsomega.5c02476
https://doi.org/10.1002/celc.202500042
https://doi.org/10.1002/celc.202500042
https://doi.org/10.1016/j.ijhydene.2023.07.204


Modeling of a Constant Pressure Regulator 101

10. Li, Z., Tu, Z., Yi, Z., Xu, Y.: Coordinated control of proton exchange membrane electrolyzers 
and alkaline electrolyzers for a wind-to-hydrogen islanded microgrid. Energies 17, 2317 
(2024). https://doi.org/10.3390/en17102317 

11. Zhang, Y., et al.: Optimization of multiple alkaline water electrolyzers coupled with solar 
photovoltaic power for green hydrogen production on a large scale. Int. J. Hydrogen Energy 
136, 1–15 (2025). https://doi.org/10.1016/j.ijhydene.2025.05.056 

12. Igwe, C., Achebe, C., Chinweze, A.: Design of an alkaline water electrolyzer for hydrogen 
production. Am. J. Mech. Ind. Eng. 7, 89–98 (2023). https://doi.org/10.11648/j.ajmie.202207 
06.12 

13. Bekrit, L., Seladji, C.: A multi-criteria techno-economic evaluation of PEM and alkaline 
electrolysers for green hydrogen production using fuzzy BWM, TOPSIS, and WASPAS. 
Preprint (2025). https://doi.org/10.21203/rs.3.rs-7223428/v1 

14. Zerrougui, I., Li, Z., Hissel, D.: Physics-informed neural network for modeling and predicting 
temperature fluctuations in proton exchange membrane electrolysis. Energy AI 20, 100474 
(2025). https://doi.org/10.1016/j.egyai.2025.100474 

15. Zhang, Y., Yuan, X., Yao, S., Yang, H., Wang, C.: Numerical simulation of gas–liquid flow 
field in PEM water electrolyzer. Energies 18, 2773 (2025). https://doi.org/10.3390/en1811 
2773 

16. Maoulida, F., Guilbert, D., Bailo-Camara, M.: Dynamic electrical degradation of PEM elec-
trolyzers under renewable energy intermittency: mechanisms, diagnostics, and mitigation 
strategies – a comprehensive review. Renew. Sustain. Energy Rev. 194, 116170 (2025). https:// 
doi.org/10.1016/j.rser.2025.116170

https://doi.org/10.3390/en17102317
https://doi.org/10.1016/j.ijhydene.2025.05.056
https://doi.org/10.11648/j.ajmie.20220706.12
https://doi.org/10.11648/j.ajmie.20220706.12
https://doi.org/10.21203/rs.3.rs-7223428/v1
https://doi.org/10.1016/j.egyai.2025.100474
https://doi.org/10.3390/en18112773
https://doi.org/10.3390/en18112773
https://doi.org/10.1016/j.rser.2025.116170
https://doi.org/10.1016/j.rser.2025.116170


Specific Aspects of Modeling the Chill-Down 
Process of Cryogenic Hydrogen Systems 

Illia Petukhov , Oleksii Lysytsia(B) , Taras Mykhailenko , and Artem Kovalov 

National Aerospace University “Kharkiv Aviation Institute”, St. Vadim Manko, 17, Kharkiv, 
Ukraine 

a.lisitsa@khai.edu 

Abstract. Correct prediction of cryogenic hydrogen system parameters during 
the chill-down stage plays a key role in ensuring its safety. During the chill-down 
process with liquid hydrogen, significant thermal loads occur on the structure, 
there is a risk of excessive pressure, flow instability, pulsations, and cavitation in 
pumps. The complexity of modeling the non-stationary cryogenic system chill-
down process is associated not only with flow heterogeneity and the phase change 
of hydrogen from liquid through vapor–liquid to vapor, but also with the pos-
sibility of unstable flows with large-amplitude pulsations. Numerical modeling 
of such complex processes in the most complete formulation is hardly feasible. 
The paper presents quasi-stationary model of the chill-down process of cryogenic 
hydrogen systems and key assumptions. Based on the main equations of heteroge-
neous media mechanics, the corresponding thermohydraulic processes in a boiling 
hydrogen flow of variable structure are taken into account in this paper. The con-
ceptual model of the chill-down process, features of modeling thermohydraulic 
processes, aspects of accounting for unsteady thermal conductivity are consid-
ered. Based on the calculations results, the key parameters of the hydrogen system 
chill-down at different moments in time were determined. The calculation results 
are compared with experimental data. 

Keywords: Chill-Down · Hydrogen System · Modeling 

1 Introduction 

Filling a cryogenic system with hydrogen while cooling the structure to operating tem-
peratures is a standard step in preparing it for operation. The significant temperature 
difference between the flow and the system components results in high thermal loads 
on structural materials, as well as the risk of excessively high pressures and flow pul-
sations. Eliminating such conditions during the chill-down of a cryogenic hydrogen 
system is critical to ensuring its safety. This, along with the need to reduce hydrogen 
consumption during system preparation, makes mathematical modeling of the chill-
down process advisable. Solving this problem requires a reliable description not only of 
the set of interrelated thermohydraulic processes under varying heat transfer conditions, 
phase transitions, and flow structure in the two-phase state, but also of critical phenom-
ena. Additional complications arise from the fact that the unsteady process caused by
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wall temperature variation often occurs in an extended cryogenic system that includes 
components of different designs and masses. 

Numerical modeling of such processes is a complex task, and a fully comprehensive 
formulation is hardly practical, both due to the challenges of describing conjugate heat 
transfer and the substantial computational resources required. This work presents a one-
dimensional quasi-stationary model of the chill-down process in cryogenic systems. The 
thermohydraulic processes are modeled using classical approaches of heat and mass 
transfer theory, as well as the mechanics of continuous and heterogeneous media. In this 
model, variations in the temperature of system components and in the flow parameters 
within the channel, resulting from hydraulic losses and unsteady heat exchange with the 
walls, are taken into account. 

2 Literature Review 

Due to its environmental friendliness and high specific calorific value, hydrogen is one 
of the most in-demand fuels. For aerospace systems, its storage and use in liquid form 
(LH2) is preferable. This applies both to rocket and space technology [1] and to aviation 
systems, including onboard aircraft [2] and ground-based airport facilities [3]. 

The filling of any cryogenic system with liquid hydrogen is an essential step in its 
preparation for operation and is accompanied by cooling of the structure to operating 
temperatures. Under unfavorable initial conditions, this process may lead to unaccept-
ably high pressures and flow pulsations. The hazards associated with these phenomena, 
together with the need to minimize hydrogen consumption during chill-down within 
limited time constraints, have sustained research interest in this process for more than 
80 years. 

Despite this, due to the complexities mentioned above, a reliable and sufficiently 
universal method for calculating the complete chill-down process of cryogenic systems 
with various geometries, across a wide range of operating conditions, and for different 
cryogenic liquids, has not been developed yet [4]. At the same time, numerous models 
of varying levels of detail, often aimed at specific tasks and investigating the influence of 
individual factors, have been proposed. These calculations utilize both modern software 
and custom-developed programs. For example, in the single-liquid model presented by 
the authors [4], a significant effect of two-phase sound speed correlations on the chill-
down process was demonstrated, while the thermal resistance of the wall material was 
neglected. 

CFD modeling remains the traditional tool for describing heat transfer and fluid 
and gas dynamics in flows. For example, the authors [5] attempted to simulate the 
three-dimensional fluid-structural interaction and thermal analysis of a large diameter 
horizontal cryogenic transfer line using ANSYS Fluent. For the analysis of the chill-
down process, [6] proposed the use of a VOF model coupled with the Lee model of 
phase change and k-ω turbulence model. The authors [7] obtained results of acceptable 
accuracy for nitrogen using a Mixture model with the SST k-ω turbulence model, where 
the effective wall heat flux was described by Chen’s model. The problem was solved for 
a section of an insulated pipe.

In [8], the chill-down process for LCH4 was modeled using a non-equilibrium two-
phase model in SINDA/FLUINT. EcosimPro software was applied for the analysis of



104 I. Petukhov et al.

various experimental data on the chill-down of hydrogen cryogenic systems [9]. How-
ever, the authors noted that EcosimPro software is not able to correctly simulate the 
chill-down, which indicates the need to refine both the correlations and the calculation 
procedure. 

A cryogenic system often consists of pipelines of considerable length, which allows 
the use of a one-dimensional chill-down model for calculations. The authors [10]  pro-
posed a one-dimensional equilibrium model for calculating the chill-down time of a 
hydrogen supply cryogenic system. However, it was noted in [10] that the model tends 
to overestimate the chill-down time in most cases compared to experimental data. 

The chill-down time of any cryogenic system depends not only on the type and flow 
rate of the cryogenic fluid, its parameters, and the properties of system components, but 
also on the configuration of the pipelines. In the experimental study [7], the chill-down 
process was found to be highly sensitive to the orientation of the pipelines. Results of 
modern experiments on the chill-down of hydrogen cryogenic systems and their analysis 
are also presented in [9]. 

Due to the complexity of experiments with LH2, in some cases LN2 is used as a 
model fluid [11]. Results from nitrogen experiments are also used to validate chill-down 
models for hydrogen systems [12]. This is explained by the fact that the mechanisms and 
stages of chill-down for LH2 and LN2, as well as for LCH4 and LO2, are similar, and 
the governing equations generally differ only in the coefficients. Typically, determining 
these coefficients is one of the key stages of the study. 

Studies of the chill-down process of cryogenic systems using LCH4 and LO2 as 
components of spacecraft fuel [8, 13] show the same features and challenges as those 
encountered with LH2. Correlations developed for other cryogenic liquids introduce 
additional errors, which often exceed 100% [8]; therefore, in each specific study, the 
coefficients and correlations must be refined. In some cases, a simulant fluid is used. For 
example, in the study of a two-phase cooling system on board the International Space 
Station, the simulant fluid PF-5060 was used [14]. 

Correlations for heat transfer during the boiling of cryogenic liquids remain a subject 
of discussion, particularly in the case of two-phase flow, as well as for the identification 
of flow regimes in such flows. The adequacy of the boiling heat transfer description sig-
nificantly affects the accuracy of chill-down process calculations. Moreover, all stages of 
this heat transfer are important. In the initial stage, the chill-down of a cryogenic system 
occurs under film boiling of the subcooled liquid. As the wall temperature decreases, 
the process passes through the Leidenfrost temperature with a minimum heat flux, fol-
lowed by the transition boiling regime and then nucleate boiling. In [4, 15], a review of 
the most well-known empirical correlations for calculating characteristic parameters on 
the boiling curve such as the Leidenfrost temperature, minimum heat flux, and critical 
heat flux was presented. However, the calculation results based on these formulas show 
considerable dispersion. The same conclusion is reported in [8]. For many widely used 
correlations, the error exceeds 100%. In [16], an attempt was made to develop a uni-
versal relation for determining the critical heat flux, applicable to various liquids and 
conditions. However, this has not been realized yet, partly due to the insufficient amount 
of experimental data.
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Thus, despite numerous studies on the cryogenic systems’ chill-down process, ques-
tions still exist about choosing the right mathematical model, including boiling heat 
transfer conditions, the critical flow regimes of variable-phase flows, the structure of 
two-phase flow in channels of different orientations, and unsteady heat conduction in 
system components, especially those with large mass such as pumps, heat exchangers, 
and valves. This work discusses approaches to address these issues. 

3 Research Methodology 

Most hydrogen cryogenic systems, especially in aerospace applications, are character-
ized by significant length, which allows the use of a one-dimensional model of the 
chill-down process with parameters varying along the channel. A hydraulic approxima-
tion is used for the flow, where its parameters are assumed to be uniform across the 
cross-section. Possible non-uniformity of the vapor-liquid flow due to gravity can be 
taken into account by using additional phase characteristics determined by the flow. 

Safe chill-down modes are characterized by the absence of pressure pulsations in 
the system. In this case, the parameters along the channel change monotonically, and it 
is reasonable to use a quasi-stationary process model in which the mass flow rate is the 
same in each section. Within the quasi-steady-state model, the chill-down process calcu-
lation is divided into two stages. In the first steady-state stage, with a fixed temperature 
distribution in the cooled system and considering thermal-hydraulic processes, the flow 
parameters and heat flux from the inner wall of the channel in each cell are determined. 
The mass flow rate corresponding to the condition where the outlet pressure equals the 
backpressure or reaches the critical pressure is also determined. Critical conditions are 
determined taking into account the parameters and phase composition of the flow at the 
channel outlet. In the non-steady-state stage, using the calculated heat flux values in the 
cells, the change in the temperature of the structure in each cell over time is determined. 
This takes into account the non-uniformity of temperature across the wall thickness due 
to transient thermal conductivity. Then, taking into account the updated values of the 
structure temperatures, the calculation cycle is repeated. 

At the steady state stage, the flow parameters are determined sequentially in each cell, 
taking into account hydraulic losses, including minor ones, heat fluxes from the wall, as 
well as changes in the phase composition and flow regime. Within the framework of the 
model used, the conservation of momentum of the flow is conveniently represented as 
a function of the pressure gradient on factors determined by hydraulic losses, gravity, 
changes in channel area, and the compressibility of the medium. In the general case, 
for a two-speed, two-temperature vapor-liquid flow, assuming vapor equilibrium, the 
equation has the form 
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Mixture density 

ρm = αvρv + (1 − αv)ρl (2) 

the volume vapor fraction of a flow is related to its other parameters by the equation 

αv = 1 

1 + 1−x 
x 

ρv 
ρl 

Uv 
U l

(3) 

Here p is pressure, U is velocity, ρ is density, T is temperature, x is mass vapour fraction, 
ṁ is mass flow rate, A is cross-sectional area of the channel, is perimeter of flow contact 
with the wall, τw is shear stress, θ is pipeline slope angle. Indexes l, v, s are liquid, vapor 
and saturation state parameters, respectively. 

One of the advantages of Eq. (1) is that it provides a mathematically defined expres-
sion for the condition of the occurrence of critical phenomena in the flow. In such cases, 
the expression in the square brackets on the right-hand side tends to zero. 

From Eq. (1), as special cases, follow the equations of motion for single-phase and 
homogeneous flows. For example, the equation for the pressure gradient in a single-phase 
steady-state flow of state j has the form 

dP 

dz 
= 

1 

A 
τwπd − ρjU 2 j 

dA 

dz 
+ ρjgsinθ • U 2 j · d ρj/dp − 1

−1
(4) 

The derivative of the density in the denominator is determined by the type of pro-
cess. For example, for an isentropic process, it is the inverse value of the square of the 
equilibrium speed of sound. 

For single-phase systems, classical approaches have been developed for determining 
the coefficients of surface friction and heat transfer depending on the flow parameters and 
channel geometry. In the case of a nonequilibrium multiphase flow, it can only be stated 
the change in its total enthalpy is equal to the heat supplied from the walls. Changes in 
other parameters depend not only on the conditions of interaction between the flow and 
the enclosing walls but also on interphase interactions, including mass transfer. 

Therefore, even within the framework of a two-speed, two-temperature model of 
vapor-liquid flow, a rather rough schematization of the flow is required when describing 
the exchange processes that determine the values of the shear stress on the channel wall, 
as well as the corresponding derivatives dx dz , 

dTl 
dz and 

d αv 
dz in Eq. (1). The last derivative 

most fully describes the structure (flow regime) of a two-phase flow, since it explicitly 
contains the relationship between the volumetric and mass fractions of the phases. Its 
determination can be made using semi-empirical dependences of the volumetric vapor 
content on the influencing factors, which, unlike (3), implicitly account for the difference 
in phase velocities. For well-studied liquids, corresponding flow regime maps can be 
used. For hydrogen, such generalizations are generally lacking, and the equations are 
quite individual. An example is the equation 

αv = 1 + K 
Re∗ 

kr • ρv(1 − x) 
ρ lx0,25

−1

(5) 

where
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Re∗ 
kr = ṁ A 

lkr 
μv
, lkr = 2π σ 

(g(ρl−ρ v))
Here σ is surface tension, µv is vapor viscosity. Regardless of the approach used for 

nonequilibrium two-phase flow, it is necessary to consider the heat transferred to each 
phase. The heat supplied to the liquid during boiling is used to change its temperature 
and heat the mass to the saturation temperature during the phase transition. Taking this 
into account, the expression for the liquid’s temperature gradient is 

dTl 
dz 

= 
ql l 
ṁCpl 

− (Ts − Tl) dx dz 

1 − x
(6) 

The remaining heat is used to increase the vapor phase 

dx 

dz 
= 

πdqw − ql l 

ψ ṁ
(7) 

Here qw is the average heat flux density over the perimeter, taking into account heat 
transfer to the vapor phase; ψ is heat of phase transition, Cpl is the isobaric heat capacity 
of a liquid The proportion of the wetted perimeter depends on the volumetric vapor 
content and the structure of the vapor-liquid flow. 

In the second stage, with the flow parameters, heat flux density, and initial temperature 
state of the wall known in each cell, a new temperature state is determined after time 
dτ. In this case, the concept of a regular thermal regime takes into account the transient 
thermal conductivity of the wall at a given flow temperature Twik and heat transfer 
coefficient on the inner surface. In cell i, the average temperature Twik , corresponds to 
the mass-averaged temperature Tmik , which is related to it by the relation 

æwi = 
Twik 
T mik

(8) 

The coefficient æwi is determined taking into account the shape, mass and 
thermophysical properties of the structure, as well as the heat transfer coefficient. 

4 Validation 

An analysis of the literature shows that considerable attention has been paid to the 
experimental study of chill-down processes in cryogenic systems [5, 7]. However, the 
minimum information required for validating the chill-down model, such as detailed 
system and component geometry, operating parameters, initial and boundary conditions, 
and material properties, was found only by National Bureau of Standard, report 9264, 
Brennan J.A. et al. Although these experiments were conducted quite a long time ago, 
their results are still widely used in modern research [4, 17]. A comparison between the 
experimental and calculated data is presented in Fig. 1. 

In general, the calculation results are in good agreement with the experimental data. 
The total chill-down time for any section of the pipe is determined with an error of only a 
few seconds. The relative error in calculating the chill-down time does not exceed 10%.
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Fig. 1. Inner wall temperature: L=61 m; Din = 15.9 mm; Dex = 19 mm; PH0 = 2.45bar. 1,● –  z  =
6.1 m; – experimental data; 
1, 2, 3, 4 – calculation results. 

5 Results and Discussion 

The calculations showed that chill-down completion corresponds to the stabilization of 
hydrogen flow through the pipe (Fig. 2). 

Changing the pipe wall material to stainless steel increases the chill-down time and 
slightly reduces the pipe cooling rate (Fig. 3), as the thermal conductivity of stainless 
steel is significantly lower. The cooling rate decreases even more with increasing wall 
thickness, as the mass of the structure also increases. 

Fig. 2. Calculation results of the hydrogen mass required for chill down (1) and hydrogen mass 
flow rate (2). PH0 = 2.45bar.
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Fig. 3. Inner wall temperature calculation results, PH0 = 2.45bar; Sect. 2, z = 24.4 m; 1 – copper 
with a wall thickness of 1.55 mm; 2 – stainless with a wall thickness of 1.55 mm; 3 – stainless 
with a wall t hickness 3.1mm.

6 Conclusions 

A quasi-steady-state one-dimensional model of the chill-down process in a cryogenic 
hydrogen system is proposed. This model makes it possible to determine the temperature 
state of the structure and the flow parameters at any point in time and at any cross-
section of the sys-tem. Fundamental equations of heterogeneous media mechanics and 
heat transfer theory are used to account for the main thermohydraulic processes in a 
variable-structure boiling hydrogen flow, including critical flow. The proposed concept 
of accounting for transient thermal conductivity allows the calculation of systems with 
elements of arbitrary shape and large mass. The calculation results are in good agreement 
with experimental data on the chill-down of a copper hydrogen pipeline. The proposed 
model does not require significant computational resources and can be used for any 
cryogenic fluids, as well as for analyzing static instability and modeling two-phase flow 
in heated pipes. 
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Abstract. The absorbing elements of the control and protection system in a 
VVER-1000 nuclear reactor are essential for maintaining operational stability and 
ensuring safe shutdown during emergencies. Their performance and reliability are 
critically dependent on the structural integrity of the enclosing shells, which are 
subjected to the combined effects of assembly welding and operational thermo-
mechanical loading. However, these factors may introduce stress concentrations 
and structural weaknesses, particularly in the weld regions, posing a potential risk 
to the long-term reliability of the system. Using finite element modeling of the 
welding process and subsequent thermal–mechanical loading, the evolution of 
stresses in the weld area was investigated. Additionally, brittle fracture resistance 
was assessed through a postulated defect approach, enabling the determination of 
quantitative strength parameters of the absorbing elements. The analysis revealed 
that stress triaxiality in the weld zone results in the highest susceptibility to failure 
in the subsurface region. These findings provide a foundation for refining proce-
dures for instrumental monitoring of the condition and reliability of the control 
and protection system. 

Keywords: absorbing elements · control and protection system · VVER-1000 · 
welding · structural integrity · brittle strength · finite element analysis 

1 Introduction 

The safe and efficient operation of nuclear power plants relies heavily on the structural 
integrity of critical reactor components. The control and protection system (CPS) is 
central to this, ensuring power regulation, initiating reactor startup and shutdown, and 
enabling rapid termination of the fission reaction in emergency scenarios [1]. A key com-
ponent of the CPS is the absorbing element (AE), which introduces neutron-absorbing 
materials into the reactor core to maintain reactivity control [2, 3]. AEs are subjected to 
complex stress states arising from residual stresses introduced during assembly welding 
and from thermomechanical loading during operation [4]. These stresses are particularly
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concentrated in welded joints connecting the shell to the tip and cone, and their inter-
action can significantly affect the reliability and failure resistance of AE shell (Fig. 1) 
[5]. Accurate prediction of these stress distributions is critical for assessing the risk of 
brittle or fatigue failure and ensuring structural integrity. The AE consists of a thin-
walled cylindrical shell made of AISI 4340 alloy (outer diameter 8.2 mm, wall thickness 
0.50–0.55 mm), hermetically sealed by arc welding of the tip and cone (Fig. 1), and 
filled with neutron-absorbing material (e.g., B4C  or  Dy2O3 + TiO2 in an aluminum
matrix) [5]. Internal pressure (−3 MPa) develops due to swelling and evaporation of the 
absorber, while the reactor coolant imposes an external pressure of 16 MPa at 350 °C 
during normal operation. Emergency conditions may involve a rapid decrease in exter-
nal pressure to atmospheric levels and cooling to room temperature. These three states, 
namely, post-welding, normal operation, and emergency shutdown, define the loading 
scenarios considered in this analysis. 

Fig. 1. Schematic design of AE of VVER-1000: 1 – cone; 2 – tip; 3 – shell; 4 – weighting 
component; 5 – sleeve; 6 – nickel mesh; 7 – dysprosium titanate; 8 – boron carbide [5]. 

Existing engineering approaches applied in the design and assessment of CPS com-
ponents often rely on generalized or simplified methodologies that fail to account for the 
complex, nonlinear evolution of stress fields arising after welding and during operational 
loading [6, 7]. In many cases, these methods either assume predefined stress distributions 
or neglect the localized stress state near welded joints entirely, compensating instead by 
applying increased global safety factors [8, 9]. 

The objective of this work is to perform a numerical evaluation of the reliability of 
AE shell components in the CPS of a VVER-1000 reactor, by modeling the stress–strain 
evolution in assembly welding and subsequent operational loading conditions. 

2 Finite-Element Procedure for Assessment of Stress-Strain 
and Limiting States of Welded Absorbing Elements 
in VVER-1000 Control and Protection System 

The spatial heterogeneity and nonlinear behavior of the physical and mechanical pro-
cesses governing residual and operational stresses in AE components make simplified 
analytical approaches insufficient. Additionally, the small size and complex geometry 
of AE elements in the CPS limit the applicability of direct experimental stress measure-
ments. As a result, numerical simulation based on multiphysics mathematical modeling 
and finite element methods (FEM) is a rational and effective approach. 

This study focuses on the numerical prediction of temperature evolution and elas-
tic–plastic deformation using a non-stationary thermoplasticity framework [10]. The
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temperature field is modeled by solving the unsteady heat conduction equation, while 
stress–strain evolution is addressed through a boundary value formulation of coupled 
thermomechanical behavior. The incremental form of the strain tensor is expressed as: 

dεij = dεe ij + dεp ij + δij · dεT (1) 

where dεe ij, dε
p 
ij, δij · dε T are the components of the increments strain tensor due to the 

elastic mechanism, plasticity and the temperature field kinetics, respectively. 
The increments of the strain tensor can be represented in the form of a superposition 

of the increments of the corresponding components of the stress tensor [11]: 

ij = · σij − δij · σ + δij · (K · σ + T ) − 
1 

2 · G · σij − δij · σ
∗ − (K · σ)∗,

(2) 

where the symbol “*” refers to the corresponding variable to the previous tracing step, Ψ 
is the function of the material state that determines the condition of plastic flow according 
to the von Mises criterion, σ is the average value of the normal components of the stress 
tensor σij, i.e. σ = (σrr + σββ + σzz)/3, K = (1-2ν)/E, G = 0.5 E/(1 + ν), E is Young’s
modulus, ν is Poison ratio.

The determination of the function Ψ is carried out by iteration at each step of the 
numerical tracing by time or by load increment. The components of the stress tensor 
satisfy the static equation for internal FEs and boundary conditions for surface ones. 
The mathematical formulation of the coupled problem of temperature field evolution 
and stress–strain state development was implemented using finite element analysis in 
the ‘Weld Predictions’ software package [12]. Eight-node FEs were employed, with an 
element size of 0.5 mm in the weld region, followed by exponential mesh coarsening 
toward the periphery of the structure. 

For proper interpretation of the calculated stress fields in the welded AEs at different 
stages of operation, an analytical fracture assessment approach was applied. At each 
node of the finite element mesh, a crack of some predefined size and geometry was 
postulated based on its location: for surface nodes—a surface semi-elliptical crack; for 
internal nodes—an embedded elliptical crack of the same size (Fig. 2). 

The assessment of the limit state of the welded AE structure was carried out using 
a two-parameter failure assessment diagram (FAD) for brittle–ductile fracture (Fig. 3), 
described mathematically as follows [14]: 

Kr = 

⎧ 
⎨ 

⎩ 
(1 − 0.14 · L2 r ) · 0.3 + 0.7 · exp −0.65 · L6 r , if Lr ≤ Lmax 

r = 
σU + σ Y
2 · σY

0, if Lr > Lmax
r

(3) 

where Kr =K I/K Ic, Lr = σref /σY , K I is the stress intensity factor at a selected point along 
the crack front, K Ic is the fracture toughness of the material, σref is the reference stress 
near the defect; σY is the material yield strength, σU is the material ultimate strength.
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For numerical evaluation of the proximity of the postulated defect state to the failure 
boundary, a safety factor n was introduced and defined as: 

n · Kr = 

⎧ 
⎨ 

⎩ 
1 − 0.14 · n · Lr 2 · 0.3 + 0.7 · exp −0.65 · n · Lr 6 , if L r ≤ Lmax

r

0, if Lr > Lmax
r

(4) 

a               b  

Fig. 2. Schemes of embedded (a) and surface (b) cracks [13]. 

The safety factor n is determined as the ratio of segment OB to segment OA, where 
point A on the diagram (Fig. 3) corresponds to the current state of the structure with a 
given crack, OB intersects FAD curve and marks the boundary of the allowable state. 
The key parameters K I and σref were calculated using analytical procedures along with 
numerical results from FEA of spatial stress distributions in the weld zone [13]. The 
expression for calculating K I is given by: 

KI = σj · π · a 
Q

· F (5) 

where σj is the tensile stress acting normal to the crack plane along its periphery, Q is 
the crack shape factor, F is a correction factor accounting for boundary conditions. 

Calculation of reference stresses σref was carried out using the following relation 
[14]: 

σref = 
σb + 3 · σm · α + (σb + 3 · σm · α)2 + 9 · σ 2 m · (1 − α)2 + 4·d ·α 

t 

1.5 

3 · (1 − α)2 + 4·d ·α
t

(6) 

where σb, σm are bending and membrane stress, respectively, d is a coefficient that reflects 
the position of the crack in relation to the surface, α is a dimensionless coefficient that 
reflects the ratio of the crack size to the wall thickness of the structure

The analytical expressions for σj, σb, σm, Q, F, d and α for surface and embedded 
cracks are defined in [13, 14]. For every FE, the minimum value of the safety factor 
nmin is determined, where minimization is carried out on the orientation of the crack. 
The proposed approach for evaluating the allowability of postulated cracks enables an 
analytical assessment of the brittle strength of welded AEs under design operational 
conditions without introducing excessive conservatism into the expert conclusions.
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Fig. 3. Failure assessment diagram of the body with a crack 

3 Results and Discussion 

The developed computational model was used to analyze the stress–strain state and 
brittle strength of AE components during assembly welding and subsequent operation. 
Welding of the tip and cone to the shell was simulated using the next technological 
parameters (voltage U, electric current I, welding speed vw): for the tip U = 120 V, I = 
20 A, vw = 13 m/h; for the cone U = 10 V, I = 30 A, vw = 12 m/h.

Simulation results confirmed sufficient penetration and metallurgical bonding at the 
cone–shell joint. The residual stress field is characterized by high tensile stresses in 
the circumferential (σββ = 588 MPa, Fig. 4 a) and axial (σzz = 538 MPa, Fig. 4 a) 
directions, while the radial stress (σrr = 153 MPa) is significantly lower, indicating 
biaxial stress conditions typical for cylindrical shells with girth welds. Compressive 
stresses are observed on the outer surface, while the inner surface remains under tension. 
Under normal operating conditions (Pin = 3  MPa,  Pout = 16 MPa, T = 350 °C), the 
stress magnitudes decrease slightly due to reduced yield strength at elevated temperature 
(σββ = 526 MPa, σzz = 473 MPa, σrr = 146 MPa), as it could be seen in Fig. 4 b. In 
contrast, during emergency shutdown (Pout = 0  MPa,  T = 20 °C), the lack of external 
pressure compensation causes a significant stress increase in the shell wall (Fig. 4 c), 
making this the most critical loading condition. 

At the tip–shell joint, intense local melting ensures a strong metallurgical bond as 
well. The residual stress field (Fig. 5 a) shows peak circumferential and axial stresses 
in the subsurface zone, where strength degradation is most likely. Here, the stress state 
becomes more triaxial (σrr = 330 MPa, σββ = 458 MPa, σzz = 454 MPa) due to geometry-
induced constraint effects. As with the cone–shell region, operational stresses decrease 
moderately under normal conditions (Fig. 5 b) and rise sharply during emergency shut-
down mode (Fig. 5 c), where the absence of external pressure and increased material 
strength at lower temperature elevate stress levels by over 90 MPa. 

The selection of the postulated defect size is a critical factor in the quantitative analy-
sis of the limit state of welded structures. On the one hand, the defect dimensions should 
not be smaller than the detection threshold of available instrumental non-destructive test-
ing methods; on the other hand, they must be sufficiently large to ensure a conservative
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assessment of structural integrity. Given that the wall thickness of AE shell is 0.5 mm, 
this value was adopted as the minimum linear dimension of the elliptical embedded 
crack along the minor axis 2a and the depth of the surface crack a. The corresponding 
major axis 2c was determined based on the assumed aspect ratio of 2a/2c = 0.3 [8], 
resulting in defect dimensions of 2a × 2c = 0.5 × 1.67 mm.

To assess the performance of the welded joints, cone-shell and tip–shell, the influence 
of irradiation on the material’s resistance to brittle fracture was taken into account. 
According to [15], irradiation at a fluence of 12 dpa may reduce K Ic of the chromium-
nickel alloy by a factor of up to 3.66. Thus, while the initial fracture toughness of the AISI 
4340 alloy was assumed to be 189 MPa·m1/2, after irradiation, this value was reduced 
to 51.6 MPa·m1/2. 

a 

b 

c 

Fig. 4. Circumferential σββ and axial σzz stresses distribution in the region of cone–shell joint: 
(a) – residual state after welding; (b) –normal operation conditions Pin = 3  MPa,  Pout = 16 MPa, 
T = 350 °C; (c) –emergency shutdown conditions Pin = 3  MPa,  Pout = 0  M  Pa, T = 20 °C.

As shown by the calculation results (Fig. 6 a, Fig. 7 a), the characteristic stress distri-
bution in the cone–shell welded joint determines the corresponding spatial distribution 
of the minimum safety factor nmin under both normal operating conditions and emer-
gency shutdown modes. The most critical defects are surface cracks located on the inner 
surface of the AE. For these, the minimum safety factor under normal operation does
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not fall below nmin = 3.532, while under emergency shutdown conditions, it decreases 
to nmin = 3.062. Embedded cracks are less critical: for normal operation, the minimum 
safety factor reaches 3.663, and for emergency shutdown – 3.177.

High stress triaxiality in the region of the tip–shell welded joint results in specific 
features of the structure’s susceptibility to brittle fracture. In particular, the relatively 
low or compressive stresses near the surface lead to comparatively high values of the 
minimum safety factor nmin: 6.471 under normal operational conditions and 4.789 during 
emergency shutdown (Fig. 6 b). In contrast, the maximum stresses, and therefore the 
lowest nmin values, are associated with embedded postulated cracks (Fig. 7 b), for which 
the minimum safety factor reaches 4.637 under normal operation and decreases to 3.958 
under emergency shutdown. 

a 

b 

c 

Fig. 5. Circumferential σββ and axial σzz stresses distribution in the region of tip–shell joint: 
(a) – residual state after welding; (b) –normal operation conditions Pin = 3  MPa,  Pout = 16 MPa, 
T = 350 °C; (c) –emergency shutdown conditions Pin = 3  MPa,  Pout = 0  M  Pa, T = 20 °C.

Summarizing the results of the calculations on the brittle strength of the welded 
joints, it can be concluded that the cone–shell welded joint represents the most critical 
area in terms of potential loss of structural integrity due to brittle static fracture. This 
is primarily attributed to the specific design features, particularly the presence of the 
internal cavity in the weld region, which induces high tensile post-weld stresses along
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the inner surface. As a result, a zone of reduced resistance to brittle fracture is formed 
in this location. 

In contrast, the tip–shell welded joint, being located within the solid section of the AE 
structure, promotes more favorable stress distribution and is generally less susceptible 
to brittle fracture. In this area, embedded defects represent the most critical threat to 
structural integrity. These differences define specific requirements for flaw detection of 
these welded joints during their technical diagnostics. As the analysis has shown, the 
most dangerous zones are the hard-to-inspect areas of the structure, namely, the inner 
surface of AE and the subsurface material regions. Even small cracks in these zones 
can lead to a considerable reduction in load-bearing capacity under static loading and 
in the presence of material property degradation. Therefore, a reliable assessment of 
structural integrity of these elements must be based on thorough, high-resolution and 
accurate non-destructive evaluation in critical areas of welded AE. 

a               b  

Fig. 6. Distribution of the minimum brittle strength safety factor nmin along the surface of the 
AE welded joints: (a) cone–shell joint; (b) tip–shell joint. 

a               b  

Fig. 7. Distribution of the minimum brittle strength safety factor nmin in the critical sections of 
the AE welded joints: (a) cone–shell joint; (b) tip–shell joint.
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4 Conclusions 

1. A comprehensive computational methodology was developed and applied to assess 
the brittle strength of welded joints in the cross-section of AE of CRS, accounting 
for post-weld residual stresses, complex loading scenarios, and realistic defect con-
figurations. The approach integrates spatial stress–strain analysis with the evaluation 
of local fracture resistance through the minimum safety factor, enabling a detailed 
comparison of defect criticality in different welded joints. This methodology ensures 
a reliable prediction of structural performance under both normal and emergency 
conditions and can be further used to support flaw tolerance assessments and inform 
inspection planning for safety-critical components. 

2. The thermally induced stress–strain state formed during welding of the cone to the AE 
shell results in a biaxial stress distribution, dominated by circumferential and axial 
stresses, that is typical for thick-walled pipe welds. In contrast, the weld at the tip– 
shell joint lies within a solid section of the AE, leading to subsurface localization of 
high post-weld stresses. Here, the radial stress component rises to levels comparable 
with the axial and circumferential components, forming a triaxial stress state that 
increases the risk of structural degradation in this region. 

3. During operation, the overall stress distribution pattern remains, but maximum stress 
values decrease due to material softening at the operating temperature of 350 °C. 
This temperature-dependent reduction in yield strength promotes localized plastic 
deformation and partial stress relaxation and redistribution. However, under emer-
gency shutdown conditions, when external pressure drops sharply and temperature 
decreases, internal pressure becomes unbalanced, leading to a pronounced increase 
in stresses in the AE shell. This creates the most critical loading scenario for welded 
joints, heightening the risk of failure and reducing structural reliability. 

4. The analysis of brittle strength in the welded joints of AE demonstrates that the 
most unfavorable stress and safety factor distributions occur in the cone–shell joint, 
especially near the inner surface. Surface cracks in this region lead to the lowest values 
of the minimum safety factor: nmin = 3.532 under normal operating conditions and 
nmin = 3.062 during emergency shutdowns. In comparison, embedded cracks in this 
joint are slightly less critical, with nmin values of 3.663 and 3.177, respectively. For the 
“tip–shell” welded joint, the stress state is more favorable due to its location within 
the solid section of the structure: surface cracks predetermine nmin = 6.471 (normal) 
and 4.789 (emergency), while embedded cracks result in nmin = 4.637 and 3.958. 
These results confirm the dominant role of design geometry and stress triaxiality in 
determining local resistance to brittle fracture.

5. Based on the identified areas of minimum safety factor and stress concentration, 
the most dangerous defects are surface and embedded cracks located on the inner 
surface of AE. These zones are difficult to access using conventional inspection 
methods but critically affect the structure’s load-bearing capacity and fracture resis-
tance. Therefore, comprehensive and reliable non-destructive evaluation techniques 
must be applied to monitor these hard-to-reach regions. The technical diagnostics 
strategy should focus on detecting small surface-breaking and embedded flaws in the 
cone–shell joint to ensure structural integrity under both operational and emergency 
conditions.
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Abstract. Hybrid laminates combining carbon and glass fibres offer an attractive 
balance of mechanical performance and cost, particularly in sectors such as auto-
motive and wind energy. However, incorporating multiple fibre types gives rise to 
complex interfacial behaviours that must be thoroughly understood before these 
materials can be used in structural applications. This study investigates the mode 
I delamination behaviour of unidirectional carbon fibre laminate (CFL) compos-
ite, glass fibre laminate (GFL) composite and hybrid carbon–glass (HCG) fibre-
reinforced laminates. To isolate the contribution of fibre bridging, a fracture model 
based on the Sørensen approach was employed to quantify the bridging zone by 
fitting energy release rates and opening displacements. Despite their intermediate 
stiffness, the hybrid laminates exhibited the greatest resistance to crack propaga-
tion. This enhanced performance is attributed to the synergistic effect between 
the rigid carbon fibres and the more flexible glass fibres, which increases both the 
bridging stress and the end-opening of the bridging zone. The results emphasise 
the importance of fibre bridging as a primary toughening mechanism in hybrid sys-
tems and demonstrate that hybridisation can be employed strategically to enhance 
delamination resistance. 

Keywords: Hybrid composite · Fibre bridging stress · Mode I delamination 

1 Introduction 

Fibre-reinforced polymer (FRP) laminates are widely used in industries requiring a com-
bination of high structural performance and low weight, such as aerospace, automotive, 
and wind energy [1, 2]. While carbon fibre-reinforced composites (CFRPs) offer excep-
tional stiffness and strength, the high cost of the material and its processing can be 
limiting, particularly for applications where cost is a key factor, such as the manufacture 
of automotive structures and turbine blades [3–5]. Hybrid laminates combining carbon 
and glass fibres have therefore been proposed as a cost-effective alternative, offering a 
promising balance between mechanical performance and economic viability [6, 7]. 

However, using different types of reinforcement makes the mechanical response of 
the laminate more complex, particularly with regard to failure modes such as delam-
ination [7, 8]. One of the most critical limitations of laminated composites is their
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low interlaminar toughness, caused by a lack of reinforcement throughout the material 
thickness [9, 10]. This issue is further intensified at hybrid interfaces, where different 
fibre/matrix interfacial strengths and stiffness mismatches can result in unpredictable 
fracture behaviour. Although previous studies have demonstrated that hybridisation can 
enhance delamination resistance via methods such as differential fibre surface treatments 
and interfacial energy dissipation, some failure mechanisms remain unclear [11]. 

In mode I delamination, fibre bridging often forms behind the crack tip [12, 13]. This 
can lead to an apparent increase in fracture toughness. However, this effect can obscure 
the material intrinsic fracture resistance, as the energy absorbed by the bridging fibres 
does not accurately reflect crack-tip toughness [14]. Therefore, accurate characterisation 
requires that the contribution of bridging be distinguished from the baseline resistance 
[15–17]. 

Due to the limited amount of literature addressing the mode I delamination behaviour 
of hybrid carbon/glass laminates, particularly with regard to bridging mechanisms, this 
study aims to model and quantify the effect of fibre bridging in hybrid composite systems. 
By comparing the delamination behaviour of hybrid and non-hybrid laminates, this study 
sheds light on the contribution of bridging to energy dissipation and the influence of 
hybrid reinforcement strategies on crack propagation and interfacial performance. 

2 Research Methodology 

2.1 Materials 

The laminates were manufactured using resin infusion in a rigid mould, resulting in a 
final thickness of 3 mm. The epoxy matrix used was RTM6® (Hexcel), infused at 120 
°C and cured at 180 °C for 240 min, in accordance with the manufacturer specifications. 
The reinforcement consisted of unidirectional carbon and glass fibres, also supplied by 
Hexcel. Carbon fibre laminates (CFL) were composed of carbon fibre/epoxy, glass fibre 
laminates (GFL) were manufactured with glass fibre/epoxy, and hybrid carbon–glass 
fibre (HCG) composites were made from a 50% combination of both fibres, i.e., carbon– 
glass fibre/epoxy. To introduce a predefined delamination, a 13 μm thick fluoropolymer 
film was embedded during layup to create an artificial crack front with a length of 50 mm. 

The specimens were cut to final dimensions of 150 × 22 × 3  mm3 using a high-speed 
diamond cutting disc. Piano hinges were bonded on both specimen surfaces at the insert 
region to enable the application of opening loads, following the double cantilever beam 
(DCB) configuration described in ASTM D5528 [18]. 

2.2 Test Procedure 

The tests were carried out using a universal MTS 810 servo hydraulic testing machine, 
as illustrated in Fig. 1. The mode I crack opening configuration was applied using a 500 
N load cell and a constant crosshead displacement rate of 1 mm/min.



Effect of Fibre Bridging on Delamination Resistance of Hybrid Carbon–Glass 125

A camera was positioned to capture side-view images of the specimen every 5 s, 
enabling crack length measurement and correlation with force and displacement data. 

All testing and post-processing procedures were conducted in accordance with 
ASTM D5528 [18]. 

Fig. 1. Illustration of test set-up. 

3 Results and Discussions 

3.1 Experimental R-curve 

The load versus displacement and crack propagation curves are presented in Fig. 2, 
which shows the average response from four repetitions for illustration purposes. As can 
be seen, the carbon fibre laminate (CFL) exhibits greater stiffness, resulting in increased 
instability during propagation. In contrast, the glass fibre laminate (GFL) showed lower 
stiffness, requiring greater bending displacement of the arm to initiate crack growth. 
This resulted in more stable propagation behaviour, eliminating the zig-zag instability 
observed in the CFL specimens. 

As expected, the hybrid laminate (HCG) exhibited intermediate behaviour, balanc-
ing the stiffness profile between the pure carbon and glass fibre laminates due to its 
combination of reinforcement types.
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Fig. 2. Load vs displacement and crack propagation of mode I delamination test. 

The modified beam theory (MBT) was carried out to calculate the strain energy 
release required to propagate the crack in each laminate case. Figure 3 illustrates the 
change in fracture toughness (GIC) with crack growth (a–a0) across all three lami-
nate configurations. The results from the four repetitions for each condition overlap, 
indicating a high level of repeatability. 

A general trend across all curves is an increase in GIC values along the crack length, 
which is directly linked to fibre bridging formation. This phenomenon enhances the 
material resistance to delamination until a saturation plateau is reached, which relates to 
fibre bridging saturation [19, 20]. Further details on the fibre bridging effect are discussed 
in the following section. 

Unlike the intermediate behaviour observed in the load/displacement curves (Fig. 2) 
results in Fig. 3 demonstrate that hybrid laminates (HCG) exhibit higher energy release 
levels than carbon (CFL) and glass (GFL) fibre laminates. This behaviour is attributed to 
the synergistic effect of the higher stiffness of carbon fibres combined with the greater 
compliance of glass fibres, which results in an increased energy requirement for crack 
propagation. The enhanced delamination resistance is also associated with the higher 
interfacial strength of the carbon fibre/epoxy interface, as well as the improved ductility 
promoted by organosilane treatments at the glass fibre/epoxy interface. This has been 
detailed reported in previous work [21].
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Fig. 3. R-curve for all laminates. 

3.2 Fibre Bridging Stress Modelling 

In order to better understand whether the observed increase in strain energy in the hybrid 
laminate is indeed associated with enhanced delamination resistance, considering the 
previously discussed factors, and to evaluate the contribution of fibre bridging to this 
effect, the model proposed by Sørensen [22], was applied. This model estimates strain 
energy using the J-integral method, as expressed in Eq. (1). 

Gr = G0 + 
δ∗ 

0 
σ  (δ∗)dδ∗ (1) 

where, Gr is the fracture toughness (resistance curve), G0 is the zero-bridging strain 
energy release, δ* is the end-opening in the fibre bridging zone. 

By simplifying Eq. (1) and expressing it in terms of crack opening in the fibre-
bridging region, the experimental data were fitted using Eq. (2). In this case, the increase 
in Gr is related to the progressive opening displacement caused by crack extension. 
Equation (3) defines the homogenised bridging stress function across the fracture surface, 
quantifying the total bridging energy as the integral of the bridging stress as a function 
of end-opening displacement curve [23]. 

Gr = G0 + (Gs − G0) 
δi 

δ∗
1/2

(2)
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σ  (δ∗) = 
Gs − G0 

2
√

δ∗δi
(3) 

where, Gs is the saturation level of G and δi is the end-opening along the fibre bridging 
zone (until maximal value of δ*). 

Figure 4 shows the average fitted curves alongside the experimental variability, con-
sidering a 95% reliable interval based on Weibull formulation. The increase in strain 
energy is attributed to the development of fibre bridging up to the saturation level. The 
model fits the experimental data well, accurately capturing the expected trends in the 
R-curve: the GFL laminate exhibits the lowest resistance, followed by the CFL laminate, 
and the hybrid laminate (HCG) shows the greatest delamination resistance. 

Fig. 4. Crack growth resistance as a function of end-opening. 

The fitted parameters extracted from Fig. 4 are  summarised  in  Table 1. These include: 
the strain energy release rate at zero bridging (G0); the saturation energy level (Gs); the 
maximum end-opening displacement (δ*). 

It is noteworthy that the G0 values for the non-hybrid laminates overlap within 
the experimental variability. However, there are more pronounced differences in Gs, 
indicating that fibre bridging plays a significant role in enhancing delamination resistance 
for non-hybrid composites. Similarly, distinct maximum end-opening values (δ0)  are
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observed between the CFL and GFL laminates: carbon fibres tend to fracture at smaller 
openings due to their higher stiffness, whereas glass fibres can tolerate larger openings 
before failing. 

Table 1. Parameters used to determine the fibre bridging stress curve 

Laminate G0 [N/m] Gs [N/m] δ* [mm] 

CFL 340 ± 20.172 460 ± 20.172 1.215 ± 0.112 
GFL 320 ± 16.146 390 ± 16.146 2.343 ± 0.056 
HCG 420 ± 29.734 540 ± 29.734 1.758 ± 0.028 

Even when accounting for sample variability, the hybrid laminate exhibited sig-
nificantly higher G0 and Gs values, confirming its superior delamination resistance. 
Interestingly, the maximum bridging opening (δ*) in the hybrid case was intermediate. 
This suggests that while the carbon fibres probably fractured at similar opening levels to 
those of the CFL laminate, the glass fibres permitted additional deformation, resulting 
in an increase of fibre bridging zone compared with CFL, and an intermediate value 
between both non-hybrids. 

These findings confirm that the fibre bridging behaviour in the hybrid laminate is 
indeed intermediate – Fig. 5. This is evident in the peak bridging stress (highlight 1), the 
maximum end-opening (highlight 2), and the overall shape of the bridging stress curve. 
As fibre bridging is characterised by the difference between the maximum and minimum 
values of the resistance curve (Gs – G0), the position of the R-curve is irrelevant; only 
the difference in maximum and minimum energy is significant. 

The results suggest that, in the hybrid laminate, bridging involves contributions 
from both types of reinforcement: the carbon fibres increase resistance to crack opening, 
and the glass fibres enlarge the bridging zone due to their greater allowable opening 
displacement compared to the CFL laminate. As a final result, this increases the area 
under the FB stress curve, which is related to the increase in the G values. 

Fibre bridging arises from nesting effect, whereby unidirectional fibres are arranged 
irregularly in the delamination region. This prevents clean separation and leaves some 
fibres connected across the fractured interface. Given the presented bridging curves and 
the higher stiffness of carbon fibres, their smaller diameter may promote denser nesting 
and thereby increase their contribution to bridging. In contrast, the larger-diameter glass 
fibres are less prone to nesting. The hybrid configuration may increase the likelihood of 
smaller carbon fibres intercalating between the glass fibres, producing an intermediate 
amount of bridging and, as a consequence, intermediate stress response with improved 
bridging and delamination resistance.
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Fig. 5. Fibre bridging stress curve. 

4 Conclusions 

This study investigated the mode I delamination behaviour of carbon (CFL), glass (GFL) 
and hybrid carbon-glass (HCG) fibre-reinforced epoxy laminates. The experimental 
results revealed that, although CFL laminates exhibited high stiffness, they demonstrated 
unstable crack growth. In contrast, GFL exhibited lower stiffness and more stable prop-
agation. The hybrid laminate showed an intermediate mechanical stiffness and superior 
delamination resistance, as evidenced by its higher fracture toughness and shift of the 
R-curve to higher values. This performance was attributed to the combined effects of the 
higher interfacial strength of the carbon fibre/epoxy interface and the improved ductility 
promoted by organosilane treatments at the glass fibre/epoxy. 

Using the Sørensen bridging model, the study quantified the contribution of fibre 
bridging through key R-curve parameters. HCG laminates were found to consistently 
exhibit increased bridging energy and a broader bridging zone, indicating a synergistic 
interaction between the two fibre types. These results confirm that fibre bridging is a 
key mechanism for energy dissipation, particularly in hybrid configurations, and that 
tailoring the fibre architecture can significantly enhance the interlaminar toughness of 
composite materials. 
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Abstract. In this chapter the advanced mathematical means for computer simu-
lation of aerodynamic control systems of High Voltage Glow Discharge Electron 
Guns (HVGDEG) current are described and analyzed. The structure of electro-
magnetic valve for automatic changing the gas pressure in discharge chamber is 
presented and basic mathematical relations for simulation process of High Voltage 
Glow Discharge (HVGD) current are given. The mechanical structure of elec-
tromagnetic valve (EV) is also presented and analyze if the gas flow has been 
provided. Also advanced mathematical approach for analyzing such kind of aero-
dynamic control systems with using Finite Sequence Machines (FSM) Theory 
and Fuzzy Logic (FL) are described and analyzed. Corresponding practical rec-
ommendation for designing and exploitation of such kind control systems are also 
given. 

Keywords: Electron Beam Technologies · High-Voltage Glow Discharge 
(HVGD) · Aerodynamic Control System (ACS) · Electromagnetic Valve (EV) · 
Finite Sequence Machines (FSM) Theory · Fuzzy-Logic (FL) · Membership 
Function · Root-Polynomial Function (RPF) 

1 Introduction 

High Voltage Glow Discharge Electron Guns (HVGDEG) are widely used in industry 
today for realizing different technological operations with direct heating of metals and 
dielectrics in vacuum, including welding [1], deposition of ceramic films in mechanical 
industry [2–8] and microelectronics [9, 10], refining of refractory metals and ceramics
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[11–14], as well as three-dimensional printing by the metal in soft vacuum [15–18]. The 
basic advantages of such kind of Electron Guns (EG) are simplicity of construction, 
operation in the soft vacuum, range of 0.1–10 Pa, relative simplicity of repairing and put 
into operation [19–32], as well as simplicity of control of EG current both aerodynami-
cally, by changing operation pressure [33–36], and electrically, by lighting in the guns’ 
volume additional low-voltage discharges [37–40]. 

Clear, that precision control of discharge current is really very important for providing 
stable operation of HVGDEG as a part of technological equipment [33, 34]. Therefore, 
further development of mathematical theory on this aspect is, really, very important 
today. Today advanced researches in the field of elaboration and industrial application 
of HVGDEG are provided in Scientific and Educational Laboratory of Electron Beam 
Technological Devices of National Technical University of Ukraine “Igor Sikorsky Kyiv 
Polytechnical Institute” [1–3, 19–21] and in AVIC Manufacturing Technology Institute, 
Beijing, China [22–32]. 

Therefore, the aim of this chapter is considering the basic principles of simula-
tion technique for aerodynamic HVGDEG current control system. The Electromagnetic 
Valve (EV), as the part of this system is considered both as separate element and as the 
necessary part of aerodynamic control system (ACS) [33–36]. 

2 Statement of Problem 

It is known fact, that the current-voltage characteristic of HVGDEG is described by 
following relation: 

IEG = apm EGU 
n 
ac, (1) 

where IEG – the current of EG, Uac – acceleration voltage, pEG – the pressure in the 
discharge chamber, and a, m, n – are the semiempirical constant, depended on the sort 
of gas, cathode material and the geometry of electrodes’ system. The coefficients m and 
n in the relation (1) are lies in the range from 1 to 2 [41, 42]. 

Generally, it is clear that the aerodynamic method of controlling the current of 
HVGDEG is based on changing the current by the automatic or manual regulating of the 
incoming gas flow into the EG chamber under the condition of its continuous pumping 
[33, 34]. From the point of view of the physics of the system operation, this method is 
due to the stepwise dependence of the discharge current on the gas pressure, which is 
determined by the relationship (1). 

Controlled gas flow into the EG chamber is carried out using an Electromagnetic 
Valve (EV), which can operate both in manual and automatic modes of operation [33, 34]. 
However, the requirements for the stability of most technological processes of Electron-
Beam Technologies (EBT) require the use of automatic control systems with a small 
control time constant [33, 34]. Therefore, in such conditions, automatic control systems 
are really preferable [33, 34].
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3 Scheme of Analyzed Control System and Basic Construction 
of Electromagnetic Valve 

The functional model of a typical ACS of the HVGD current with EV is shown in Fig. 1 
[33–36]. 

From the diagram, presented in Fig. 1, it is clear that the EG current sensor is a 
low-impedance resistor 3, which is connected in series to the low-voltage power supply 
section. The electromagnetic injector has a linear electromagnetic drive, which is rigidly 
connected to the moving part of the dosing device. The injector operates in analog mode, 
which ensures high stability and reliability of its operation. The electron gun is pumped 
out, together with the technological chamber, continuously. The basic construction of 
electromagnetic valve is presented in Fig. 2, and the structural diagram of the injector 
dosing device is shown in Fig. 3 [35, 36]. 
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Fig. 1. Functional model of the aerodynamic automatic control system of the HVGDEG current. 
1 – EG, 2 – beam guiding system, 3 – gun current sensor, 4 – high voltage power source, 5 – gas 
injector with electromagnetic drive, 6 – injector dosing device, 7 – injector gas chamber, 8 – 
channel for gas supply to the electron gun, 9 – vacuum chamber, 10 – vacuum line, 11 – vacuum 
pump, 12 – electronic block of EV driving 

The principle of operation of the presented in Fig. 1 ACS of EG current is as follows. 
During the operation of the EG, the signal from the current sensor 3 is supplied to the 
electronic control unit 4. Here, the input signal is compared with the specified reference 
voltage, amplified, and the formed difference signal is supplied to the winding of the 
electromagnetic injector. Thus, depending on the magnitude of the control signal, the 
injector changes the gas flow into the electron gun chamber, which is continuously 
pumped out. That is, as a result of the operation of the gas-dynamic control system, a 
pressure is established in the electron gun chamber that corresponds to the set value of 
the gun current.
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Fig. 2. Scheme of construction of EV. 1 – capsule, 2 – basis, 3 – inlet channel, 4 – electromagnetic 
coil, 5 – elastic spring, 6 – rod, 7 – anchor, 8 – gate valve seat, 9 – controlled gap between anchor 
and seat 
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Fig. 3. Detailed scheme of construction of dosed item of EV and its’ constructive parameters 

Main notifications in the Fig. 1 are as follows [33, 34]: pa – atmospheric pressure, 
pch – pressure in the technological chamber, pp – pressure in the pumping means, Qin 

– input gas flow into EG, Qchan – gas flow in the channel of guiding of EB, Qp –  gas  
flow in the pumping system, Ic – control current for electronic block of driving EV, Uv 

– the voltage on EV. This notes will be used later in the mathematical model of control 
system.

Despite the apparent simplicity of the considered control method, the inertia of gas-
dynamic processes of gas flow, as well as the inertia of actuators used, significantly



Advanced Means for Computer Simulation of Aerodynamic Control 137

worsens the quality of discharge current regulation, which limits the dynamic charac-
teristics of the control system and increases the control time constant [33, 34]. The 
complexity of developing effective control systems significantly hinders the introduc-
tion into industry of promising HVGDEG, despite their significant advantages over 
traditional EG with heated cathodes, as indicated above. The characteristics of ACS 
can be significantly improved by selecting the optimal values of the parameters of the 
gas pumping, gas supply system, and the settings of the electronic regulator, and also by 
developing electromagnetic valves with appropriate gas-dynamic and electromechanical 
characteristics. The solution of this complex scientific and technical problem is signifi-
cantly simplified with the use of computer modeling tools [33, 34]. The accurate search 
for such dependencies is the subject of research in this work. 

4 Generalized Mathematical Model of the Aerodynamic Current 
Control Process for a High-Voltage Glow Discharge Electron 
Gun 

4.1 Basic Conception 

During the formation of the mathematical model of the control system, shown in Fig. 1, 
the gas-dynamic system of pumping out and letting in the gas has been considered as a 
system with lumped parameters, and the volumes of the beam pipes and the release of 
gas from the working surfaces were not taken into account. It was also assumed that the 
speed of the vacuum pump 11 is a constant value in a wide range of operating pressures, 
which is generally characteristic of the vacuum equipment used in modern electron-
beam equipment. The generalized mathematical model of the ACS for HVGDEG current 
stabilization can be written in the form of a system of the following algebraic-differential 
equations, including such important relations [33, 34, 43–45]. 

1. Electrical engineering equations that describe the current balance in the inductor 
winding [46–48]. 

2. Equations of mechanics that describe the dynamics of the actuator [44, 45, 49]. 
3. Gas dynamics equations that describe the gas dynamic properties of the injector 

dosing device depending on its geometric constructive parameters, which are shown 
in Fig. 3 [50]. 

4. Vacuum engineering equations that describe the balance of gas flows in the considered 
vacuum system [51, 52]. 

For the differential equations system that is being formed, the input parameter of the 
model should be the control voltage on the inductor Uv, and the output parameter should 
be the gun current IEG, corresponding to structure diagram of ACS, presented in Fig. 1. 

4.2 Simulation the Moving of Electromagnetic Valve Rod Using the Laws 
of Classical Mechanics by Considering Forces Equilibrium 

The dynamic of the electromagnetic drive of the direct-motion actuator is determined 
by a set of two algebraic-differential equations, namely: the voltage balance equation
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in the electromagnet power supply circuit and the condition of mechanical equilibrium 
of the actuator rod on the stress of the elastic spring 5. Under the condition of small 
deviations, these equations are written by the laws of mechanics as follows [43–47]: 

Rv Iv + Lv 
d Iv 
dt 

= Uv; (2) 

mv 
d2 lv 
dt2 

= 
n 

i=1 

Fi = Fe − Fs − Ff ,

where Rv, Lv, – active resistance and inductance of the inductor winding, Iv and Uv – 
current and voltage on its winding, mv – mass of the moving part of the inductor rod, 
lv – coordinate that determines the position of the armature with the rod relative to the 
valve seat, corresponding to Fig. 3, Fe – traction force of the electromagnet, Fs –  spring  
elasticity force, Ff – friction f orce.

The quantities ΔFe, ΔFs, and ΔFf are calculated by the well-known relations [49]: 

Fe = Ce Ic Fs =s lv, (3) 

Ff = Cch 
dlv 
dt 

,

where Ce is the slope of the traction characteristic of the electromagnet, Cs is the stiffness 
coefficient of the spring, Cch is the friction coefficient of the rod in the channel where it 
moves. 

4.3 Forming of Mathematical Model of Gas-Dynamic Pumping System 

As can be seen from Fig. 3, the dosing device of the injector is a valve, the throughput 
of which depends on the position of the anchor lv and on the values of the pressure at the 
inlet of the dosing device elements P1, P2, P3 and P4. The corresponding mathematical 
model is grounded on the basis of vacuum engineering equations [51, 52] and will be 
given in the next subsection of the work. The mathematical model of the gas-dynamic 
system of a EG with a pumping system can be written as a system of differential equations 
that describe the conditions of the balance of gas flows in the discharge chamber of the 
gun and in the technological chamber of the electron beam equipment. As can be seen 
from Fig. 1, the main flows that determine the pressure in the discharge chamber of the 
gun are the regulated gas flow QEG, which enters the gun through the injector and the 
vacuum line, and the gas flow Qchan, which is pumped out of the gun through the beam 
line. Accordingly, the equation of the balance of gas flows in the discharge chamber of 
the gun can be written in the form [51, 52]: 

VEG 
dpEG 
dt 

= QEG − Qchan, (4) 

where VEG – volume of the gun discharge chamber, pEG – pressure in the discharge 
chamber.
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The regulated gas flow into the discharge chamber QEG is determined according 
to the basic equation of vacuum technology through the vacuum conductivity of the 
channel through which the gas Sg enters and through the pressure difference P1 and P4, 
according to Fig. 3, i.e. [51, 52]: 

QEG = SEG(P1 − P4) = SEG(pa − pEG). (5) 

Accordingly, the gas flow pumped out of the gun through the beam guiding pipe is 
determined by the conductivity of the pipe and the pressure difference in the EG and in 
the vacuum chamber of the EB installation, namely [51, 52]: 

Qchan = Schan(pEG − pch). (6) 

Let one now consider the main gas flows that are components of Eqs. (5, 6) and 
through which the pressure in the vacuum chamber of the EB technological installation 
is determined. According to Fig. 1, such flows are the flow that comes from the gun to 
the vacuum chamber Qchan and the flow Qp, which corresponds to the pumping of gas 
from the chamber using a vacuum pump. According to this, the equation of the balance 
of gas flows in the vacuum chamber of the technological installation can be written as 
follows [51, 52]: 

Vch 
dpch 
dt 

= Qchan − Qp, (7) 

where Vch – the volume of vacuum chamber. 
The gas flow Qp, which corresponds to the pumping of gas from the technological 

chamber, is proportional to the pumping speed Sp and the pressure in the chamber pp [51, 
52]: 

Qp = Sppch, (8) 

and the pumping speed Sp is determined by the speed of the vacuum pump Sn and 
the conductivity Sv of the vacuum pipe connecting the pumping means to the vacuum 
chamber through the corresponding relationship [51, 52]: 

1 

Sp 
= 

1 

Sn 
+ 

1 

S v
. (9) 

In the turn, the speed of the vacuum pump Sn is determined from the following 
ratio [51, 52]: 

Sn = Sn 1 − 
pp 
pch 

, (10) 

where Sp is the calculated value of the pump speed, pp is the maximum possible pressure 
in the pump. Usually, the parameters Sp and pp are given in the technical passport for 
vacuum equipment or in the relevant vacuum technology reference books [51, 52]. Taking 
into account the written relations (9, 10), formula (8) is rewritten as [51, 52]: 

Qp = 
SvSp 

Sv + Sp 
pch − pp . (11)
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4.4 The Complete System of Algebraic-Differential Equations 

Taking into account Eqs. (1 – 11), one can write the complete system of algebraic-
differential system for process of aerodynamic control of HVDGEH as follows [33, 
34]: 

⎧ 
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨ 

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩ 

RvIv + Lv 
dIv 
dt 

= Uv, 

mv 
d2lv 
dt2 

= CeIv − Cslv − Cch 
dlv 
dt 

, 

VEG 
dpEG 
dt

= SEG · (a−EG) − Sch(EG−ch), 

Vch 
dpch 
dt 

= Sch · (EG−ch) − 
SvSp 

Sv + S p
· pch − pp ,

IEG = ·mEGUn
ac.

(12) 

In the case of numerical solving the set of Eqs. (12), the output parameter of the 
control object is the gun discharge current IEG. The main feature of this solving, from 
a mathematical point of view, is the equation of the input gas flow Sg = Sg(t), which 
describes the transient characteristic of the EV as a control element of the system. In 
the works [33, 34], generalized methods of numerical solution of the system (12) in a 
linear approximation were considered. To solve this problem, the Runge-Kutta method 
has been used [53–59]. 

However, the main problems of the functioning of gas-dynamic current control sys-
tems due to pressure changes are caused precisely by the nonlinear nature of the system 
(12). In particular, the selection of EV parameters and a stable control algorithm is asso-
ciated with the nonlinear nature of this dependence [35, 36]. The study of the generalized 
dependence in the static mode for an open control system was considered in the works 
[35, 36]. 

Corresponded graphic dependences, has been obtained by solving relations (12) 
for different parameters of evacuation system and EV, are presented in the Fig. 4.  It  
is clear from this dependences, that in the case of unsuitable choosing of evacuation 
system parameters and their discrepancy with the parameters of the electromagnetic 
valve, an overshoot effect is observed with an increase in the HVGDEG current by 1.5 – 
2 times. It has been shown in the papers [33, 34], that such regimes with overshoot can’t 
provide the stable EG operation in the complex vacuum conditions of technological 
installations by the reason of appearance and stimulation the arc breakdowns in HVGD 
in such physical conditions. Obtained dependence of HVGDEG current on the time for 
different EG volume are given in Fig. 4, a, and corresponding dependence for different 
vacuum conductivity of the guiding channel Sg in Fig. 4, b. Corresponding parameters 
of EV for these simulation task are also given. 

Finding the pressure values in the different parts of EV dose element construction, 
which are presented in Fig. 3, is the subject of next part of the chapter. The numeri-
cal methods of solving optimization tasks are also used in this aspect [60, 61]. Other 
method of electronic programable control of energetic parameters of intensive electron 
beams in high-voltage accelerators, based on dosimetry microcomputer system, have 
been proposed recently in the papers [62–65].
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a) b) 

Fig. 4. Dependences of gun current on the time for different gun volume (a) and vacuum con-
ductivity of the guiding channel (b), has been obtained directly by numerical solving the set of 
algebraic-differential Eqs. (12) 

5 Simplified Analysis of the Operation of the Electron Gun Current 
Control System Without Feedback in Static Mode 

5.1 Basic Mathematical Relations 

According to the above-considered generalized system of Eqs. (11), the operation of 
an electromagnetic actuator in static mode can be described by the following simplified 
system of equations, which is also based on the fundamental laws of mechanics [44, 45, 
49] and electrodynamics [46–48]: 

RvIv = Uv; 
CeIv − lvCs = 0.

(13) 

For the design of the EV injector dosing device, the constructive diagram of which is 
shown  in  Fig. 3, one can easy to write in mathematical form the relationship between 
the geometric design parameters as the following algebraical relations [35, 36]: 

h1 = lv − a; b = h1 + h2; r3 = r1 − α a; α = arctg 
r1 − r2 

lv 
; rm = r3 + r2

2
. (14) 

On the other hand, taking into account the set of Eqs. (12), one can write the following 
analytical expression [35, 36]: 

a = b − 
UvCe 

RvC s
. (15) 

On the basis of the general equations of vacuum technology, for calculating the 
vacuum conductivity of the dosing device of the electromagnetic valve, the structural 
diagram of which is shown in Fig. 3, the following analytical expressions have been 
obtained in the works [35, 36]: 

G1 = 
1, 445 · 104Kd (a)a3 

ln(r4) − ln(αa) 
, Kd (a) = a2 

a2 + 0, 001 
, G3 = 1, 088 · 104 r

4
1

h2
,
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G2 = 
2, 72 · 103 

h1 
4 r4 1 − r4 m − r2 1 − r2 m 

ln(r1) − ln (rm)
. (16) 

Taking into account the given relations (16), the pressure on the constructive elements 
of the dosing device can be directly determined as follows [35, 36]: 

P2 = 

G1p2 a + 
G2 p2 EGG3+ p2 aG1G2 

G1+G2 

G3+G2− 
G2 
2 

G1+G2 

G1 + G2 
, P3 = 

p2 EGG3 + P
2 
aG1G2 
G1+G2 

G3 + G2 − G2 
2

G1+G2

. (17) 

According to these transformations, and taking into account the given relations (16, 
17), the vacuum conductivity of the dosing device design of EV, given in Fig. 3, can be 
determined using the basic equation of vacuum technology [51, 52]: 

P1 = pa; U1 = G1(P1 − P2); U2 = G2(P2 − P3); U3 = G 3(P3 − pEG);

Sv = 
U1U2U3 

U1 + U2 + U 3
. (18) 

Simulation of operation HVGDEG as a part of gas-dynamic control system with 
electromagnetic valve as a control element has been provided using advanced mathe-
matical and graphic means of MATLAB system for scientific and technical calculations 
[53–56]. Corresponded graphic dependences Ig(Uv) for different acceleration voltage 
Uac and operation pressure pg, have been obtained using relations (13 – 18), are pre-
sented at Fig. 5. For obtaining simulation results such parameters of electromagnetic 
valve as control element have been choose. 

Resistor for current, sensor: Rv = 10 O;
Slope of the electromagnet push: Ce = 1.2 kg/A;
Stiff coefficient of the spring: Cs = 0.9 N /m;
Geometry parameters of dosed items, presented at Fig. 3: 
l = 4.5 mm, r1 = 0.8 mm, r2, = 2.3 mm, r4 = 1.6 mm.
Semiempirical coefficients in relation (1) have been chosen from experimental 

researches and solving approximation task. Corresponded values are as follows: ag = 
1·10–6 A/kV, m = 1.3, n = 1.7.
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a) 

b) 

Fig. 5. Obtained graphic dependences of EG current on the voltage in the coil of EV for different 
values of acceleration voltage Uac (a) and operation pressure in the chamber of EG (b): a – pEG 
= 4  Pa,  b  –  Uac = 10 kV

5.2 Discussion of Obtained Simulation Results 

Basic Recommendations. 
From the obtained computer simulation results presented in Fig. 4, it is clear that the 
gas-dynamic control system can transmit into saturation mode. Therefore, when the 
threshold voltage value on the solenoid of the control element Uv is reached, the system 
always transmits automatically to this mode, and, in this case, the rate of rise of the 

electron gun current 
dIg 
dUv 

is significantly reduced. Of course, when the control system 
operates in this mode, gas-dynamic automatic control of the gun current by changing 
the pressure becomes ineffective. 

But, in any case, this type of control is very effective for regime of small and average 
value of HVGD current, when the voltage on valve’s solenoid is in range of 0.1 – 0.5 V. 
Generally, it is caused by the fact, that relation (1), which is described dependence 
of HVGD current Ig on operation pressure pg is power with small exponent value m. 
Namely by that reason dependence Ig(Uv), presented at Fig. 5, are generally slight and 
haven’t outliers. 

In work [33, 34] has been pointed out, that main disadvantage of ACS is high values of 
time regulation constant. By this reason considered control systems with electromagnetic 
valve can’t track short-time bursts of current in automatic mode of operation [33, 34]. In 
this aspect electric control of beam power with firing additional low-voltage discharge
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and changing it current is more effective [33, 34] and mostly correspond to general 
requirement to advanced electron beam technological equipment [33, 34]. But, in any 
case, control of pressure in the HVGDEG chamber is always necessary, even in case of 
using more precision electric control of beam power [38–40]. 

The obtained simulation results by the quality fully correspond to the experimen-
tal parameters of the developed aerodynamic control systems, and the quantitative 
discrepancy between the calculated and experimental data did not exceed 15–20%. 
Corresponding experimental data will be considered in the next section of this chapter. 

Approximation of Transmission Characteristic of Control System in Static Mode 
of Operation 
For simplifying calculation of EG current different approaches for approximation for 
approximation of experimental characteristics of gas-dynamic control systems has been 
proposed and applied. For example, in the works [35, 36] has been proposed using of 
Gauss error function [66, 67] for approximation the dependences with saturation, like 
presented in Fig. 3. In such case corresponding analytical relation is written as follows 
[35, 36]: 

IEG = β1 (β2U)2 = 
2β1√

π 

Uv 

0 

exp −(β2U )
2 dU , (19) 

where β1 and β2 are the function parameters. 
Also function (19) can be successfully used for approximation numerical data 

obtained using relations (13 – 18) for acceleration the process of numerical solving 
of sophisticated set of Eqs. (12). Really, using approximation (19) except of multiple 
calculations by the relations (13 – 18) give the significant improving for this numerical 
algorithm. 

Let consider the example of using approximation function (19) for such parameters 
of control system of HVGDEG current: b = 0.02 m, lv = 0.03 m, r4 = 0.02 m,
r1 = 1 · 10−3 m, r2 = 2 · 10−4 m, α = 10−3 rad, Rv = 10 O, Uac = 15 kV, Ce = 
1.8 kg/A. Corresponding dependence of HVGDEG current on voltage on the EV, as 
regulated element, as well as its approximation by the function (19), are presented in
Fig. 6. The values of β1 and β2 parameters in function (19) have been defined using the 
advanced means of MATLAB software and obtained result is: β1 = 1.5, β2 = 0.03. Clear, 
that obtained interpolation error does not exceed 5% of the total electron gun current.
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Fig. 6. Transmission characteristic of simulated aerodynamic control system (1) and its approx-
imation by the function (19) (2) 

Other advanced approaches for simulation aerodynamic control systems for stabi-
lization of HVGDEG current will be considered in the next section of the chapter. 

6 Advanced Approaches for Simulation Aerodynamic Control 
Systems for Stabilization of Electron Gun Current 

6.1 Finite Sequence Machine Theory 

Basic ideas of this approach have been developed and verified in the paper [68]. Gen-
erally, it is based on the theory of arithmetic-logic relations [69, 70], which has been 
directly for the discrete sequence of digital control system. Following relation is written 
as follows [68]: 

Si = (i ≤ ks) · (S0 − Wi) · 1 − 
i 

N
+ (i > ks) · 

⎛ 

⎜⎜⎜⎝ 

⎛ 

⎜⎜⎜⎝S0 − 

ks 

j=1 
Wi−j 

ks 

⎞ 

⎟ ⎟⎟⎠ · 1 − i

N

⎞

⎟⎟⎟⎠, (20) 

where Si – considered states of control system, and Wi is random disturbing effect. 
Corresponding scheme of Moore FSM for such process is given in Fig. 7.
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S1/S2 
W2 S0/S1 

W1 
S2/S3 

W3 
Sn-1/Sn... 

W4 

Fig. 7. Moore FSM for operation of aerodynamic control system 

This approach has been carefully analyzed theoretically in the paper [68]. Provided 
researches shown, that there is only slight difference between using simple relation (20) 
and numerical solving sophisticated set of Eqs. (12). Therefore, now namely the app-
roach, based on using relation (20) consist the theoretical base for further development 
of engineering elaboration of aerodynamic control systems for HVGDEG current. For 
approximation transmission characteristic of control system, the relation (19)  is  used  
usually. Corresponding experimental results will be given in the next section of the 
chapter.

6.2 Fuzzy Logic Theory and Root-Polynomial Membership Functions 

This approach also has been proposed recently [71, 72], and it is, generally, more sophis-
ticated for realizing in digital programmable microcontrollers, than simple approach, 
based on FSM theory and has been described before [68]. Generally, it is based on 
fuzzy logic theory with including such important definition, as “MIDDLE CURRENT”, 
“LOW CURRENT”, “HIGH CURRENT” for the current of HVGDEG as output value, 
and “MIDDLE VOLTAGE”, “LOW VOLTAGE”, “HIGH VOLTAGE” for the EV volt-
age as input value [71]. After that, for such defined variables the fuzzy rules formed. 
Generally, such rules are also based on the arithmetic-logic relations (20)  [71]. Examples 
of these rules are as follows [71]: 

IF(I = EG and DI = SN)THEN(DU = SN), (21) 

where “EG” mean Extra Great, “SN” – Slow Negative. The full set of corresponding 25 
rules is given in the work [71]. 

In  the  wor  k [72] has been proposed using of root-polynomial functions for describing 
the membership functions of described variables. For example, in the classic approach, 
a Z membership function is defined as [73–80]: 

fZ (x; a, b) = 

⎧ 
⎪⎪⎪⎪⎪⎨ 

⎪⎪⎪⎪⎪⎩ 

1, x ≤ a; 
1 − 2 · x−a 

b−a 

2 
a < x ≤ a+b 

2 ; 
2 · b−x 

b−a 

2 
a +b
2 < x < b;

0, x ≥ b,

(22)
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S – function, as [73–80]: 

fS (x; a, b) = 

⎧ 
⎪⎪⎪⎪⎪⎨ 

⎪⎪⎪⎪⎪⎩ 

0, x ≤ a; 
2 · x−a 

b−a 

2 
a < x ≤ a+b 

2 ; 
1 − 2 · b−x 

b−a 

2 
a +b
2 < x < b;

1, x ≥ b.

(23) 

and П – function, from relations (22, 23), as [73–80]: 

f (x; a, b, c, d ) = fS (x; a, b) · fZ (x; c, d) , a ≤ b < c ≤ d . (24) 

Clear, that relations (22 – 24) can be simply rewritten in the form of arithmetic-logic 
relations for solving the programming tasks in microcontrollers control systems, but it 
perfect analyze in computer simulation software is seriously limited by the fact, that 
derivative of memberships functions in the critical point a, b, c, and d are undefined. 
Therefore, using of complex advantage numerical methods, which are generally, not 
critical to this singularity of functions, is necessary. 

But in the paper [72] has been shown and proof, that such type of stiff functions with 
strong changing in the [a; b] and [c; d] ranges, which are usually very small, and mostly 
unchangeable the function value in the largest range [b; c], are always can be described 
by the advanced mathematical approach of Root-Polynomial Functions (RPF) [72]. In 
the generalized form, corresponding analytical relation for RPF written as follows [72]: 

r(z) = n Cnzn + Cn−1zn−1 + .  .  .  + C1z + C0 − δ, (25) 

where z is the argument, r is the value of the function, and C0 – Cn are the values of the 
polynomial coefficients, δ – value of deviation of function (25) corresponding to numer-
ical data. Deviation is usually used for providing stable convergence of interpolation 
procedure, when near the minimum the values of interpolation numerical set are close 
to zero [72]. Generally clear, that interpolative relation (25) is suitable only for positive 
values of argument r. 

For example, fuzzyficated variable for the relative value of HVGDEG current, defined 
as N = Icur Inom

, Icur – current value of HVGDEG current, Inom – established nominal value 
of HVGDEG current, with using RPF relation is defined as follows: 

FFUZ Ig = 4 
2.9 · 1010N 8 − 2, 67 · 1011N 7 + 1.0754 · 1012N 6− 

−2.471 · 1012N 5 + 3.5511 · 1012N 4 − 3.2655 · 1012N 3+ 
+1.8766 · 1012N 2 − 6.161 · 1011N − 8.85 · 1010.

(26) 

Corresponded graphic dependence for function (26) is presented in the Fig. 8.
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Fig. 8. Fuzzyficated function for HVGDEG current, defined as RPF by the relation (26) 

Fuzzyficated variable for the deviation of HVGDEG current defined as follows: 

FFUZ dIg = 4 

7.48 · 108dI8 g − 4.2335 · 108dI7 g + 9.8473 · 107dI6 g− 
−1.1123 · 107dI5 g + 7.9761 · 105I4 g + 1.9234 · 104I3 g− 
−6.6723 · 102dI2 g + 4 .45195 · 10dIg + 6.225 · 10−10.

(27) 

Corresponding graphic dependence for function (27) is presented in the Fig. 9. 

Fig. 9. Fuzzyficated function for changing of HVGDEG current, defined as RPF by the relation 
(27) 

Really, presented standard arithmetical relations (22 – 24) are simpler for provid-
ing computer calculations, than RPF (26, 27), because calculation of RPF is always
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included multiple use of power function [81–83]. But, in contrary, RPFs always have 
the derivatives on the whole range of its’ using, therefore, this approach is very suitable 
for complex study the singularities of control system operation. 

7 Engineering Realization and Experimental Results 

Clear, that main necessary elements of ACS are as follows. 

1. Electromagnetic valve. 
2. Microcontroller for realizing ACS functions. 
3. Valve driver with digital-analogue signal transformer. 

Corresponding assembled construction of EV, elaborated in Educational and Sci-
entific Laboratory of Electron-Beam Technological Devices, is presented in Fig. 10. 
Generally, this construction is fully corresponded to the basic scheme of EV as control 
element, presented in Fig. 10. 

Fig. 10. Electromagnetic valve 

For realizing control of EG current on the level of programming the advanced micro-
controller SIMATIC S7 1200 with central processor unit 1217 C have been used [81]. 
For solving programming task in this microcontroller advanced original software with 
suitable graphic interface for solving the tasks of control systems designing, has been 
used [81]. Generally, this software is based on the principle of visual connection the 
necessary functional blocks of control system and defining the blocks parameters, and, 
after that, microcontroller generated the correct executable code simultaneously by using 
existed libraries of control functions. Such approach of system design firstly has been 
realized in MATLAB in Simulink software [54–56], and now it is, in fact, recognized 
as the standard for software designed to support the development of complex technical
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systems. The advantage of this approach is the simplicity of engineering design of con-
trol systems, but the created program code is not always optimal in terms of the speed 
of solving problems of control of mechanical and electrical devices. In most cases, this 
disadvantage in modern microcontrollers is compensated by the high clock frequency 
of the central processor. From a theoretical point of view, this approach is associated 
with the FSM theory and, generally, corresponds to the modern trend of development of 
artificial intelligence systems. Solving of control task for EG current using EV has been 
realized, generally, has been realized by the arithmetic-logic relation (20) and Moore 
FSM diagram, presented in Fig. 7 [68]. The photo of microcontroller SIMATIC S7 1200 
is presented in Fig. 11. Correspondingly, photo of assembled ACS with electromagnetic 
valve, connected to microcontroller by USB interface, is presented in Fig. 12. 

Fig. 11. SIEMENS microcontroller SIMATIC S7 1200 for ACS 

It should be noted that the solution of ACS problems using the fuzzy logic functions 
described in Subsect. 6.2 is also possible using visual programming at the circuit level. It 
is only necessary to implement the corresponding libraries [81]. In this case, the speed of 
solving the control problem is always somewhat lower due to more complex calculations; 
however, on the other hand, with this approach, current overshoots of the EG are usually 
completely eliminated. Therefore, in general, fuzzy logic algorithms, from the point of 
view of the quality of solving the control problems, are considered as more optimal, 
although they have a lower speed of object regulation. 

As for practical realizing the approach of using RPF (25) as membership functions, 
considered in Subsect. 6.2, generally it is possible, but only though creation the separates 
users’ libraries for calculation RPF coefficients. Really, this approach is appearing quite 
recently, therefore, it has still been studied only at the theoretical level for solving a 
narrow, separate class of applied problems. From a technical point of view, there are two 
possibilities for connecting such libraries to a microcontroller: writing software directly 
for the microcontroller using an appropriate compiler or connecting the microcontroller 
to a personal computer with the ability to parallelize calculations in a computer network.
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However, as noted in Subsect. 6.2, the use of RPF for solving fuzzy logic problems 
mainly makes sense at the stage of preliminary analysis of control systems and finding 
optimal parameters of system elements. 

Fig. 12. Electromagnetic valve, connected to microcontroller by USB interface 

The photo valve driver with digital-analogue transformer control signal and liquid 
crystal monitor is presented in Fig. 13. Generally, this component is always included 
in the basic set of necessary microcontroller elements, which is supplied by the man-
ufacturer to the customer of electronic equipment. This block also has on the monitor 
suitable interface for changing ACS parameters [81]. 

Oscilogramm of changing EG current with abrupt change of acceleration voltage is 
presented in Fig. 14. This result corresponds to such ACS parameters: Lv = 10–2 Hn, mv = 
10–2 kg, VEG = 5·10–2 m3, and Sg =5·10–2 m3/s. Clear, that 30% overshoot of EG current 
is fully corresponds to simulation results, presented in Fig. 4, b. In the case of reducing 
of pumping productivity to Sg = 5·10–3 m3/s overshoot of EG current is not observed. 
Generally, simulation results, obtained by numerical solving the set of Eq. (12), are 
similar to the corresponding experiments, and the discrepancy between theoretical and 
experimental data is usually smaller than 15%. The measurements have been provided 
using digital oscilloscope SIGLENT SDS1042D [82]. Measurement accuracy of this 
electronic device, pointed out by the manufacturer, is range of 3% [82].
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Fig. 13. Valve driver with digital-analogue signal transformer and liquid crystal monitor 

Fig. 14. Obtained experimental dependences of changing acceleration voltage (blue line) and gun 
current (yellow line) on the time
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8 Conclusion 

Results of numerical simulation and experimental data, presented un this chapter, shown, 
that numerical simulation the regimes of operation aerodynamic control systems of 
HVGDEG current give the advanced possibilities to improve the stability of operation 
of HVGDEG in a real technological equipment, taking into account the particulari-
ties of realizing technological operation, including operation pressure in technological 
chamber. Particularities of using described methods of simulation are as follows. 

In the level of preliminary simulation of HVGDEG current control system, designed 
by the customer requirement, solving the complete set of Eqs. (12) for estimated val-
ues of necessary HVGDEG current and operation pressure in technological chamber is 
provided. The geometrical parameters of EV are changed in this simulation process for 
obtaining the optimal, smallest value of time regulation constant without overshoot of 
current. The approximative relation (19) in this step of simulation control system is also 
used effectively. 

On the second step, when the optimal parameters of HVGDEG current aerodynamic 
control system are choose, engineering designing of digital control systems, is provided. 
In this step, the suitable microcontroller, which can provide the necessary time of cal-
culation in the regime of small deviation of gun current, is choose. The corresponding 
calculation algorithm in this step of control system designing is realized by using FSM 
theory, taking into account arithmetic-logic relation (20). Corresponding rough estima-
tions of microcontroller operation time can be realized taking into account the basic 
conceptions of theory of operation [83–85]. In this case, it is also necessary to consider 
the set of elementary commands executed by the microcontroller, as well as the time 
required to perform them. 

The approach, based of fuzzy logic algorithm, described in the Sect. 6.2, is also 
possible to realizing on the hardware level of control system in microcontroller device, 
but it has to be taking into account, that such approach is more sophisticated by the 
necessary calculations. Therefore, speed of performing the elementary arithmetic and 
logic hove to be significantly greater. In contrary, for correct choose of membership 
functions, fuzzy logic approach always allows to perform the control with grater accuracy 
and without overshoots. Generally, using of arithmetic-logic functions, formed by the 
relations (22 – 24) is the best way for effective solving of this programming task on high-
speed microcontrollers. But using RPF (25) give the advanced possibilities for finding 
optimal time regimes for control system operation. 

The accuracy of numerical simulation ACS using the set of Eqs. (12) relatively 
to experimental data is very high. Usually, the discrepancy between theoretical and 
experimental data is smaller than 15%. 

The results of researches, presented in this chapter, are very interesting and important 
for the expert in the designing and exploitation of EB technological equipment, as well 
as for expert on the basic theory of control systems, which included electromechanical 
control elements. 
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Abstract. Dynamical behavior of conical thin-walled structure with rings is ana-
lyzed semi-analytically. Kirchhoff- Love theory of shell is used to simulate the 
conical thin-walled structure. The beam theory of Euler-Bernoulli is applied to 
simulate rings flexural-flexural-torsional-longitudinal oscillations. Rayleigh- Ritz 
technique is used to study thin-walled structure linear vibrations. The dynamical 
instability of the structure is simulated by ordinary differential equations, which 
are obtained by the assumed-mode method. 

In order to analyze the dynamic instability, the eigenvalue problem is used to 
obtain characteristic exponents. From these characteristic exponents, the critical 
frequency of flutter is obtained. 

Keywords: thin-walled structure · Kirchhoff- Love theory of shell · 
Euler-Bernoulli beam theory · critical eigenfrequency 

1 Introduction 

The thin-walled fairing is protected pay-loads when ones are carried into orbit. Mostly, 
this thin-walled structure is conical shell. Significant aerodynamic loads act on firing 
during launch vehicle operation. Therefore, rings are used to reinforce the thin-walled 
fairings. Interactions of the shell with gas flow leads to structure instability and flut-
ter. These nonlinear phenomena lead to pay-load fracture. These phenomena are very 
dangerous and must be analyzed. 

Therefore, many efforts were made to study properties of dynamical instability and 
supersonic flutter. Ritz method [1] is applied to study conical shell free oscillations. 
Conical shell and angular plate are parts of thin-walled structure [2]. The dynamic of 
this structure is studied by transfer matrix method. The forced oscillations of conical 
thin-walled structure are studied in [3] by Hamiltonian’s principle. Irie et al. used trans-
fer matrix method to study conical thin-walled structure dynamics [4]. Rayleigh- Ritz
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approach is applied to analyze the linear oscillations of conical panel [5]. Composite 
doubly curved shell is considered in [6]. 

Dynamics of cylindrical shell with reinforcements are considered in [7] by applying 
Fourier series. Rings and stringers are used to reinforce conical shell in [8]. Smeared 
technique is applied to obtain the equations of stiffened functionally graded cylindrical 
thin-walled structure in [9]. Oscillations of conical thin-walled structure with rings and 
stringers reinforcements are analyzed numerically in [10]. 

2 Problem Formulation 

Dynamics of launch vehicle fairing is analyzed. The fairing is conical thin-walled struc-
ture with rings reinforcement. This structure interacts with supersonic gas flow. Structure 
dynamic instability occurs due to gas/ structure interactions, which leads to flutter of the 
structure. Such phenomenon is very dangerous. The dynamical instability of the struc-
ture is the subject of this article. Isotropic conical thin-walled structure with geometrical 
parameters, which are shown on Fig. 1a, are considered. The thickness of the structure 
h is constant. The bottom edge of the structure is clamped. 

a. b. 

Fig. 1. a. thin-walled structure; b. ring 

N rings reinforcement is applied inside the thin-walled structure. The rings are 
located at the same distance between each other in cone longitudinal direction. All 
rings are identical. The rings perform vibrations jointly with the conical structure. The 
rings perform bending vibrations in two perpendicular surfaces, torsional and longitudi-
nal oscillations. The middle surface of the cone describes by two coordinate s and φ.  The  
radiuses of the curvatures are the following: Rs =  ∞, Rφ = R 

cos α − H 
cos α − s tan α,
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where 0 < Rφ ≤ R 
cosα

. The shell structure is studied in the coordinates system (s,  φ, ξ). 
Axis ξ is normal to the middle surface. The longitudinal coordinates of the rings are 
s∗ 
l ; l = 1, ...,N ; s∗ 

l = l  H  
(N+1) cosα

. The shell response satisfies Kirchhoff- Love theory 
[11]. The material of the beam is isotropic and elastic. Thus, the Hooke’s law is satisfied. 
The coordinate axes (s, φ, ξ ) is used for displacements projections u(s,  φ,  t), v(s, φ, t), 
w(s,  φ, t). 

The ordinary differential equations are derived to study the shell structure. These 
differential equations are obtained from assumed-mode method [11]. 

The strain energy of the structure has the form: 

= 1 + 
N 

i=1 

(i )
2 (1) 

where 1 is conical shell potential energy;
(l) 
2 ; l = 1, ...,N are rings potential energy. 

The strain energy of the conical thin-walled structure is 

1 = 
1 

2 

h 
2 

− h 
2 

2π 

0 

L 

0+ 

(σ11ε11 + σ22ε22 + σ12ε12) R − H 

cos α 
− s sin α ds dφ dξ ,

(2) 

where L = H 
cos α is generatrix line; h is thickness of the structure skin. 

The thin-walled structure displacements and strain tensor elements satisfies the 
equations: 

ε11 = 
∂u 

∂s 
− ξ 

∂2w 

∂s2 
,  ε12 = 

∂v 

∂s 
− 

v 

s 
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∂u 

∂ϕ 
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s tan α 
+ 2ξ 
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s tan α 
∂2w 

∂s∂ϕ 
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∂w 
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s 
, 

ε22 = 1 

s tan α 
∂v 

∂ϕ 
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1 
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(3) 

The strain energy of the skin has the form: 

1 = Eh 

2(1 − ν2) 

2π 
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L 

0+ 
(E1 + E2)
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2π 

0 

L 

0+ 
(K1 + K2)

2 − 2(1 − ν) K1K2 − 2 R − H

cosα
− s sin α ds dϕ,

E1 = 
∂u 

∂s 
, E2 = 1 
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s
, K1 = −∂2w

∂s
(4) 

where, ν is ratio of Poisson; E is modulus of Young. 
The j th ring strain energy is considered. Figure 1b shows this ring. Rings are 

attached inside of the conical shell. The coordinate system of the j th ring is denoted by
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x̃j, ̃yj, ̃z j . The beam performs bending, displacements of which are denoted by uj(ỹj, t )
and wj(ỹj, t ). The ring tension and compression are denoted by vj(ỹj, t ) and φj(ỹj, t )
describes twist angle of torsion. Figure 1b shows all components of deformations. The 
generalized coordinates and strains satisfy the following equations [12]: 

ε = 
∂vj 
∂ ̃yj 

− 
wj 

Rj 
,  τ  = ∂uj 

Rj∂ ̃yj 
− 

∂ϕj 

∂ ̃yj 
,  χ1 = 

∂2uj 
∂y2 j 

+ 
ϕj 

Rj 
,  χ2 = 

∂ 2wj

∂ ỹ2j
+ wj

R2
j

, (5) 

where τ is twist; ε is hoop strain; χ1,  χ  2 are ring middle curve curvature. 
The ring strain energy is: 

(j) 
2 = 

1 

2 
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⎩ EjFj 
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− 
wj 

Rj 
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2

dỹj,

(6) 

where Fj is cross section area; JZj , JXj , J j are cross section inertia moments. 
Displacements compatibility of the rings and skin of the structure takes the form: 

uj(ỹj, t) = u(s∗j ; ϕ, t) − h̃jϕ1(s
∗
j ;ϕ, t), vj( ̃Vj, t) =  −v(s∗j ,  ϕ,  t) − h̃jϕ2(s

∗
j ,  ϕ,  t), 

wj(ṽj, t) =  −w( s∗j , ϕ, t), ϕj(Ṽj, t) = ϕ1(S
∗
j , ϕ, t)

(7) 

where h̃j = H̃j + h2 ; H̃j are distances from the ring section center to shell inside surface. 
The relations (7) are substituted into (6) and the relations (4) are applied in (1). The 
structure strain energy is obtained in the suitable form. 

The thin-walled structure kinetic energy is: 

T = T1 + 
N 

j=1 

T (j) 2 , (8) 

where T (j) 2 is j th ring kinetic energy; T1 is kinetic energy of the skin. The skin kinetic 
energy is the following: 

T1 = 
ρh 
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2 
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cos α 
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(9) 

where ρ is thin-walled structure density. The j th ring kinetic energy has the form: 

T (j) 2 = 
ρ1Fj 

2 
u̇2 j + v̇2 j + ẇ2 

j d ỹj + 
ρ1 Jj 
2 

φ̇2 
j d ỹj, (10) 

where Jj is cross section inertia moments; ρ1 is material density. If the relations (7)  are  
substituted into (10), the ring kinetic energy is obtained in simple for analysis form.
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The interactions of supersonic gas flow with shell structure are taken place. The 
gas/structure interactions are described by the piston theory. The piston theory takes the 
following form [13, 14]: 

p =  −ρf V 2 f 
β 

∂w 

∂s 
+ 

(M 2 − 2) 
Vf β

2 

∂ w
∂t

, (11) 

where β = M 2 − 1; ρf is gas density; M is Mach number. 

3 Linear Dynamical System 

The assumed-mode method [11] is used to derive dynamical system with finite-
degrees-of-freedom, which describes the considered thin-walled structure. The shell 
displacements are represented as: 

u(s,  ϕ,  t) = 
Nu 

n=1 

q(u) 
n (t)Un(s,  ϕ); v(s,  ϕ,  t) = 

Nv 

n=1 

q(v) 
n Vn(s,  ϕ)  : w(s,  ϕ, t) =

Nw

n=1

q(w)
n Wn(s, ϕ); (12) 

where Un(s,  φ),  Vn(s,  φ),  Wn(s, φ) are structure eigenmodes. 
In order to calculate the structure eigenmode, the Rayleigh-Ritz method is imple-

mented [11]. The structure eigenmodes take the form: 

Un(s,  ϕ)  = 
N1 

l=1 

N2 

j=1 

A(n) 
lj ψ (l) l (s) cos jϕ, Vn(s,  ϕ)  = 

N1 
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N2 
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B(n) 
lj ψ (v) l (s) sin jϕ$, 

Wn(s,  ϕ)  = 
N1 

l=1 

N2

j=1

C(n)
ij ψ

(w)
l (s) cos jϕ

(13) 

The unknown values A(n) 
lj , B(n) 

lj , C(n)
lj are obtained by using Rayleigh-Ritz technique. 

The generalized force of the aerodynamic pressure can be presented in the following 
matrix form: 

Q(w) = K(w)q(w) + C(w) ̇q(w), (14) 

where K(w), C(w) are matrices of aerodynamic stiffness and aerodynamic damping. 
The truncated series (12) are used in the structure kinetic energy (8) and the 

structure potential energy (6). These energies take the following quadratic forms: 
= q1, ..., qN G , T = T q̇1, ..., q̇NG . Then the structure motions matrix equations 

are represented as 

M11 q̈
(n) + K11q

(n) + K12q
(r) + K13q

(w) = 0; M22 q̈
(v) + K21q

(n) + K22q
(v) + K23q

(w) = 0; 
M33 q̈

(w) + K31q
(n) + K32q

(v) + K33q
( w) + K(w)q(w) + C(w)q̇(w) = 0.

(15) 

The eigenfrequencies of torsional and longitudinal vibrations are consider-
ably higher, than the flexural oscillations eigenfrequencies. Therefore, the terms
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M11 q̈(u),M22 q̈(v) can be removed from the analysis. Then the first two matrices equations 
of the system (15) take the following matrix form: 

q(u) = Ku,w q(w) ; q(v) = Kv,w q(w) . (16) 

The matrices relations (16) are used in the third matrix differential Eq. (15). Thus, 
the following ordinary differential equations matrix system is derived as: 

M33 q̈(w) + K∗ q(w) + C̃(w) ̇q(w) = 0 . (17) 

The dynamical system trivial equilibrium (17) instability is analyzed in the phase 

variables y = q(w) 
1 , ..., q(w) 

Nw 
, q̇(w) 

1 , ..., q̇(w)
Nw

are used. Then the dynamical system (17) 

is rewritten in the following form: 

ẏ = Gy. (18) 

The linear dynamical system (18) has the solution in the following form: y = 
Al exp(λl t ), l = 1, ..., 2Nw, where Ai is vector; λl are characteristic exponents. These 
values are obtained from the eigenvalue problem. These characteristic exponents are 
represented as [15, 16]: λ2j−1 = αj + i j ; λ2j = αj − i j ; j = 1, ...,Nw.  I  f
αj < 0 ; j = 1, ...,Nw, the trivial equilibrium is stable. If λ1,2 =  ±i 1, the Hopf 
bifurcation is observed. 

4 Numerical Study of Linear Oscillations 

The thin-walled structure (Fig. 1) has thickness h = 2 · 10−3 m; radius of the base R 
= 1.95 m; H = 5.24 m. The structure materials characteristics are: E = 72 · 109 Pa; 
ρ = 2770 kg/m3 , ν = 0.3. Two thin-walled structures (conical shell without rings; 
conical shell with five rings) are considered. The areas of the sections of the rings are
Fj = 5.7 · 10−4 m2. The distance between rings and structure edges are the same. The 
distances between the rings of thin walled structure with five rings are d5 = 0.932 m.

The eigenfrequencies of shell structures are obtained by The Rayleigh-Ritz method. 
The eigenfrequencies, which are calculated by the Rayleigh- Ritz technique, are pre-
sented in Table 1. The data of ANSYS calculations are shown in Table 1. These 
calculations are performed to verify the data, which are gotten by the Rayleigh-Ritz 
technique. 

The numerical analysis of the critical frequencies of flutter is carried out with Nu = 
Nv = N w of the truncated series (12). The dynamical system (17) with 9, 12, 15, 18, 
21 degrees-of-freedom is analyzed in order to perform converge analysis of critical 
frequency. The critical frequencies of the shell with three, five, seven ribs are published 
in Table 2. The unstable trivial equilibrium is taken place in the Mach number range 
M ∈  [1; 1.414].
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Table 1. Eigenfrequencies (in Hz) of thin-walled structure 

The structure without rings 

The numbers 
of frequencies 

1 2 3 4 5 6 

Frequencies 
obtained by RRM 

27.088 27.465 27.973 28.671 30.474 31.230 

Frequencies obtained by FEM 27.1 27.5 28.0 28.7 30.8 31.5 

Relative error, % 0.04 0.13 0.1 0.1 1.07 0.86 

The structure with five rings 

The number 
of frequency 

1 2 3 4 5 6 

Frequencies obtained by RRM 69.674 75.105 77.557 85.804 86.024 86.306 

Frequencies obtained by FEM 69.5 75.0 77.8 85.9 86.2 86.4 

Relative error, % 0.25 0.14 0.31 0.11 0.2 0.11 

Table 2. The critical frequencies 1 of the flutter 

Nw 9 12 15 18 

The 
structure 
without 
rings 

63.180 57.113 56.657 56.392 

The 
structure 
with 3 
rings 

65.623 58.938 60.007 60.319 

The 
structure 
with 5 
rings 

57.841 60.113 60.532 61.096 

The 
structure 
with 7 
rings 

58.256 60.147 60.734 61.045 

5 Conclusions 

Numerical analysis of oscillations conical thin-walled structures with reinforced rings 
shows, that the reinforcement leads to essentially eigenfrequencies increase. Moreover, 
the first three eigenfrequencies are not changed essentially, if the ribs numbers are
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increased from five to seven. When rings numbers are changed from three to five, the 
eigenmode nodes numbers are not changed along the circumferential coordinate. 

As follows from converge analysis of conical thin-walled structure/ gas stream inter-
actions, the mechanical model with 9 ÷ 21 degrees of freedom gives closed results 
for critical Mach numbers. But, the convergence of critical eigenfrequency of flutter is 
observed in 15 degrees of freedom model.
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Abstract. An approach for the analysis of high-temperature creep and damage 
accumulation in turbomachine blades, taking into account wear of the part of 
surface due to contacts with the casing and stress corrosion cracking is proposed. 
The calculation method and algorithms built on the basis of the proposed approach 
and the Finite Element Method are described. An updated form of evolution equa-
tions is proposed for assessing damage accumulation due to the action of creep 
and corrosion mechanisms. In the considered example of numerical analysis, the 
results of modeling the cases of purely static loading, consideration the effects 
of interaction with the casing surface and corrosion of parts of the blade with a 
destroyed coating are analyzed. It is emphasized that these factors have a signif-
icant influence on the total time before the emergence of the macroscopic defect 
and its intensive development. The developed approach and calculation method 
can be further applied to the numerical analysis of real blade models. 

Keywords: Creep · Damage · Wear · Stress Corrosion Cracking · Fracture · 
Blade 

1 Introduction and Literature Review 

The problems of ensuring the long-term strength of turbomachine blades operating at 
high temperatures remain relevant and attract the attention of researchers and engineers. 
The requirements for the operating conditions of these structural elements are constantly 
changing in the direction of increasing temperatures and loads. Calculation methods for 
assessing the influence of such factors, including taking into account their cyclicity, have 
been fruitfully developed recently [1–3]. 

The real operating conditions of blades in turbines and gas turbine engines at high 
temperatures are characterized by additional influences of external objects and influ-
ences, among which we will highlight two. The first is the influence of an external 
aggressive environment, which leads to surface corrosion [4]. The second is the inter-
action of the upper parts of the blades with other structural elements, for example, the
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casing, in which surface fretting wear occurs [5, 6]. Such influences, additional to the 
high-temperature creep of the material, both by themselves and due to the synergy of 
action, can significantly limit the resource of the blades [4, 6, 7]. 

It is emphasized in [8] that fretting wear negatively affects the fatigue life of turbine 
blades. The authors experimentally analyzed the wear of surfaces of nickel superalloys. 
It is noted that even for a polished surface under conditions of increased load, cracks, 
delamination and peeling of materials occur; the wear mechanism changes from severe 
oxidative wear to fatigue wear. 

Due to the difficulty and cost of conducting experimental studies, computational 
approaches to the analysis of the influence of the above factors on the deformation 
and strength of turbomachinery elements have been developed recently. Thus, in [9], a 
Finite Element (FE) model of the creep wear process of the turbine blade root made of 
Inconel 718 alloy is presented, taking into account the redistribution of energy, material 
properties, geometry and non-uniform temperature field. It is noted in [10] that turbine 
blades during creep are constantly exposed to various forms of damage and destruction, 
including hot corrosion, oxidation, erosion, fatigue, damage by external objects and 
cracking. The authors used the Finite Element Method in the ABAQUS software to 
conduct a numerical analysis of the first-row turbine blade of the C20–250 engine, 
including its heat-shielding coatings. Also, it is important to consider the cyclicity of 
loading. The effect of creep on nonlinear vibrations of frictionally connected blades was 
numerically investigated in [11]. The time-dependent creep behavior under centrifugal 
load and high temperatures is determined, and for different values of the holding time, 
the deformed configuration and conditions in the contact surfaces are determined. Then, 
an analysis of nonlinear blade vibrations is performed. The aim of [12] was to determine 
the region of a gas turbine blade that is most susceptible to failure due to various wear 
mechanisms. A methodology using numerical analysis by the Finite Element Method for 
modeling the creep of turbine blades is proposed in [13]. A review of possible damage 
to blade surfaces and methods for their analysis can be found in [4]. 

An important factor limiting the resource of turbine and gas turbine engines blades 
is the corrosion of their surfaces and subsequent corrosion cracking [4, 7]. The results 
of experimental analysis of spent nickel alloy blades indicate [14] that their surfaces 
show signs of corrosion and erosion. A large number of cracks were found in different 
parts of the blades due to operation at high temperatures and stresses for a long period of 
time. An intergranular crack was found on the coating of the destroyed blade; there were 
some microvoids on the fracture surface, which caused the mechanism of fracture due 
to creep. Also, as in the case of surface wear analysis, recently there have been results 
of studies devoted to the computational assessment of the joint development of such 
processes, but the consideration in numerical analysis the material creep is practically 
absent. The cause of corrosion at the tip of an internally cooled blade of a high-pressure 
turbine of a turbofan engine is analyzed in [15]. The FEM analysis was used to determine 
the temperature and pressure distribution. It was shown that the pressure distribution at 
the blade tip could cause erosion in this area in the presence of impurities in the inlet 
air and that high temperatures also caused a phase transformation, which increased the 
presence of corrosion and led to the formation of cracks in the blade. The authors of [16] 
noted that in practice, two adjacent blades of a condensing industrial turbine rotor had
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failed. The computational analysis was performed using the Finite Element Method. It 
was concluded that the blade destroyed due to corrosion fatigue. 

The aim of this paper is to present an approach and method for comprehensive 
assessment of long-term high-temperature behaviour of turbomachine blades, taking 
into account creep processes, associated hidden damage accumulation, possible wear 
fracture due to the interaction of the blade tip with the casing and subsequent corrosion 
cracking. To demonstrate the capabilities of the method, a simplified model of the blade 
was used, but a real alloy used in Ukrainian turbomachinery was used as its material. 

2 Problem Statement and Constitutive Equations 

Let us consider the mathematical formulation of the problem, which describes the app-
roach to its solution. It is based on the statement about the possibility of a comprehensive 
assessment in a structural element the creep and damage caused by it, also taking into 
account damage to other types, primarily caused by the action of an external aggressive 
environment, as well as the influence of impacts by contacts with turbine casing, which 
is called as fretting wear in some approaches [6]. 

In this research, we will limit ourselves to considering a two-dimensional formulation 
of the problem in the form of a plane stress state, which will allow us to clearly demon-
strate the obtained distributions of unknowns, primarily of the damage parameter [1]. 
Considering that the planned goal of the investigations is the computational analysis 
of the model of a turbomachine blade, the distribution of bending stresses caused by 
the action of pressure on the blade will also be taken into account. Let us consider the 
two-dimensional object V. We use Cartesian coordinate system x = (x1,x2). Within the 
framework of the Lagrangian approach, the stress-strain state will be described by a 
displacement vector u with components ui,  stress  σ (σij = σji) and strain tensors ε (εij 
= εji), (і,j = 1,2), which are the functions of coordinates x and time t. Creep strains are 
presented by tensor εc with components εc ij, as well as elastic strains by tensor εe with 
components εe ij. The hypothesis of the strain additivity will be used. The tensor connec-
tion for creep strain with the stress tensor and time will be determined by the adopted 
constitutive equations. The considered solid V can be subjected to volume forces f(x,t), 
which are centrifugal in this approach. Tractions p(x,t) may act on part of the object 
surface S1, known displacements ui are given on the other part S2. 

Under the assumptions formulated above, the mathematical formulation of the 
boundary – initial value problem of deformation of solid in time can be represented 
by a system of Eqs. (1) with boundary and initial conditions (2)-(4)  [1, 3]: 

σij,j = f (x, t), εij = 
1 

2 
ui,j + uj,i + uk,iuk,j ,  εij = εe ij + εij,  σij = Dijkl(εkl − εckl), xi ∈ V ; (1) 

σijnj = pi(x, t), xi ∈ S1; ui| = ui xi ∈ S2, (2) 

εc ij(x, 0) = 0,  σij(x, 0) = σ 2D ij (x, 0) + σ bend
ij (x, 0). (3) 

σij(x, text) = σ c ij (x, t
ext) + σ ic ij (x, t

ext), xi ∈ Vic; (4)
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Here n is the vector of the unit normal to the solid‘s boundary, its components are ni, 
Dijkl are the components of the tensor D of the material elastic properties, і,  j,  k,  l  = 1,2. 
The initial conditions (3) for the creep problem, which are determined by the action of 
forces in the plane of the solid V, are supplemented by conditions for the added bending 
stresses σbend. Also, in this formulation, it is assumed that when the current length of 
the upper edge of the blade model reaches a given value, starting from the moment text 

in the general stressed state in the V ic region, the stresses σic, caused by the contact 
impact interaction with another surface (in this case, with the turbine casing), begin to 
be considered jointly with current stress state σc.  The  LS Dyna software [17] was used 
to determine the stresses σic. 

We will use the creep theory with the hardening law in the modeling, which allows us 
to consider processes with additional loading [1]. The equation of state, accompanied by 
the evolution equations for the scalar damage parameter ω, to describe the creep process 
together with other degradation phenomena, are presented as follows: 

ε̇c ij ε
c 
vM 

α = 
3 

2 
B 

σvM 
n−1 

(1 − ω)k 
sij, ω̇c = D 

σeq 

m 

(1 − ω)l 
, xi ∈ V ;

ω̇scc = C tscc s ,  ωscc(x, tscc) = 0, tscc = t − t∗ (5) 

dω = dωc + dωscc,  ω(x, 0) = 0,  ω  (x, t∗) = ω∗.

The following notations are adopted here: s is the deviator of the stress tensor with 
components sij; σvM,εvM: are von Mises equivalent stress and strain; σeq is the equiv-
alent stress, the expression of which is formulated using the high-temperature strength 
criterion obtained for a given material; ω is a scalar parameter that describes the total 
accumulation of damage; ωc is a scalar parameter that describes damage accumulation 
caused by the creep process; ωscc is a scalar parameter that describes the accumulation 
of damage due to the stress corrosion cracking; t* is the value of time in which the 
process of hidden damage accumulation finishes; ω* is a critical value of the damage 
parameter, upon reaching which at a point of the body at time t*, the process of hidden 
damage accumulation finishes and the seed of a macroscopic defect appears; B, D, n, k, 
m, l, α are the constants that describe creep and the resulting damage accumulation, C, 
s are the constants describing the corrosion cracking process in the region V scc adjacent 
to the surface Sscc, which arose as a result of the destruction of the surface layer; tscc 

is the variable describing the time of corrosion cracking. We assume that the blade is 
covered with a protective coating that does not allow the corrosion process to develop, 
and it begins in the main material only after the destruction of a certain part of the blade 
during its interaction with the casing.

As it was emphasized, the impact interaction of the blade tip with the inner surface of 
the casing begins only after its length reaches a certain value. Starting from this moment, 
cyclic loading of the blade occurs. The number of cycles of such loading is determined by 
the turbine rotation frequency ϖ and can be large. Direct solution of the problem taking 
into account the load on each cycle is associated with great computational difficulties. 
In this regard, to obtain an effective method for solving the problem, as in [3] we apply 
methods of many time scales and averaging over the cycle period.
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Let us suppose that the contact interaction occurs for a certain part of the rotation 
cycle period Tr = 2π during the time interval tf − t b (Fig. 1), which may be possible 
due to the oscillating motion of the rotor. Corrosion damage is not yet presented. 

Fig. 1. Schematic representation of the process of cyclic loading 

Let us explain the method using the case of a uniaxial stress state in the form of the 
specimen‘s extension by stress σ. We will expand the stress acting in the cycle into a 
trigonometric Fourier series: 

σ  (t) = σmax 
A0 

2 
+ 

∞ 

k=1
[Ak cos(k t) + Bk sin(k t)] (6) 

Coefficients in expansion are: 

A0 = 
2 

Tr 

tf 

tb 
dt = 

2(tf − tb) 
Tr 

, Ak = 
2 

Tr 

tf 

tb 
cos(k t)dt = 

1 

πk 
[sin(k tf) − sin (k tb)],

(7) 

Bk = 
2 

Tr 

tf 

tb 
sin(k t)dt = 

1 

π k 
[cos(k tb) − cos(k tf)].

Then the law of stress varying in a cycle can be represented as follows: 

σ  (t) = σmaxg(t), (8) 

g(t) = 
tf − tb 
Tr 

+ 
∞ 

k=1 

1 

πk 
[sin(k tf) − sin(k tb)] cos(k t)+ 

+ 
1 

πk 
[cos(k tb) − cos(k tf)] sin(k t) .

Since the deformation process lasts much longer than one loading cycle, we introduce 
a small parameter μ = Tr t∗ 1 and two independent time scales: ‘slow’ t and ‘fast’ 

ξ = t T ,  (0 ≤ ξ < 1). 
Expanding the functions of creep strain and the damage parameter into asymptotic 

series gives: 

εc(t,  ξ  )  = εc 0(t) + μεc 1(t,  ξ  )  + O(μ2), ωc(t,  ξ  )  = ωc
0(t) + μωc

1(t, ξ) + O(μ2). (9)
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Let us average these expansions over a period with scaled time from 0 to 1. Let us 
limit ourselves, as in [3], to two terms in expansions (9), as well as to consider that 

εc 0(t) + μεc 1(t,  ξ  )  α ≈ εc 0 
α 1 + μα 

εc 1 

εc0

∼= εc0
α
. (10) 

Let us consider that the terms εc 1 and ω1 are single-periodic functions in ξ and have 
zero mean va lue:

1 

0 
εc 1(t,  ξ  )dξ = 0, 

1 

0 
ωc 
1(t,  ξ  )dξ = 0.

After that, we substitute the obtained expression into the equations for creep strain 
rates and the damage parameter from (2). Therefore, the averaged equations take the 
form: 

ε̇c 0 ε
c 
0 

α = B gn
σ n 

1 − ωc 
0 

k 
, ω̇c 

0 = D gm
σ m 

1 − ωc 
0 

l 
ω0(0) = 0, ω(t∗) = ω∗, (11) 

where 

gp 
1 

0 
gp(Trξ  )dξ, (12) 

and 

g p 
1 

0 

A0 

2 
+ 

∞ 

k=1 

[Ak cos(2π kξ  )  + Bk sin(2πkξ)]
p

dξ . (13) 

Here in (12)-(13) p = n in the case of the equation for creep strain rates and p = m for 
the damage ev olution equation.

Generalizing Eqs. (11) for the case of a complex stress state and neglecting, as in [3], 
the index “0” when describing the ‘slow’ process of creep and damage accumulation, 
we obtain: 

ε̇c ij ε
c 
vM 

α = 
3 

2 
B gn

σ n−1 
vM 

(1 − ω)k 
sij, ω̇c = D gm 

σ m eq 

(1 − ω)l
(14) 

ω̇scc = C tscc s ,  ωscc(x, tscc) = 0, tscc = t − t∗xi ∈ Vscc;

dω = dωc + dωscc,  ω(x, 0) = 0,  ω  (x, t∗) = ω∗.

Here we considered that in the surfaces under corrosion action both creep and creep 
damage is affected by the total accumulated damage values, in other areas the classical 
creep-damage equations operate. 

In the considered loading process, the cyclic deformation of the blade surface takes 
place [18], which is often called fretting fatigue [6]. Under creep conditions, such degra-
dation of the surface of the structural element can be described by taking into account
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local creep deformation at the contact points. This will be done in this approach, but 
if experimental data on separate deformation during surface friction are obtained for 
real calculations, it will be possible to take them into account in the calculations, for 
example, using the Archard model [6]. 

After the completion of hidden damage accumulation in a certain area adjacent to 
the surface S, mathematical modeling of damage accumulation processes in other points 
of the solid continues, and the analysis of corrosion processes on a certain surface Sscc 
begins. The completion of the hidden damage accumulation in some region ΔV means 
that it is excluded from the object V. Also, often the parts of the boundary S1 and S2, 
where the boundary conditions in stresses and displacements are given, will also change 
to the values ΔS1 and ΔS2 due to the possible fracture of the fixed and loaded boundaries. 
This algorithm can be described as follows: 

S1 = S1 + S1; S2 = S2 + S2.; V = V + V ; S = S + S. (15) 

In expressions (15) the operator + is understood in an algebraic sense, and the oper-
ator = is an assignment operation. Therefore, for further analysis of the fracture process, 
it is necessary to reformulate the boundary-initial value problem with the obtained new 
boundary and initial conditions. The last ones are determined by the distribution of the 
components of the stress-strain state and the damage parameter obtained at this time.

The FEM Creep Damage Fracture software developed at NTU “KhPI” is used for 
the numerical modeling, the used algorithms are described in [19]. 

3 Numerical Modeling Results 

As an example of using the proposed approach and the discussed constitutive equations, 
let us consider a 2D model of a turbomachine blade (Fig. 2b a). The model can be 
described by a rectangle 0.15 × 0.05 m, the upper part of which is an arc of a circle with 
a maximum deviation from the side of the rectangle of 0.0015 m. Centrifugal forces act 
on the blade with a frequency ϖ= 50 s−1. The additional distribution of bending stresses 
from the pressure on the blade with a value of 0.3 MPa is also taken into account.

The blade material is high-chromium foundry heat-resistant nickel-based alloy (Ni 
57%, Cr 16%, Co 11%,W 5%). Blade is heated evenly to temperature 950 °C. Constants 
for the creep-damage equations are: B = 5.26 10–27 MPa−n/  h,  n = 5.508, α = 4.678, D 
= 1.18 10–17 MPa−n/  h,  m = k = l = 5.569.

The constants for the stress corrosion cracking equation were determined using the 
experimental data presented for this alloy at a given temperature in [20] using data 
on material loss during corrosion over a certain period of time. The constants for the 
equation for the parameter ωscc in (14) were equal to C = 2. 10–5 h−s, s = 2.

The order of the model was determined using numerical experiments, and a mesh of 
15,000 elements was used in the calculations. The initial stress state in the blade model 
is presented in Fig. 2b), where the distribution of von Mises equivalent stress is given. 

Initially, a numerical analysis was performed for the case of purely static loading. As 
always in the case of cantilever objects, the completion of hidden damage accumulation 
occurred in the area adjacent to the fixed side at t* = 15267.3 h. The distribution of the
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damage parameter for this time is shown in Fig. 3 b). The von Misses stress relaxation 
in the element where the damage accumulation finishes is presented in Fig. 3 a). 

Next, the cyclic action of stresses arising from the contact of the upper part of the 
blade with the casing, which was considered rigid, was taken into account. The value 
of the displacement of the upper points of the blade in 0.0005 m, at which contact with 
the casing already occurs, was reached in text = 7502 h. The simulation results showed 
that in this case the time to the completion of the hidden damage accumulation was 
reduced almost by half and was t* = 8472.4 h. At the same time, the location of the 
failure changed, it corresponds to the area at the edge of the blade. The distribution of 
the damage parameter for this case is given in Fig. 3 c). 

a) b) 

Fig. 2. a) the sketch of the blade; b) distribution of the von Mises stress, blade model, t = 0. 

a)  b) c) 

Fig. 3. a) von Mises stress versus time; Distribution of the damage parameter through the blade 
model before the completion of the damage accumulation b) Static loading, t* = 15267.3 h; c) 
Consideration of the loading in the blade tip, t* = 8472.4 h.

‘Element corrosion’ is employed when the damage parameter reaches the critical 
value of 0.98. As the calculations showed, a number of elements along the upper edge 
were removed. Then the algorithm, which detected the presence of finite elements that 
were internal in the original model, but now became external, started. This means that 
starting from this time t* = 8472.4 h, the total value of the damage parameter began to
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be determined additionally by the corrosion effect. The calculations showed that over 
the next approximately 200 h, the process of intensive corrosion began in the area of 
the initial macroscopic defect. The current view of the blade fragment in the area of 
intensive damage accumulation and corrosion at t = 8652 h is presented in Fig. 4.  After  
this moment, the simulation was stopped.

Fig. 4. Distribution of the damage parameter in the upper fragment of the blade model, stress 
corrosion cracking after the destruction of the upper zone, t* = 8652 h.

4 Conclusions 

This paper proposes an approach for a comprehensive analysis of high-temperature 
deformation and failure of turbomachine blades during creep, taking into account sur-
face wear due to contacts with the casing and stress corrosion cracking. To implement 
the assessment of deformation and long-term strength of blades, an updated form of 
evolution equations, combining creep and corrosion effects, is proposed. As an example 
of numerical modeling using this approach and software with new analysis capabilities, 
the problem of creep of a turbomachine blade model was considered. Various variants of 
creep and fracture modeling were analyzed with the sequential addition to the analysis 
the effects of interaction with the casing and corrosion of blade parts with a destroyed 
coating. It was demonstrated that the latter factors have a significant impact on the total 
time to the appearance of a macroscopic defect, which is reduced almost by half, and its 
intensive growth. The developed approach can be further applied to the numerical anal-
ysis of real blade models taking into account their complex geometry, the presence of 
cooling and non-uniform temperature distributions, etc. This will require generalization 
of existing algorithms for three-dimensional analysis. 
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Abstract. Cold-formed steel hollow sections (CFS) with hot-dip galvanized coat-
ings (e.g., DX51D + Z140) are widely used in window and façade systems, espe-
cially in urgent restoration contexts. However, premature degradation—despite 
conformity to EN 10346—raises concerns about long-term performance. This 
study examines early-stage corrosion risks of such sections, integrating coating 
thickness measurements, chemical surface analysis, and production history. Spec-
imens were extracted from strip blanks and finished CFS. Coating thickness was 
measured using electromagnetic and gravimetric methods, while chloride, sul-
phate, and chromate residues were assessed via ISO-based chemical tests. Vari-
ability in coating thickness and the presence of chlorides and iron oxides were 
linked to sharp bending radii, excessive roll pressure, and lack of post-forming 
passivation. Key findings show that compliance with nominal Z140 specifications 
is insufficient to prevent early white rust or undercoating corrosion. A structured 
risk map was developed to identify root causes of degradation in sections with 
non-uniform coating, microcracks, and surface contamination, enabling targeted 
preventive measures. The study emphasizes the need for integrated process–logis-
tics control: optimized forming parameters, systematic passivation, and ventilated 
packaging. These actions are critical to ensuring reliable corrosion protection in 
CFS, especially under accelerated post-conflict recovery conditions.

Keywords: Cold-Formed Steel · Galvanized Coating · White Rust · Coating 
Thickness · Passivation · Corrosion Resistance · Storage Conditions 

1 Introduction 

Cold-formed steel hollow sections (CFS) with hot-dip galvanized coatings (e.g., 
DX51D+Z140) are widely used in window and façade systems, greenhouse and agricul-
tural frames, and other lightweight structures [1], where they offer stiffness, dimensional
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stability, and ease of installation (see Fig. 1). Among these, Rectangular Hollow Sec-
tions (RHS) — a common type of CFS with rectangular cross-section —are particularly 
favored for their optimal strength-to-weight ratio and aesthetic integration in façade 
designs. However, premature degradation of galvanized coatings may still occur and 
should be considered at both the design and manufacturing stages. 

Fig. 1. CFS in window design: left – cross-section of a typical window frame with inserted 
elements (red); right – schematic geometry with dimensions w and f – width and flange height; a 
and b – RHS width and height. Original drawing prepared by the authors. 

In practice, Z140 is treated as a baseline protection level; guidance specifies a nomi-
nal coating thickness of −10 μm per side and a working range of 7–15 μm for conformity 
under EN 10346 [2]. While such conformity is necessary, long-term performance also 
depends on coating uniformity [3], surface integrity after forming [4], adequacy of passi-
vation/oiling, and proper transport/storage [5]. A common field issue is white rust—early 
atmospheric corrosion caused by humidity, poor ventilation, and inadequate passivation, 
compromising protection before carbonate film stabilizes [5, 6]. 

The broader context underscores the need for material-efficient, rapid structural solu-
tions in building rehabilitation. In Ukraine this is acute—windows and façade elements 
require constant replacement after shelling and will intensify post-war; hence buffer 
stocks of standardized cold-formed sections (CFS) are critical. Risks include micro-
cracking and local thinning of the zinc layer at small bending radii or excessive roll 
pressure/misaligned guides, as well as corrosion from poor storage. These require inte-
grated process controls (radius/pressure/guide settings, passivation/oiling) and handling 
protocols (ventilated, dry packaging; controlled logistics), not isolated checks. 

Practice shows that CFS from coils of the same grade but different production his-
tories suffered coating damage after routine transport and short storage, confirming that 
vulnerability results from both forming technology and logistics. This underlines the 
need for research to mitigate degradation risks along the production–logistics chain. 

Against this backdrop, the present work addresses durable corrosion protection for 
CFS beyond nominal compliance. Within EN 10346 [2] (delivery of hot-dip coated flat 
products) and EN 10143 [7] (dimensional/surface tolerances and responsibilities during 
transport/storage), the study examines how forming routes, passivation, and packaging 
conditions influence early degradation—and how these risks can be reduced by process-
integrated controls and logistical best practices.
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2 Literature Review 

Corrosion of metal structures is a large-scale problem, leading to loss of material, reduced 
structural strength, and shortened service life. According to the World Corrosion Orga-
nization, global direct corrosion costs amount to 1.3–1.4 trillion EUR annually, corre-
sponding to 3.1–3.5% of GDP [8, 9]. This multifactorial process depends on material 
properties, environmental conditions, and operational factors [10, 11]. Difficulties in 
accurately predicting corrosion losses often result in the application of excessive safety 
factors, which in turn leads to overuse of structural materials [6]. For cold-forming tech-
nologies, product quality and durability are sensitive to both manufacturing-induced 
damage and environmental exposure. Research has shown that optimizing deformation 
parameters in preliminary forming passes can reduce energy and force requirements 
more than fourfold and lower trim loss to 22% [10]. 

White rust, a common form of atmospheric corrosion on galvanized products, devel-
ops under high humidity, aggressive aerosols, and insufficient passivation [11]. It gradu-
ally destroys the zinc layer, exposes the steel substrate, and reduces in-service reliability. 
These risks are intensified by climate change, which is accompanied by abrupt tem-
perature fluctuations, increased humidity, and more aggressive atmospheric conditions 
[12]. 

Beyond compliance with nominal zinc coating mass, long-term performance is influ-
enced by the residual stress, microcrack formation, and the presence or absence of effec-
tive passivation layers [13, 14]. While many studies address these factors individually, 
fewer works consider them in an integrated framework combining process monitoring 
with logistics controls under variable climate conditions—an approach directly relevant 
to improving the reliability of cold-formed galvanized sections in service. 

The study aims to determine the key technological and environmental factors that 
cause degradation of zinc coatings on cold-formed steel sections made from DX51D 
+ Z140. This is achieved through an integrated assessment of production processes, 
coating thickness measurements, chemical surface analysis, and statistical evaluation, 
with the goal of developing targeted measures to prevent premature corrosion.

3 Research Methodology 

3.1 General Concept 

The research methodology was developed to enable a comprehensive analysis of the 
technological process for manufacturing cold-formed sections from galvanized steel. 
It focused on identifying critical production stages, selecting representative specimens, 
and applying physicochemical and instrumental methods to evaluate the zinc coating. 

The logical and structural framework of the study is presented in Fig. 2.
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Fig. 2. Logical and structural framework of the research methodology. 

3.2 Materials and Methods 

Sampling and Specimen Preparation. Specimens (30 × 20 mm) were obtained from 
both strip blanks and finished CFS made from DX51D + Z140 galvanized coils (see
Fig. 3 for sampling). The set included three strip and three CFS series, with dimensions 
and strip/wall thickness (t) recorded. Strip specimens (Fig. 4): (I) t = 1.03 mm (Poland), 
(II) t = 1.35 mm and (III) t = 1.5 mm (same Ukrainian supplier, certified separately). 
CFS specimens (Fig. 5) were cut with preserved bend and corner geometry: (IV) 30 
× 50 mm, t = 1.48–1.5 mm; (V) 30 × 50 mm, t = 1.5 mm; (VI) 35 × 49.5 mm, t = 
1.5 mm. Each specimen was marked by location (web, edge, or bend).

Fig. 3. Diagram of specimen extraction from strip (a) and CFS (b). 

Coating Thickness Measurement. Zinc coating thickness was measured using a 
NOVOTEST TP-1 electromagnetic thickness gauge, calibrated with certified standards. 
For each specimen, multiple measurements were taken in predefined zones to evalu-
ate local variation. Data processing included calculation of mean values, measurement 
errors, variance, and relative error. Statistical evaluation of homogeneity and variance 
equality between series was performed using Cochran’s criterion, and significance of 
differences between means was assessed using Fisher’s criterion at a 95% confidence 
level. 

Chemical Surface Analysis. Chemical tests were conducted to detect corrosion-related 
surface contaminants and passivation indicators:
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Fig. 4. Test specimens from strip blanks: 
(a) “Poland” (I); (b), (c) strips (II), (III) from 
same Ukrainian supplier, separately certified. 

Fig. 5. Specimens from the CFS: (a) 30 × 
50 mm, t = 1.48–1.5 mm (IV); (b) 30 × 
50 mm, t = 1.5 mm (V); (c) 35 × 49.5 mm, t 
= 1.5 mm (VI); t – strip/wall thickness.

– chloride ions (Cl-): AgNO3 test (white precipitate of AgCl) following 
– ISO 8502–5 [15]; 
– sulphate ions (SO42-): BaCl2 test (white precipitate of BaSO4); 
– hexavalent chromium (Cr(VI)): Diphenylcarbazide colorimetric test (violet col-

oration) to identify chromate passivation layers; 
– iron oxides (FexOγ): optical microscopy at × 50 magnification for corrosion products 

beneath the zinc layer;
– residual rolling emulsions: visual inspection and solvent test for organic films. 

Gravimetric Determination of Coating Mass. Coating mass was evaluated according 
to EN ISO 1460 [16], involving chemical stripping of zinc using inhibited acid solutions, 
followed by gravimetric mass difference calculation. Results were converted to coating 
thickness assuming a zinc density of 7.14 g/cm3. 

Data Integration and Compliance Assessment. All measurement and test results were 
compiled and assessed for compliance with EN 10346:2015 [2] requirements for Z140 
coating class. Coating uniformity, defect occurrence, and chemical contamination were 
analyzed in correlation with production stage and coil origin to identify high-risk process 
steps. 

4 Results and Discussion 

4.1 Main Results and Interpretation 

Coating Thickness and Uniformity. The measured coating thickness (h) values for 
strip blanks and cold-formed sections are summarized in Table 1 and graphically illus-
trated in Fig. 6 and Fig. 7. Strip I (h = 10.8 ± 2.3 μm) and Strip II (h = 12.4 ± 1.5 μm) 
fully complied with the EN 10346:2015 Z140 requirement of 7–15 μm, with relative 
errors of 7.7% and 4.4%, respectively. In contrast, Strip III (h = 21.4 ± 3.2 μm) exceeded 
the upper limit, indicating excessive coating application, which may reflect deviations 
in bath chemistry or withdrawal speed during galvanizing.

For the CFS, average coating thickness falls within the normative range, but series 
CFS 30 × 50 × (1.48–1.50) mm exhibited the lowest value (h = 8.6 ± 3.7 μm) and the
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highest relative error (15.6%), highlighting reduced uniformity and increased variability. 
CFS 30 × 50 × 1.50 mm and CFS 35 × 49.5 × 1.50 mm achieved averages of h = 
10.4 ± 3.7 μm and h = 11.0 ± 3.4 μm, respectively, both within the acceptable interval. 
Statistical evaluation confirmed significant variance inhomogeneity between strip and 
CFS series (Cochran’s criterion, Ccalc < Ctab = 0.544) and notable differences in mean 
values (Fisher’s criterion, Fcalc < Fcr = 14.02), pointing to induced thickness variations.

Table 1. Coating thickness measurement results. 

Series h ± Δh, 
µ m

Relative 
error, 
% 

Variance 
(S2) 

Cochran’s 
criterion, 
Ccalc 

Fisher’s 
criterion, 
Fcalc 

Compliance with 
Z140 standard 
(EN 10346:2015) 

Nominal 
h = 
10 µ m

Range 
7–15 µm 

Strip 
(I) 

10.8 ± 2.3 7.7 3.50 0.315 2.31 Yes Yes 

Strip 
(II) 

12.4 ± 1.5 4.4 1.50 0.399 3.06 Yes Yes 

Strip 
(III) 

21.4 ± 3.2 7.6 3.96 0.327 3.17 Yes No 

CFS 
(IV) 

8.6 ± 3.7 15.6 13.69 0.538 3.291 No Yes 

CFS 
(V) 

10.4 ± 3.7 12.1 13.69 0.538 3.29 Yes Yes 

CFS 
(VI) 

11.0 ± 3.4 10.2 11.56 0.487 3.232 Yes Yes 

Table 2. Chemical surface analysis results (‘ +’ – detected; ‘–’ – not detected; numerator – on 
surface, denominator – beneath zinc coating). 

Series Cl- SO4 
2- Cr(VI) Fe-oxides under Zn Organics (emulsion) 

Strip (I) –/– –/– –/+ – + 
Strip (II) –/– –/– –/+ – + 
Strip (III) –/– –/– –/+ – + 
CFS (IV) +/– –/– –/+ + + 
CFS (V) +/– –/– –/+ + + 
CFS (VI) +/– –/– –/+ + +
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Fig. 6. Boxplot of mean and spread of zinc coating thickness for strip and CFS specimens. 

Fig. 7. Assessment of zinc coating stability using thickness–error bubble chart. 

Chemical Surface Analysis. The results of chemical testing are presented in Table 2. 
Chloride contamination (Cl-) was detected on the external surfaces of all CFS but was 
absent on strip blanks, indicating contamination introduced during forming or post-
forming handling. Sulphates (SO42-) were not found in significant concentrations. Hex-
avalent chromium (Cr(VI))—a marker of chromate passivation—was detected only 
beneath the zinc layer, implying the absence of external passivation, which would 
otherwise enhance short-term atmospheric resistance. 

Optical microscopy revealed localized Fe-oxide formation beneath the zinc layer in 
CFS specimens, particularly in bends, suggesting microcrack penetration, though local 
thinning, roll-forming stresses or contamination could also contribute to undercoating 
corrosion. Residual rolling emulsions were occasionally observed in concave areas, 
potentially promoting localized corrosion under humid storage. 

Gravimetric Coating Mass Determination. Gravimetric analysis according to EN 
ISO 1460 yielded coating masses consistent with thickness measurements. Strip I and 
II corresponded to calculated thicknesses of 10–12 μm per side, while CFS 30 × 50
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× (1.48–1.50) mm approached the lower conformity limit (≈8 μm). Excessive coat-
ing mass in Strip III confirmed the over-thickness observed in direct measurements. 
This convergence of methods (electromagnetic gauge and gravimetry) reinforces the 
reliability of the measurement dataset (Table 1). 

Correlation of Technological Deviations with Observed Defects. Analysis of thick-
ness and chemical data shows that reduced coating uniformity in certain CFS correlates 
with roll-forming geometry and parameters. Sharp bending radii and high roll pressure 
can cause microcracks, enabling chloride ingress and undercoating oxidation during 
storage. Lack of external passivation increases susceptibility to white rust under tight, 
humid packaging. 

The industrial case behind this study confirms these patterns: sections with non-
uniform coating and activated surfaces developed white rust and brown corrosion after 
short-term storage, despite meeting Z140 thickness specifications. This demonstrates 
that coating conformity alone does not ensure durability. 

Implications for Production and Logistics. Maintaining uniform zinc coating after 
forming requires precise control of roll-forming parameters—particularly bending 
radius, roll alignment, and contact pressure. In-line monitoring (e.g., NOVOTEST TP-1) 
could detect deviations in real time. Logistically, immediate passivation or light oiling, 
along with ventilated, moisture-resistant packaging, is essential to prevent early atmo-
spheric corrosion. The findings confirm that both technological and logistical factors 
significantly affect protective layer performance. 

4.2 Discussion 

Table 3 summarizes the risk map linking each process stage to its dominant degradation 
mechanism and corresponding countermeasures, derived from the experimental results 
of coating thickness (Table 1), chemical surface analysis (Table 2), and microscopic 
observations (Sect. 4.1). 

Table 3. Risk map and corresponding technological interventions. 

Zone/Stage Defect Cause Risk Mitigation 

Section bend 
zone 

Microcracks in 
the coating 

Low-plasticity Zn + 
tight bends

High Larger radius + 
ZnAlMg coating

Roller stands Contact damage 
to the coating 

Impurities / 
contamination / high 
pressure 

Medium Roll cleaning & auto 
pressure control 

Coil surface Residual acids / 
emulsions 

Poor cleaning and 
drying 

High Control drying, 
degreasing & pickling 

Section edges Local thinning of 
zinc coating 

Storage humidity and 
low ventilation 

Medium Perforated/open-end 
packaging 

Strip width Uneven coating 
thickness 

Unbalanced air 
knives, spot cooling 

Medium Control air knives 
and cooling

(continued)
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Table 3. (continued)

Zone/Stage Defect Cause Risk Mitigation

Outer 
surface 

Lack of 
passivation, 
moisture 

Missing passivation High EN 10346 
passivation/oil; side 
check 

Storage/ 
logistics 

White rust, 
no protective 
ability 

Humidity and 
confined packaging 

High Ventilation + sloped 
packing + spacers

Post-forming 
surface 

Local zinc 
layer loss 

Forming-induced 
wear 

Medium Reduce friction + 
optimize lube + 
control strain zones

Section 
surface 

Cl-/Fe-oxide 
inclusions 

Deposition, pickling 
defects, poor storage 

High Controlled transport 
& packaging 

The results show that coating thickness conformity alone does not guarantee corro-
sion resistance in galvanized CFS. Although strip blanks retain uniform Z140 coatings, 
forming causes localized thinning—especially at tight bends and under high roll pres-
sure—leading to microcracks and early corrosion initiation. Chloride ions were detected 
only on finished CFS, confirming contamination during post-forming handling and stor-
age. This is aggravated in coastal or industrial environments and by the absence of 
chromate passivation, leaving zinc active until natural passivation occurs. Even short-
term exposure to humid, poorly ventilated packaging can trigger white rust. Fe-oxides 
beneath the zinc in bend areas confirm subsurface breaches undetectable visually. This 
hidden corrosion may begin during storage and transport, shortening service life. Effec-
tive mitigation includes non-destructive testing and thorough washing and drying to 
remove emulsions. 

A dual strategy is needed: (i) process control—optimizing bend geometry, roll pres-
sure, and tooling finish; (ii) logistics control—preventing contamination and moisture 
ingress before installation. Table 3 links microcracks at bends to excessive deforma-
tion and rough tooling, which can be mitigated by controlled forming pressure and 
guided rollers. Chlorides and emulsions—confirmed via AgNO3 and diphenylcarbazide 
tests—indicate insufficient drying and highlight the need for ventilated packaging. Espe-
cially vulnerable zones include section ends and internal corners, where stress and mois-
ture accumulate. These showed greater coating variation and more frequent corrosion. 
Countermeasures include local inhibitors or improved coil passivation. 

The risk map underscores the gap between nominal EN 10346 compliance and 
actual performance. Even within-spec coatings may fail under uncontrolled conditions. 
Diagnostic data structured into a risk matrix enables targeted corrective and preventive 
actions aligned with service demands.
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5 Conclusions 

This study examined early-stage degradation risks of hot-dip galvanized coatings on 
cold-formed steel sections, emphasizing both technological and logistical factors influ-
encing corrosion resistance. Despite conformity to Z140 specs, measurements and chem-
ical analyses revealed that such compliance alone does not ensure reliable performance. 
Key issues included microcracks and thinning at bends, oxidation from residual emul-
sions, and early white rust due to insufficient packaging and lack of passivation. These 
problems often stem not from steel quality but from uncontrolled forming, handling, and 
storage conditions. 

To address these risks, the following measures are recommended: (a) forming con-
trol: use appropriate bending radii, optimize roll pressure and alignment, regularly clean 
tooling surfaces; (b) surface protection: apply passivation or light oiling after forming 
to stabilize the zinc layer and delay corrosion; (c) packaging/logistics: use ventilated, 
moisture-resistant packaging; avoid tight bundling without airflow gaps; (d) quality con-
trol: perform coil acceptance checks and monitor coating thickness and uniformity using 
portable gauges; (e) integrated strategy: merge technological and logistical measures into 
a unified protocol covering production, delivery, and installation stages. 

These measures define a “risk-to-action” framework that guides future research and 
supports practical implementation, particularly under demanding conditions of preparing 
and restoring window and façade systems. 
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Abstract. The objective of this study is to propose a robust methodology for pre-
dicting the fatigue life of structural components subjected to cyclic tension–com-
pression loading. The stress–strain distribution is determined using a coupled finite 
and boundary element approach, enabling accurate identification of critical high-
stress regions where model cracks are introduced for subsequent analysis. Crack 
propagation is evaluated by computing stress intensity factors within a hyper-
singular integral equation framework. The proposed methodology is validated by 
benchmark problems involving flat cracks of elliptical and rectangular geometries, 
demonstrating both accuracy and effectiveness. The novelty of this research is in 
the application of hypersingular integral formulations to fatigue assessment in 
both simplified test cases and practical engineering problems, including a steam 
turbine blade. The results indicate that crack-free structures exhibit high resis-
tance to cyclic loading, whereas the presence of cracks in stress-critical regions 
sufficiently reduces fatigue life. The cycles number to failure is quantified for the 
cracked turbine blade, providing a reliable computational tool for evaluating the 
residual life of structural components under cyclic loading conditions. 

Keywords: Crack Propagation · Hypersingular Integral Equations · Boundary 
and Finite Element Methods 

1 Introduction 

Modern engineering materials invariably contain microdefects that may propagate under 
service loading, potentially resulting in component failure or catastrophic structural col-
lapse. In Ukraine’s petrochemical and energy sectors, a significant part of the equipment 
has exceeded its design service life or has incurred damage from military actions, under-
scoring the urgent need for reliable residual life assessment methodologies. A critical 
component of such evaluations is the estimation of structural durability in the presence 
and evolution of fatigue cracks under cyclic loading. As incipient cracks are typically 
too small for visual detection, representative model cracks are introduced at areas of 
maximum stress concentration. Since the actual crack geometry is generally unknown,
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systematic analysis of different crack configurations under identical loading conditions 
enables identification of the most critical cases, thereby supporting targeted durability 
assessments. Accordingly, the evaluation of structural integrity and the prediction of 
safe service life remain pressing and technically significant challenges in contemporary 
engineering practice. 

2 Literature Review 

Experimental studies of dynamic processes in structural components are often limited by 
cost, safety, and hazard concerns, particularly in crack initiation and propagation. As a 
result, computational modeling has become essential for assessing structural durability. 
Theoretical and numerical methods for crack growth have been well documented in [1– 
3]. Fatigue crack growth is crucial for the safety and durability of structures such as steam 
turbines [4], hydro-turbines [5], wind turbine blades [6], and aerospace components [7]. 
Various predictive approaches under cyclic loading have been proposed, identifying 
regions of maximum stress concentration [8]. Advanced numerical methods, including 
Finite Element Method (FEM) [9], Boundary Element Method ([10]), coupled FEM and 
BEM [11], Finite volume method (FVM) [12], and the Immersed Boundary Method [13], 
have been employed to characterize local stress fields and predict fatigue crack initiation 
and growth. Model cracks are introduced at regions of maximum stress concentration, 
where the stress intensity factors (SIFs) serve as the principal parameters governing crack 
behavior and structural response. Extensive research has addressed SIFs in plates with 
cracks and holes [14], welded beams [15], 3D structure elements [16], and brittle rock 
under complex loading [17], with hypersingular integral equations (HIEs) applied for SIF 
evaluation [18]. Crack propagation and fatigue life assessment have been further studied 
in [19, 20]. Despite this research, accurate prediction of crack growth and fatigue life 
remains challenging, requiring advanced, robust numerical techniques. The present study 
develops an efficient approach integrating BEM and FEM with hypersingular integral 
equations to provide reliable predictions of both crack propagation and structural fatigue 
life. 

3 Research Methodology 

3.1 Basic Equations for Crack Propagation Analysis 

Stress concentrations can initiate cracks in highly loaded regions of a structural element. 
A two-stage methodology is employed to assess their effects. First, the stress–strain 
state of the intact structure is estimated to identify regions of peak stress. Next, cracks of 
various geometries, such as circular or rectangular, are introduced at these critical zones, 
with equivalent boundary conditions derived from the undamaged stress distribution 
applied to the crack faces. This procedure enables rigorous evaluation of the influence 
of localized defects on structural integrity, strength, and stability [1, 8]. 

The displacement vector U(x) of the cracked element is then expressed as a sum. 

U(x) = u0(x) + u(x), (1)
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where u0(x) denotes the displacement field that would arise in a сrack-free structural 
element subjected to the same external loads. This field is obtained by solving the 
following mixed boundary value problem: 

∇  ·  σ(u0(x)) + f(x) = 0, x ∈ u0(x) = u1(x), x ∈ 1, σ(u0(x)) · n = t2(x), x ∈ 2,

(2) 

where Ω is the crack-free body, 1 and 2 are the displacement- and traction-
prescribed parts of the boundary = 1 ∪ 2 1 ∩ 2 = ∅, f(x) is the body force 
density, u1(x) and t2(x), are the prescribed boundary data, and n is the unit outward 
normal vector. In (2), s(u0(x)) is the stress tensor, defined for the displacement field 
u0(x) via Hooke’s law. 

σ(u0(x)) = C · ε(u0(x)), ε(u0(x)) = 
1 

2 
∇u0(x) + (∇u0(x))T , (3) 

where C is the fourth-order elasticity tensor, and +(u0(x)) is the deformation tensor. 
Similarly, the perturbation displacement field u(x), induced by the crack presence, 

satisfies the equilibrium equations 

∇  ·  σ (u(x)) = 0, x ∈ \ c, (4) 

where Γc denotes the crack surface. No body forces are considered in this auxiliary 
problem. The associated boundary conditions are following: 

u(x) = 0, x ∈ 1, σ(u(x)) · n = 0, x ∈ 2, σ(u(x)) · n =  −  σ(u0(x)) · n, x ∈ c.

(5) 

The last condition in (5) enforces the application of the corrective tractions 
−s(u0(x)) · n·along the crack faces, which precisely cancel the stresses that would 
have existed there in the crack-free solution. So, the resulting total displacement 
U(x) = u0(x) + u(x) satisfies the traction-free condition on the crack surfaces while 
preserving equilibrium throughout the remaining domain. 

3.2 Hypersingular Integral Equations in Model Crack Analysis 

For an unbounded body, the boundary value problem defined by Eqs. (4–5), can be 
reformulated as a hypersingular boundary integral equation [18], expressed as. 

1 

4π 
Tn(x) 

¨ 

c 

Tn(ξ ) 
1(x − y))α(ξ )dSy =  −σ (u0(x)) · n, x ∈ c. (6) 

Here a(x) denotes the unknown density function representing the discontinuity in the 
normal component of the displacement field across the crack surface, 

1(x − y) =[Tn(ξ  )  
(y − x) ij(x − y) = λ + μ 

8π  μ(λ + 2μ) 
[ 
λ + 3μ 
λ + μ 

δij 

|x − y|

+
xi − yi xj − yj

|x − y|3 ],
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Fig. 1. Model elliptic crack in 3D body: a) BEM discretization, b) FEM discretization. 

λ and μ are the Lame coefficients. Figure 1 shows a model elliptical crack. 
For a planar isolated crack, subjected to normal separation, the traction operator 

Tn(x)U reduces to differentiation in the normal direction to the crack surface, and Eq. (6) 
accordingly takes the form 

¨ 
c 

α3(y) 
∂2 

∂nx∂nξ 

1 

|x − y| dSy =  −σ(u0(x)) · n = Mq(x),M = 1 − ν

μ
(7) 

where ν denotes Poisson’s ratio, and q(x) represents the applied load. Integrals in Eqs. (6) 
and (7) are interpreted in the sense of the following limiting value [18] 

lim 
ε1→0 

¨ 
c 

α3(y) 
∂2 

∂nx∂nξ 

1 

|x y| dSy, (8) 

where x = x + ε1 n.
In fracture mechanics, stress intensity factors are describing stress and displacement 

fields near a crack tip. They are essential for predicting crack propagation and structural 
failure. For mode I (opening) cracks, only the stress intensity factor K1 is relevant. Its 
determination reduces to evaluating the displacement discontinuity u3(y) as follows: 

K1(x) = lim 
r→0 

π/2r 
μ 

1 − ν 
u3(y). (9) 

Here r =  |x − y| denotes the distance between the point y, located in the vicinity of 
the crack, and the point x on the crack contour. Within the BEM framework, we have
lim 
y→x 

u3(y) = α3(x)/2, with α3(x) defined as the solution of Eq. (7). 

Let the domain c be an ellipse x2 1/a
2 
1 + x2 2/a

2 
2 = 1,  Fig  . 1a). An analytical solution 

is obtained below for the hypersingular integral Eq. (7) with unit right-hand side. As 
shown in [21], if the density vanishes at the boundary of the integration domain and 
its derivatives satisfy the Hölder condition throughout the domain c,  Eq.  (7) can be 
rewritten in the following form: 

I (x) = 
1 

4π 

¨ 
c 

(∇α3(y) · r) 
r3

dSy = 1, r = x − y, r = |r| (10)
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The solution to Eq. (10) will be sought as 

α3(y) = Cg(y1, y2)g(y1, y2) = 1 − 
y2 1 
a2 1 

− 
y 22
a22

(11) 

with partial derivatives obtained as ∂α3(y) 
∂yi 

=  −C/g((y1, y2). Substituting these expres-
sions into Eq. (10) and transforming to the polar coordinate system y1 − x1 = 
ρcosϕ, y1 − x1 = ρsinϕ, we receive 

α3(ρ,  ϕ) = C
√
K τ 2 0 + M − (ρ + τ0)

2,r = ρ, τ0 = P/ K , 

P = x1 
a2 1 
cosϕ + x2 

a22
sinϕ, K = cos

2ϕ 
a2 1 

+ sin
2ϕ 

a22
, M = 1 − x

2 
1 
a2 1 

− x
2 
2 
a2 2 

/K . 

Note that K > 0∀ ϕ, and M > 0 inside the ellipse. Introduce the following notation 
l = τ 2 0 + M . Since P(ϕ) =  −P(ϕ + π); K(ϕ) = K(ϕ + π),  τ  0(ϕ) = −τ0(ϕ + π)

we obtain. 

I (τ0) =  −  C 4π 
π ∫
0 

Pd ϕ√
K 

l ∫
−l 

1 
(u−τ0)

√
l2−u2 

du + 
π ∫
0 
Pd ϕ 

l ∫
−l 

√
K√

l2−u2
du . 

Using the Cauchy principal value integral with Chebyshev’s weight [22], we arrive 
at. 

I(τ0) =  −  C 2a1a2 
π/2 
0 a2 2sin

2ϕ + a21cos2ϕdϕ. 
Determining the constant C, the analytical solution to Eq. (10) is obtained as 

α3(x) =  −  
2a2 
E(k) 

g(x1, x2), k = 1 − a2 2/a
2
1, a1 > a2 (12) 

where E(k) is second kind complete elliptic integral. 
After evaluating the limit and performing the necessary algebraic transformations, 

and using (9) with q(x) = σ, together with (12), the following expression for the stress 
intensity factor was obtained 

K1(ϕ) = 
σ
√

πa2 
E(k) 

a2 2 
a2 1 
cos2ϕ + sin2ϕ

1
4

(13) 

This analytical value will be used below at benchmark testing evaluations. 

4 Numerical Results and Discussion 

4.1 Benchmark Tests 

After determining the zones of maximum stress concentration from the stress–strain 
analysis of the structural element, representative model cracks are introduced into these 
regions. In this study, the planar cracks with elliptical and rectangular shapes are adopted 
as model cracks. 

An elliptical crack in 3D body, shown in Fig. 1, subjected to uniaxial tensile stress 
σ, is analyzed first. Both BEM and FEM are employed for the SIF numerical estimation.
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In the FEM analysis, the crack is modeled in a prismatic specimen of characteristic 
dimension L, with semi-axes a1 = 3 mm, and a2 = 1 mm, where a2/L = 0.005. In 
the BEM analysis, the elliptical crack is considered in an unbounded body. Table 1 
presents a comparative overview of the stress intensity factor (SIF) data obtained using 
the BEM and FEM with the analytical solution given by Eq. (13). For the FEM analysis, 
45600 finite elements were used, whereas the BEM employed 4450 and 9450 boundary 
elements. The corresponding meshes are schematically shown in Figs. 1a) and 1b). 

Table 1. Comparison of dimensionless K1/(2σ
√
a2) numerical evaluations. 

Degrees 
ϕ 

Analytical value, 
(13) 

BEM, HIE, (7), 
4450 elements 

BEM, HIE, (7), 
9450 elements) 

FEM 

0 0.918819 0.9194332 0.918820 0.919006 

30 1.2092340 1.2100740 1.20925631 1.2100023 

60 1.4945297 1.4947027 1.49453001 1.4947897 

90 1.5914415 1.5915562 1.59144230 1.5914547 

The findings are of notable practical importance, offering a quantitative basis for 
selecting the appropriate number of finite elements and defining the optimal mesh density 
in both BEM and FEM. 

We now turn to the case of an infinite body containing a flat crack shaped as a square 
region S (Fig. 2a). 

Fig. 2. Modal rectangular crack: a) BEM discretization, b) comparison of the computed K1(x) 
with data from [2]. 

The determination of the SIF is reduced to solving the hypersingular integral Eq. (7). 
This problem was earlier addressed in [2], where an affine transformation was used to 
map the domain S onto the interior of a unit circle. The square crack was defined as 
S = {0 ≤ x1 ≤ 1; 0 ≤ x2 ≤ 1}. It was assumed that q(x) = σ. Figure 2b presents
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K1(x) computed using the proposed BEM, with the rectangular domain discretized into 
9409 boundary elements based on prior elliptical crack results. The solid curve shows 
K1(x) from [2], while points represent the present BEM results, demonstrating good 
agreement. 

For the rectangular crack, the maximum dimensionless SIF is 1.091, varying along 
the crack front, whereas for the elliptical crack it reaches 1.591. Therefore, the elliptical 
crack is used in subsequent fatigue life evaluations. 

4.2 Crack Propagation in Power Machine Units 

This analysis focuses on evaluating the structural strength and remaining service life 
of a steam turbine engine blade operating under steady rotational conditions at 3450 
RPM. The blade is subjected to substantial centrifugal loading resulting from high-speed 
rotation. It is rigidly secured to a disk of 1 m radius via a precision locking mechanism, 
as depicted in Fig. 3a. 

Fig. 3. Stream turbine blade: a) geometrical model, b) loading distribution 

Figure 3a presents a simplified model of a steam turbine blade with a locking mech-
anism and a root fillet. The blade, made of 12X13 steel (ρ = 7720 kg/m3, E = 209 
GPa, ν = 0.3, yield strength 580–620 MPa), has a height of 120 mm, length of 50 mm, 
maximum thickness of 10 mm, and with a total height of 175 mm including the locking 
mechanism. Rotating at 3450 RPM, it is rigidly attached to a 1 m radius disk, producing 
centrifugal forces. A stationary cyclic load (Fig. 3b) was applied, and the stress–strain 
state of the uncracked blade was analyzed using FEM with a tetrahedral mesh comprising 
approximately 124000 elements (Fig. 4a). The maximum stress, 206 MPa, occurred at 
the blade root near the fillet (Fig. 4b), remaining below the yield strength and indicating 
long service life and sufficient strength. Fatigue analysis under cyclic loading (stress 
ratio –1 to 1) predicted a life exceeding 106 cycles. 

To assess the reliability of the results, a model crack in the form of a flat elliptical flaw, 
with radii of 0.0001 mm and 0.0003 mm, was introduced in the region of maximum stress. 
This results in the boundary value problem described by Eqs. (4)-(5), corresponding to 
the crack analysis in an infinite body. The HIE (7), was then employed, with the right-
hand side defined as q(x) = 206.0. Subsequently, after determining the stress intensity 
factors, Paris’ law was applied to calculate the number of cycles to fa ilure

N = 
1 

C 
( K − Kth)

−nda2 Kth K < K1C (14)
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a)                                                       b) 

Fig. 4. Finite element mesh (a) and equivalent stress distribution (b) 

Here, ΔK = 2max K1(x), С = 3.2·1011 MPа
√
m, n = 3.09, K1C= 31MP а

√
m, Kth= 

7.4MP а
√
m.  We  integrate  Eq. (14), supposing a2 a2 

= 3 , from the initial crack radius 
a2=0.0003 mm to the final value a2=3 mm, which is considered unacceptable according 
to standard inspection criteria. Accordingly, the number of cycles to failure was found 
to be N = 5  106.

Fig. 5. Finite element mesh of gas turbine blade with the elliptical crack (a) and von Mises 
equivalent stress distribution (b). 

Next, an elliptical crack with semi-axes a1 = 3 mm and a2 = 1 mm is introduced 
into the region of near-maximum stresses using FEM (Fig. 5a), and the corresponding 
blade response is analyzed (Fig. 5b). The computed von Mises equivalent stress field 
in the cracked model closely resembles that of the intact blade. However, a pronounced 
local stress concentration develops near the crack, reaching a maximum of 896 MPa, 
while the minimum stress preserves both its magnitude and location (Fig. 5b). 

Under cyclic loading with an amplitude of –1 to 1, fatigue analysis showed that 
the blade material outside the crack maintained a service life exceeding 106 cycles. In 
contrast, a pronounced reduction in fatigue life was observed within the crack-affected 
zone (Fig. 6). The minimum number of cycles to failure, as few as 315, occurred in 
the regions of highest stress concentration along the crack front. Although the applied 
loading was uniform and cyclic, real non-stationary loads can exert an even stronger 
influence on residual strength and fatigue life. A single overload may cause significant 
damage, whereas operation under realistic conditions with smaller load fluctuations can 
help preserve structural integrity.
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Fig. 6. Fatigue life distribution across the blade: (a) entire blade, (b) crack vicinity. 

5 Conclusion and Future Research 

The methodology for predicting the fatigue life of structures with stress concentrators 
has been developed and validated through benchmark simulations of planar cracks. Test 
calculations established the necessary number of both boundary and finite elements to 
ensure accurate evaluation of stress intensity factors and the stress–strain state. Appli-
cation to the turbine blade demonstrated a pronounced reduction in fatigue life in highly 
stressed regions with cracks. The approach will be further extended to a wider range of 
structural components and more complex crack geometries. 
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Abstract. This study investigates the stability of liquid movement in tanks sub-
jected to combined horizontal and vertical periodic loads, with particular emphasis 
on damping effects. The liquid is modeled as incompressible, inviscid, and irro-
tational, reducing the governing equations to the Laplace formulation with kine-
matic and dynamic free-surface conditions. By exploiting rotational symmetry, 
the problem is simplified to one-dimensional singular equations, which are solved 
using a boundary element method combined with the normal mode approach. 
Spectral analysis yields natural frequencies and vibration modes of the liquid in 
a rigid shell, forming the basis for equations that describe free-surface dynamics. 
Since in-flight loads cannot be precisely defined, fuzzy logic is employed to cap-
ture uncertainty, and stability regimes are determined under vertical and combined 
excitations. The modeling approach neglects the influence of internal baffles, com-
pressibility of the gas above the liquid, and capillary effects, which are left for 
future research. Rayleigh damping is incorporated, demonstrating that even minor 
damping coefficients significantly reduce surface oscillations. The analysis under-
lines that damping plays a decisive role in suppressing sloshing instabilities and 
ensuring the structural reliability of launch vehicle fuel tanks. 

Keywords: Sloshing · Stability · Damping Effects · Internal Liquid 

1 Introduction and Literature Review 

Fuel tanks in aerospace structures are usually subjected to impact loads from collisions or 
rapid acceleration. Owing to their stochastic nature, these loads are better modeled with 
probabilistic methods than with purely deterministic approaches [1]. Since full-scale 
testing is costly and hazardous, computational simulations have become the primary 
tool for analyzing tanks, typically designed as shells of rotation partially filled with liq-
uids [2, 3]. Numerical methods such as the finite element method [4], boundary element 
method (BEM) [5], R-functions [6], mesh-free methods [7], and series expansions [8]
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are widely used to study sloshing and fluid-structure interaction, providing essential 
insights into vibrational characteristics that affect structural integrity and flight stabil-
ity. Mitigation strategies, including baffles, partitions, and covers, have been explored 
extensively, with numerical and analytical methods presented in [9–11]. Sloshing in 
prismatic tanks was investigated in [12], elliptical geometries were examined in [5], and 
the effectiveness of baffles in suppressing sloshing-induced instabilities was evaluated 
in [7]. Experimental insights into liquid damping effects under vertical excitation are 
provided in [13], which studied a single-degree-of-freedom (SDOF) vertical sloshing 
tank, highlighting the role of damping in stabilizing dynamic responses. Additionally, 
[14] employed δ-SPH with pressure correction algorithms to simulate intense sloshing 
flows in rectangular tanks, offering a robust numerical approach for modeling nonlinear 
sloshing under high-intensity loads. Broader investigations into shell stability, combining 
theoretical and experimental approaches, are detailed in [15]. A comprehensive analy-
sis of linear dynamics in elastic containers filled with compressible (acoustic) liquids, 
including sloshing and capillary effects at the free surface, was presented in [16]. A piv-
otal contribution to the field comes from Roger Ohayon, whose works have significantly 
advanced the understanding of fluid-structure interactions under high-intensity loads. In 
[16], a groundbreaking framework for reduced-order modeling of vibroacoustic systems 
was introduced, providing efficient computational strategies for analyzing sloshing in 
fuel tanks subjected to short-duration, high-intensity loads. This work emphasized the 
coupling between liquid sloshing and structural vibrations, offering robust methodolo-
gies for aerospace applications. Further, in [17] this framework was extended to incor-
porate uncertainty quantification, addressing variability in loading conditions through 
advanced numerical techniques, which aligns closely with the fuzzy logic approach 
adopted in the present study. These contributions provide a foundation for modeling 
complex sloshing dynamics while highlighting the need for computational efficiency in 
practical engineering scenarios. 

The present study builds upon these advancements by analyzing liquid oscillations 
in fuel tanks with Rayleigh damping incorporated, a factor underexplored in prior works. 
By demonstrating that even small damping coefficients can stabilize regimes near para-
metric resonance, this work introduces a novel perspective on achieving stability under 
dynamic loading. Furthermore, the study integrates fuzzy logic to assess the probabil-
ity of instability when uncertainties in initial conditions and loading parameters are 
considered, extending the uncertainty quantification approaches of [18]. This finding 
underscores the critical role of damping devices, such as baffles and floating covers, 
in enhancing tank stability, offering a practical contribution to fuel tank design that 
complements and extends the previous foundational works in the area. 

2 Research Methodology 

2.1 Crisp Boundary Value Problem Formulation 

An analysis is conducted for rigid rotational shells partially occupied by liquid (Fig. 1). 
Let S1 denote the shell wetted surfaces, and S0 is the liquid free surface. It is assumed that 
the liquid behaves as an inviscid, incompressible fluid, with irrotational movement inside 
the shell. Surface tension effects are neglected, as confirmed by the Bond number Bo
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= ρ lgL2/σ.  For  L ≈ 1  m  , ρl ≈ 1000 kg/m3 , g= 9.81 m/s2, and σ ≈ 0.07 N/m, taken here 
as representative values, Bo ≈ 105 is obtained, indicating that gravity overwhelmingly 
governs the free-surface dynamics. Low-gravity effects are beyond the scope of this 
study. Owing to the absence of vorticity, a scalar velocity potential Φ exists such that V 
=  ∇Φ. This potential satisfies the Laplace equation within the domain Ω containing the 
liquid. The liquid pressure p is then determined as [10]: 

p 

ρl 
=  −  

∂t 
− (g + av(t))z + ah(t)x + p0

ρl
. (1) 

Here, x and z coordinates of a point within the liquid domain Ω. The functions ah(t) 
and av(t) represent the lateral and longitudinal terms of the external forcing acceler-
ation, typically defined with inherent uncertainties, their characterization requires the 
application of fuzzy mathematical concepts. An important aspect of the problem is the 
interaction between vertical and horizontal loading. 

Fig. 1. Fluid-filled shell of rotation (a) and its draft (b) 

The conditions prescribed on the boundary of Ω for Laplace’s equation are specified 
as detailed below: on the wetted surface S1, the no-slip condition is imposed, while on 
the free surface S0, conditions of a kinematic as well as a dynamic nature need to be 
met.

Under these assumptions, the following problem is expressed as a boundary value 
problem (BVP) governed by the Laplace’s equation for the velocity potential Φ, which 
is coupled with the elevation function ζ through the kinematic boundary condition:

∇2 = 0, 
∂n S1 

= 0, 
∂n S0 

= 
∂ζ 
∂t 

, p − p0|S0 = 0. (2) 

Here, p0 is the atmospheric pressure, and n is the unit outward normal to the corre-
sponding surface. The function ζ = ζ(t, x, y), which is to be determined, characterizes 
the time-dependent displacement and shape of the free s urface.

2.2 The Method of Defined Normal Modes 

Within the framework of the normal mode method, the unknown functions Φ and ζ for 
shells of revolution are represented in the cylindrical system (r, θ, z ), as

(r, θ, z, t) = n 

k=1 

m 

j=0 
ḋkj(t)ϕkj(r, z) cos(jθ), (3)
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ζ(r, θ, t) = n 

k=1 

m 

j=0 
dkj(t)ζkj(r) cos(jθ). (4) 

Here, j denotes the wave number, and the time-dependent coefficients dkj(t) remain 
unknown. The basis functions ζkj(r) and ϕkj(r, z ) are obtained as results of solving the 
linear spectral BVP, as described in [18] 

(5) 

In the linear formulation, one obtains 

ζkJ (r) = 
∂ϕkJ (r, z) 

∂z S0 

= 
χ2 
kj 

g 
ϕkj(r,H ), (6) 

where χkj are the fundamental frequencies, and H denotes the equilibrium free-surface 
level. Consequently, the function ζ(r, θ, t ) can be represented as follows: 

ζ(r, θ, t) = 
1 

g 

n 

k=1 

m 

j=1 
cos(jθ)χ2 

kjϕkj(r, H )dkj(t). (7) 

Thus, problem (5) is reduced to the basis functions ϕkJ (r, z ) calculation. 
Green’s third identity is used to represent the potentials ϕkj. For brevity, the indices 

kl are omitted. In combination with the boundary conditions of the Laplace Eq. (5), this 
results in a system of singular integral equations [18] 

2πϕ(z0) + ϕ(z) (z, z0)r(z)d − 
χ 2 

g 

R 

0 
ϕ(ρ) (P, P0)ρd ρ = 0,P0 ∈ S1, (8) 

2πϕ(ρ0) + ϕ(z) (z, z0)r(z)d − 
χ2 

g 

R 

0 
ϕ(ρ) (P, P0)ρd ρ = 0 ,P0 ∈ S0.

(z, z0) = 4/
√
a + b 

1 

2r 

r2 − r2 0 + (z0 − z)2 

a − b 
El(k) − Fl(k) nr + 

z0 − z 
a − b

El(k)nz ,

(P, P0) = 4/
√
a + b  Fl(k), a = r2 + r2 0 + (z − z 0)2, b = 2rr0.

For the numerical evaluation of the generalized elliptic integrals El(k), Fl(k ) in Eqs. (8), 
an efficient computational procedure is employed [18]. 

Let the basis functions ϕkJ (r, z ) be determined. Substituting them into expressions 
(3) and (4) and subsequently into the dynamic condition on S0, yields the following sys-
tem of second-order ordinary differential equations, supposing that an artificial damping, 
as proposed in [19], is incorporated 

d̈k0(t) + 2ωk0c ḋk0(t) + ω2 
k0 1 + 

av(t) 
g 

dk0(t) = 0, (9) 

d̈k1(t) + 2ωk1c ḋk1(t) + ω2 
k1 1 + 

av(t) 
g 

dk1(t) + ah(t)Fk1 = 0,
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d̈kl(t) + 2ωklc ḋkl(t) + ω2 
kl 1 + 

av(t) 
g 

dkl(t) = 0 , l = 2,m.

In Eqs. (9), k = 1, n, the parameter c denotes the damping coefficient, and Fk1 = 
(r, ϕk1)/(ϕk1, ϕk1). In this study, c is chosen to represent a low damping regime [20]. 

To ensure a unique solution of system (9), the initial conditions are specified as 

dkl(t) = d0 
kl, ḋkl(t) = d1 

kl = q1, k = 1, n, l = 0,m. (10) 

Following [18], the accelerations, ah(t) and av(t), are expressed as ax(t) = 
a0cos(ω h), az(t) = a1 cos(ωvt ). In the fuzzy formulation, we assume ωh = ωv = f 0. 
Consequently, the deterministic problem is reformulated as the system of differen-
tial  Eqs. (9) subject to boundary conditions (10), parameterized by f0, q1, a0, a1, 
(a1 = a1/g ), and the damping coefficient c. 

2.3 Simulation of Liquid Vibrations in Reservoirs by Fuzzy Techniques 

To move from a crisp to a deterministic formulation for rigid shells with liquid under 
horizontal and vertical loading, exact values are assigned to all governing parameters: 
load magnitudes, frequencies, and boundary conditions, eliminating uncertainty. In this 
crisp formulation, parameters are fixed and precisely known, and the system’s response 
is obtained from deterministic Eqs. (9). In contrast, the fuzzy formulation treats the 
loading parameters as fuzzy sets with triangular membership functions, introducing 
uncertainty and requiring fuzzy arithmetic and interval analysis [18, 21]. Instead of a 
single deterministic result, this approach yields a bounded range of possible responses. 
The deterministic parameters f0, q1, a0, a1, a1 and c are fuzzified and represented as tri-
angular fuzzy numbers D = (d1, d2, d3) with non-axisymmetric membership functions 
μD(x) defined as 

μD(x) = 

⎧ 
⎨ 

⎩ 

(x − d1)/(d2 − d1), d1 < x ≤ d2 
(d3 − x)/(d3 − d2), d2 < x ≤ d3

0, x < d1, x > d3

The corresponding crisp intervals Bα, obtained via the α-cut operation, are expressed 
as Dα = d (α) 

1 , d (α )
3 , d (α) 

1 = (d2 − d1)α + d1, d (α) 
3 = (d2 − d3)α + d3.  This  

formulation enables the fuzzification of the crisp parameters as follo ws:

f0 ↔ F0 = (f01, f02, f03), q1 ↔ Q1 = (q11, q12, q13), c ↔ C = (c1, c2, c3), (11) 

a0 ↔ A0 = (a01, a02, a03), a1 ↔ A1 = (a11, a12, a13).

Using these fuzzified parameters, system (9) is solved numerically as in [21]. Conse-
quently, the α-cut intervals of the function ζ are computed for various α values, facilitating 
the analysis of uncertainties in estimating the free surface elevation.
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3 Numerical Results and Discussion 

3.1 Spectral Boundary Value Problem 

The spectral BVP for a truncated conical rigid shell (Fig. 1b) is solved using BEM [18] 
to obtain fundamental mode shapes and frequencies of the contained liquid. The liquid 
domain is characterized by a cone angle θ = π/6, a top radius R1 = 1, and various base 
radii R2 (see Table 1), with liquid height defined as H = (R1 − R2) cot(θ), (Fig. 1b). 
Numerical results are validated against reference data from [22] (Table 1). 

Table 1. Frequency parameter ω2 
k = χ2 

k / g

Frequency parameter ω2 
k = χ2 

k / g

R2 0.2 0.6 0.8 0.9 

j = 0, k = 1
[22] 3.3868 3.3821 3.1392 2.1871 

BEM 3.3871 3.3870 3.1411 2.1832 

j = 1, k = 1
[22] 1.3042 1.2546 0.9342 0.5429 

BEM 1.3051 1.2581 0.9413 0.5641 

j = 2, k = 1
[22] 2.2639 2.2558 2.0157 1.3613 

BEM 2.2651 2.2592 2.0280 1.3950 

Numerical simulations used 150 boundary elements on the conical surface and 120 
on the free surface and bottom radii. Further refinement had negligible effect, confirming 
convergence. Simulations for vibration modes j = 0, 1, 2 across various R2 values showed 
close agreement with reference data, validating the method. These modes, corresponding 
to the lowest natural frequencies, dominate the dynamic response under forced excitation 
[22]. 

3.2 Forced Vibrations of Liquid: Deterministic Formulation 

The free-surface response was computed for a range of parameters ah, a v and ωh, ω v.  The  
analysis first addresses vertical excitation with R 2 = 0.6 m, and with the damping ratio c 
= 0. The resulting phase trajectories in the (ζ, ζ˙) plane are depicted in Fig. 2. Figure 2a 
corresponds to the case a0 = 0, a1 = 1  m/sec2, ωv = 1Hz. Figures 2b and 2c illustrate 
the response for a0 = 0, a1 = 1  m/sec2 with ωv = 1.254 Hz and ωv = 2.508 Hz, 
respectively. The results demonstrate that the motion remains stable in the first two 
cases; however, at ωv = 2.508 Hz, the system exhibits unbounded growth in amplitude, 
denoting the initiation of parametric resonance, when the excitation frequency is twice 
the liquid fundamental frequency.
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Fig. 2. Phase portraits of the free-surface elevation response to vertical excitation 

We then extend the analysis to the case of combined vertical and horizontal excitation. 
The corresponding phase portraits are presented in Fig. 3 in the (ζ, ζ˙) phase space. 

Fig. 3. Phase portraits of liquid motion subjected to lateral and longitudinal excitations 

The parameters of the combined load corresponding to the phase portraits in Fig. 3 
are as follows: (a) a0 = 0.1  m/sec2, a1 = 1  m/sec2, ωh = ωv = 1Hz,  (b  ) a0 = 
0.1  m/sec2, a1 = 1  m/sec2, ωh = ωv = 1.254Hz, and (c) a0 = 0.1, a1 = 1, ωh = 
ωv = 2.508Hz. Notably, in these cases an additional resonance phenomenon emerges, 
caused by the horizontal excitation. 

3.3 Damping Effects 

Next, we analyze the fluid motion under combined vertical and horizontal loads with 
non-zero damping. 

Fig. 4. Time history of the free-surface elevation for case (b) 

System (9) is solved under the following initial conditions: dkl(t) = 0, ḋkl(t) = 
0, k = 2, n, l 1, ḋ11(t) = 0.05. The damping coefficient is specified as c = 0.075.
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Fig. 5. Time history of the free-surface elevation for case (c) 

Figures 4 and 5 present the temporal variations of the free surface at the point 
(θ = 0, r = R). The gray curves correspond to solutions of the undamped system of 
differential Eqs. (9), whereas the black curves represent solutions of the damped system 
with Rayleigh damping c = 0.075. Although this damping coefficient corresponds to a 
low damping level, a pronounced reduction in oscillation amplitude is observed in all 
cases.

3.4 Numerical Solution of Fuzzy Initial Value Problem 

Let the fuzzy numbers corresponding to the parameters f0, q1, a 0, and, a1 be defined as 
following triangular numbers: 

f0 ↔ F0 = (1, 2.5, 3), c ↔ C = (0.05, 0. 075, 0.1),

a0 ↔ A0 = (0.05, 0.1, 0.5), a1 ↔ A1 = (0.05, 0. 1, 1.0).

Here, short-term loads are considered in the form: 

ah(t) = a0 cos(ωh), t ≤ T 
0, t > T 

, av(t) = a1 cos(ωv), t ≤ T
0, t > T

.

In the numerical simulations, the load duration was set to T = 10 s.
The choice of triangular fuzzy numbers is motivated by the following considera-

tions. The driving-force frequency becomes particularly critical when it approaches the 
first natural frequency or its double. Moreover, the amplitudes of the driving force are 
increased by an order of magnitude relative to those used in standard calculations, allow-
ing for an assessment of the most hazardous conditions during flight. Additionally, the 
initial velocity q1 is considered. In most cases, the free-surface motion is assumed to start 
from rest. However, since small disturbances are always possible, the initial velocity q1 
is represented as a fuzzy number, defined as Q1 = (0.01, 0.05, 0.075). 

To account for uncertainties in loading, system (9) is modeled with fuzzy parame-
ters in its right-hand side, representing the forcing terms, and fuzzy initial conditions, 
reflecting imprecise initial states. These fuzzy parameters are expressed as fuzzy sets, 
capturing the range of possible values with associated membership degrees. The system 
is solved using advanced numerical methods, including finite difference schemes and 
iterative solvers, as developed in [18, 21], which are adapted to handle interval arithmetic
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for α-cut representations. These methods ensure robust convergence and high accuracy 
despite the system’s nonlinearities and uncertainties. This procedure yields the α-cut 
intervals for the function ζ at different α levels, enabling a comprehensive assessment 
of the uncertainties introduced by wind loading in estimating the free-surf ace rise.

The analysis shows that the most critical sloshing occurs at a probability level of 0.5 
(α = 0.5), even with substantial artificial damping. This hazardous behavior arises at an 
external load frequency of 2.55 Hz, roughly twice the first natural frequenc y.

Fig. 6. Lower and upper time-dependent α-cut bounds for the function ζ 

While damping reduces oscillation amplitude, increased load amplitudes can still 
induce abrupt, unstable free-surface dynamics. As illustrated in Fig. 6, the upper bound 
of the elevation at α= 0.5 remains unsteady, highlighting the need to account for loading 
uncertainties. To suppress such vibrations in launch vehicle fuel tanks, damping strategies 
like baffles, floating covers, or advanced materials should be e xplored.

4 Conclusion and Future Research 

This study presented a computational technique for modeling free-surface disturbances 
in containers under horizontal and vertical external loads, incorporating fuzzy logic 
to capture uncertainties in load parameters and initial conditions. Rayleigh damping 
was examined in detail, demonstrating its influence on the system’s dynamic response. 
The study of fuzzy load parameters and initial conditions, utilizing α-cuts, provided 
valuable interval-based results that reflect the range of possible system behaviors under 
uncertainty, thereby enhancing the robustness and reliability of the proposed model. 
Future work will extend the analysis to include baffles, floating covers, and other damping 
devices, as well as the role of capillary effects, particularly under low gravity. Overall, 
the findings advance the understanding of liquid sloshing dynamics and support the 
development of strategies to mitigate hazardous responses in engineering applications. 
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Abstract. This paper deals with the problem of packing elongated cylindri-
cal nanostructures, such as carbon nanotubes (CNTs), into a bounded three-
dimensional domain, taking into account their spatial positions and orientations. 
The motivation is forced by experiments that demonstrate that the orientation 
of carbon nanotubes influences the material’s mechanical, electrical, and thermal 
properties. To consider these peculiarities, we introduce a geometric mathematical 
model that extends standard non-overlap conditions by adding angular constraints 
depending on orientation. The formulation is a mixed-integer nonlinear program-
ming (MINLP) problem, where continuous and binary variables are used. It makes 
it possible to adjust the number of cylinders and rotation angles with respect to axis 
directions and manage how cylinders are oriented to each other. The solving app-
roach uses decomposition into subsets, starts with block-coordinate initialization, 
and then applies continuous optimization using the IPOPT solver. Two numerical 
examples are given, one considering almost parallel alignment, which is essential 
for conductive composites, and another showing random orientations, typical for 
porous or entangled structures. 

Keywords: cylinder · carbon nanotube · orientation angle · mixed-integer 
optimization · porous media · anisotropic materials 

1 Introduction 

Packing problems involving geometric objects within bounded domains have broad 
applications in materials science [1], biophysics [2], chemistry [3], and nanotechnology 
[4]. Problems involving the packing of cylindrical objects are of particular interest,
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which arise in the modeling of carbon nanotubes (CNTs), fibers, nanowires, and other 
elongated nanostructures [5]. In such problems, not only are the size and position of the 
objects important, but also their spatial orientation, which can significantly affect the 
physical properties of the system, from mechanical strength to electrical conductivity. 

The last papers have emphasized the importance of controlling the orientation of 
nanostructured systems. For instance, research has demonstrated that the mechanical 
behavior of carbon nanotube arrays is heavily influenced by the angle between neigh-
boring tubes, impacting both adhesion and mechanical coupling [6]. This is important 
for the stability of CNT arrays, especially under mechanical stress. Even in the absence 
of an explicit packing formulation, the physical model implies that very small angles 
between tubes are undesirable, which can be formalized as a minimum allowable angle 
in a mathematical model. 

In [7], the behavior of CNT bundles is modeled using molecular mechanics. The 
model takes into account the relative position, length, and orientation of the tubes, as 
well as the forces described by the Lennard-Jones potential. The results show that the 
orientation of the tubes within the bundle significantly affects the mechanical response 
of the system. 

Paper [8] emphasizes the importance of orientation control in composites. Random 
orientation can reduce electrical and thermal conductivity, whereas alignment at specific 
angles to the substrate or to each other enables desirable anisotropic properties. 

Further evidence of the importance of orientation control comes from studies in 
nanoelectromechanical systems, particularly nano-oscillators used in high-frequency 
sensing, energy conversion, and actuation. For example, orientation-dependent van der 
Waals interactions and geometric configurations have been shown to influence oscillation 
stability and frequency tuning [9]. In such systems, the angle between adjacent nanotubes 
or between a nanotube and the substrate directly affects the mechanical and dynamic 
behavior, reinforcing the need for angular constraints in modeling. 

In the context of composite materials, the orientation of carbon nanotubes (CNTs) 
in the matrix has been shown to have a significant impact on mechanical properties 
such as tensile strength and elastic modulus. Load transfer occurs most efficiently along 
the nanotube axis, making the angle between the tube and the load direction a key 
factor influencing mechanical properties. This has been demonstrated in recent studies 
on carbon nanotube (CNT)-reinforced composites and mechanical metamaterials [10]. 

These examples show that orientation control of CNTs is a key factor determining 
the performance of nanomaterials and devices. Accordingly, mathematical models that 
take into account angular constraints in packing problems can serve as universal tools 
for describing and optimizing such systems. 

These problems come from different fields, but they all share a common geometric 
setup where elongated cylinders interact inside a confined space with constraints based 
on their orientation. This means they can be studied using a single mathematical model 
focused on cylinder packing with orientation restrictions. This approach is valuable 
because it covers many physical situations within one framework. It is also adaptable, so 
it can handle specific conditions like preventing cylinders from being parallel, limiting 
how much they tilt, or maintaining a minimum distance between them. Additionally, the
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model can be used to find the best configurations, such as maximizing packing density, 
minimizing interaction energy, or optimizing orientation for a particular purpose. 

Depending on the target application, either nearly parallel or random (isotropic) 
orientation of the nanotubes may be optimal. For example, to achieve high electrical 
or thermal conductivity in a specific direction, dense alignment of the tubes with min-
imal angular deviation (2.5–10°) is required [11]. In contrast, in applications where 
isotropy, porosity, or maximum surface area are important (such as in filters, sensors, or 
supercapacitors), a random orientation with a wide range of angles is preferred [12]. 

In the context of cylinder packing, two recent studies are particularly relevant. The 
first, paper [13] proposes an algorithm for packing cylinders into a cylindrical domain 
with a focus on global optimization. While the approach is mathematically rigorous 
and efficient, it is limited to cylinders without rotational degrees of freedom, i.e., fixed 
orientations. This restricts its applicability to systems where orientation plays a critical 
role, such as CNT arrays or fibrous composites. 

The second study [14] investigates packing behavior using adaptive shrinking 
cell (ASC) and inverse Monte Carlo methods. It provides valuable insights into the 
relationship between packing density, aspect ratio, and structural order. 

2 Problem Statement and Mathematical Model 

We consider a collection of cylinders Ci, each with radius ri and height 2hi, i ∈ IN = 
{1, 2, ...,N }.  Le  t u = (u1, u2, ...,uN ) where ui = (vi, i ) consists of the center coor-
dinates vi = (xi, yi, zi) and orientation angles i = (ϕi,  ωi) of cylinder Ci. Here, 
ϕi ∈  [0, 2π) denotes the azimuthal angle and ωi =  [0,  π/2] is the inclination angle. 

The direction of the axis of each cylinder is represented by a unit vector ni ∈ R 3, 
derived from its orientation angles as follows: 

ni = 

⎡ 

⎢⎣ 
sin(ωi) cos(ϕi) 
sin(ωi) sin(ϕi) 

cos (ωi)

⎤
⎥⎦.

A cuboidal container C with specified dimensions W ×L×H is given. The objective 
is to pack a given set of cylinders into this container in such a way that no cylinders 
overlap, the angles between the axes of the cylinders as well as between each cylinder 
axis and the vertical direction (ez = (0, 0, 1) aligned with the z-axis) satisfy prescribed 
constraints, and the packing density is maximized. 

The mathematical model of the problem has the following form: 

max2π 
N 

i=1 

bir
2 
i hi subject to U= (u, b) ∈ W ⊂ Rm × BN , (1) 

where Rm is the Euclidean space, m = 5n + 1.5n(n − 1), Bn is the binary space, 
b = (b1, b2, ..., bN ) ∈ Bn, bi ∈  {0, 1}. 

The feasible set W is described by the following system of inequalities: 

bi i(ui) ≥ 0, i ∈ IN , (2)
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bibj ij(ui, uj) ≥ 0, i, j ∈ IN , i < j, (3) 

biαmin ≤ bi arccos 
ni · ez 
|ni| ≤ biαmax, i ∈ IN , (4) 

bibjβmin ≤ bibj arccos 
ni · nj 

|ni| · nj ≤ bibjβmax. (5) 

The model is MINLP [15] and aims to maximize the total volume of selected cylinders 
placed within the cuboidal container C. Each cylinder is defined by its radius and height, 
and its inclusion in the packing is controlled by a binary variable. If bi = 1 then cylinder 
Ci is included in the packing. 

If bi = 0, then cylinder Ci is excluded, and all constraints related to it are deactivated. 
The objective function maximizes the sum of the volumes of the included cylinders. 
The decision variables include the spatial coordinates and orientation angles of each 

cylinder, as well as binary variables indicating whether a cylinder is included. The 
feasible set W is defined by the system of constraints: 

1. Each cylinder must be fully contained within the container. This is enforced by a 
geometric constraint i(ui) (see (2)), based on -functions. 

2. No two cylinders may overlap. This is ensured by pairwise non-overlap constraints 
ij(ui, uj) ≥ 0 (see (3)), activated only when both cylinders are included. 

3. The orientation of each cylinder must satisfy angular constraints (4) with respect to 
the vertical axis (aligned with the z-axis). The angle between the cylinder axis and the 
vertical must lie within a specified segment [αmin,  αmax]. This constraint is enforced 
only when bi = 1. 

4. The angle between the axes of any two included cylinders must also lie within a 
prescribed segment [βmin,  βmax], ensuring controlled mutual orientation (see (5)). 
This constraint is active only when both bi = 1 and bj = 1. 

The total number of variables in the model is given by the expression m = 
5n + 1.5n(n − 1), which reflects the geometric and combinatorial complexity of the 
packing problem. Each of the N cylinders is described by five continuous variables: 
three coordinates for the center of the cylinder and two angles that define its orientation 
in space. In addition, for every pair of cylinders, the model introduces three auxiliary 
variables that define a separating plane between the two cylinders. These planes are used 
to construct the -functions, which are known from the literature and are used to model 
non-overlap conditions between convex polyhedral. Since cylinders can be approximated 
with arbitrary precision by convex polyhedra, this approach allows the model to enforce 
non-overlapping constraints with high geometric accuracy. The number of such pairs is 
n(n − 1)/ 2, and with three variables per pair, this gives additional 1.5n(n− 1 ) variables. 

In the context of modeling nanotube packing, the orientation of each nanotube (rep-
resented as a cylinder) plays a critical role in determining the physical properties of the 
resulting material, such as anisotropy, conductivity, or mechanical strength. The angular 
constraints in the model serve to control and regulate this orientation: 
Сonstraint (4) limits the angle between the axis of a nanotube and the vertical direc-

tion (typically aligned with the z-axis). By bounding this angle within a specified range, 
the model can:
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• simulate vertically aligned nanotube arrays (e.g., forests or brushes) when the angle 
is close to 0; 

• allow tilted or randomly oriented nanotubes when the range is wider; 
• enforce fabrication constraints where nanotubes must grow or be deposited within a 

certain angular tolerance. 

Constraint (5) bounds the angle between the axes of any two included cylinders. It 
helps: 

• prevent entanglement or excessive misalignment, 
• promote parallel alignment for applications requiring directional properties (e.g., 

thermal or electrical conductivity), 
• model inter-nanotube interactions that depend on relative orientation. 

3 Solution Method 

3.1 Construction of a Starting Point 

Once a subset of cylinders has been selected (that is the binary variables have been fixed) 
the next step is to construct a feasible starting point. For this purpose, we employ a block-
coordinate descent method (see, e.g., [17]). According to this method, we sequentially 
optimize the position of each cylinder Ck such that bk = 1. 

At each step, a group of variables corresponding to the position of a single cylinder 
Ck (with bk = 1) is selected for optimization, while all other variables remain fixed. 
The height of the cuboidal container along the z-axis is chosen to be significantly larger 
than the original height H 0 H , allowing more flexibility in vertical placement. 

To simplify the optimization problem, we treat only the zk coordinate as a variable. 

Its initial value is chosen as H 0 − r2 k + h2k , ensuring that the cylinder is placed below 
the top boundary of the container. Angles ϕk ,  ω  k are set so that αmin = arccos nk ·ez |nk | .  The  
remaining variables (xk , y k ) are initialized randomly, but in such a way that constraints 
(2)–(4) are satisfied. 

This simplified approach is intentionally coarse, as the primary goal at this stage is 
not to find an optimal configuration, but rather to quickly obtain a feasible point that 
satisfies all geometric and angular constraints. 

We then solve a one-dimensional optimization problem of the form: 

min zk subject to zk ∈ Dk ⊂ R1, (6) 

where the feasible set Dk is defined by the following system of inequalities: 

bi i(zk ) ≥ 0, i ∈ IN , (7) 

bj kj(zk ) ≥ 0, j ∈ IN , (8) 

bibjβmin ≤ bibj arccos 
ni · nj 

|ni| · nj ≤ bibjβmax. (9) 

The minimum of problem (6)–(9) can be efficiently found using the bisection method, 
which iteratively halves the search interval for the variable zk until convergence. 

Once such a point is found, a full optimization over all variables is performed in the 
next stage.
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3.2 Iterative Improvement via Subset-Based Height Optimization 

Now we solve the following problem based on the problem (1)–(5): 

min h subject to (u, h) ∈ G ⊂ Rm+1 × BN (10) 

where the feasible set G is described by the inequalities: 

bi i(ui, h) ≥ 0, i ∈ IN , (11) 

bibj ij(ui, uj) ≥ 0, i, j ∈ IN , i < j, (12) 

biαmin ≤ bi arccos 
ni · ez 
|ni| ≤ biαmax, i ∈ IN , (13) 

bibjβmin ≤ bibj arccos 
ni · nj 

|ni| · nj ≤ bibjβmax. (14) 

If the result of the height minimization yields a value h∗ ≤ H , this indicates that 
the selected subset of cylinders can be successfully packed within the original container 
dimensions. In this case, the corresponding configuration is considered feasible and valid 
for the original cuboid. Moreover, if the value of the objective function from the initial 
problem (1), i.e., the total packed volume, is improved compared to the best previously 
found configuration, it is updated and used as a reference for evaluating future subsets. 

This process is embedded within a broader iterative framework, where multiple 
subsets of cylinders are explored. The selection of subsets is guided by a tree strategy 
inspired by the approach of [14, 15], which prioritizes combinations with high estimated 
packing potential. 

It is worth noting that in the case where all cylinders are identical, the subsets are 
selected by gradually increasing the number of cylinders. 

The solution scheme involves some basic steps: 

– select a promising subset of cylinders based on estimated density or geometric 
compatibility; 

– construct a feasible starting point using the block-coordinate descent method; 
– perform full nonlinear optimization, including orientation angles and container 

height; 
– evaluate the result, namely if the configuration fits within the original container and 

improves the objective, update the best-known solution; 
– repeat the process for other subsets until a target packing density is achieved, or all 

relevant subsets have been exhausted. 

An iterative algorithm combines combinatorial subset selection with continuous 
nonlinear optimization. The goal is to efficiently explore the space of feasible cylinder 
configurations while satisfying all geometric and orientation constraints. 

Decomposition approaches can significantly reduce computational time and permit 
considering large-scale problems. See, e.g.l [16]. 

General solution algorithm.
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Step 1. Set count := 0, Vbest := 0 (initialize the subset counter and best total volume). 
Step 2. Set count := count + 1 and select a subset of ncount cylinders according to the 
method proposed by [15]. 
Step 3. Set k := 1; 
Step 4. Solve the one-dimensional placement problem (6) – (9) for the k-th cylinder. 
Step 5. If k := ncount , then go to Step 7. 
Step 6. Set k := k + 1 and go to Step 4. 
Step 7. Solve the full optimization problem (9)–(13), and compute the resulting height 
h∗ and u∗. 
Step 8. If h∗ > H 0, then go to Step 2. Otherwise go to Step 9. 
Step 9. If V ∗ > Vbest , then set Vbest = V ∗, ubest = u ∗. 
Step 10. Go to Step 2. 

4 Numerical Experiments and Discussion 

4.1 Modeling Nearly Parallel Cylinders with Small Tilt Angles 

This specific arrangement is crucial for uses that emphasize directionality, specifically 
in areas like electrical behavior, heat transfer, and structural strengthening. Take aligned 
Carbon Nanotube (CNT) arrangements, for example; they demonstrate electron move-
ment capabilities significantly exceeding randomly organized networks. This advan-
tage is especially beneficial in advanced nanoelectronics and biosensing technologies. 
Research into vertically aligned CNT formations created using chemical vapor deposi-
tion reveals that this orientation can be managed with external electric fields or strategic 
catalyst placement [10]. These systems typically impose angular constraints such that 
the angle between adjacent CNTs lies within 2°–15°, and the tilt angle relative to the 
substrate normal (Z-axis) is limited to 2°–10°. 

To simulate such conditions, we consider a representative test case involving the 
packing of 30 cylinders within a cuboidal domain with base 7x7. Angular constraints 
are as follows: αmin = βmin = 2 ◦, αmax = 10 ◦, βmax = 15 ◦. An illustration of placement 
is shown in Fig. 1a. A local optimum is h∗ = 39.7721. As seen in Fig. 1, the resulting 
configuration exhibits nearly parallel alignment of the cylinders, oriented along the 
Z-axis. 

4.2 Statistically Random or Semi-Random Orientations 

Random or isotropic orientation of CNTs is particularly true for systems where porosity, 
surface area, or isotropic mechanical response is desired, such as in filters, supercapaci-
tors, and catalytic supports. In these cases, a wide distribution of orientations enhances 
the accessible surface area and promotes uniform interaction with surrounding media 
[12]. 

Rather than enforcing strict pairwise angular constraints, which may be geometrically 
infeasible in dense packings, random orientations are modeled using angular distribu-
tions centered around a mean direction (typically the z-axis), with a standard deviation of 
15°–20°. This approach reflects the statistical nature of orientation in real materials and
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is supported by modeling studies of CNT-reinforced composites and fibrous networks 
[5]. 

Based on experimental and modeling data, a realistic tilt angle range for such systems 
is from 20° to 60° relative to the Z-axis. This avoids both near-vertical alignment (which 
would resemble aligned arrays) and extreme horizontal orientations (which are difficult 
to pack densely and may lead to mechanical instability). A practical test case, each of 
cylinders with a tilt angle being within the 20°–60° range. This configuration mimics 
the structure of porous or entangled CNT networks used in energy storage, sensing, and 
filtration applications. To this end, we generate a test case with 30 identical cylinders 
(ri = 0. 5, hi = 4) in a container with a square base and angular constraints: αmin = 20 ◦
and αmax = 60 ◦. An illustration of the obtained configuration is shown in Fig. 1b. 

a                                                                  b 

Fig. 1. Packing cylinders with different limitations. a) modeling of packing nearly parallel 
cylinders with small tilt angles; b) modeling of packing semi-random orientations of cylinders. 

For both configurations, the model employs an iterative optimization approach that 
combines subset selection with nonlinear programming. For each subset, a feasible 
starting point is constructed using a block-coordinate descent method [16, 17], followed 
by full optimization using the IPOPT solver [20]. 

5 Conclusion 

This study introduces a singular geometric model, designed for the arrangement of cylin-
drical nanostructures, accommodating orientation limitations. This model encompasses 
a wide spectrum of applications pertinent to nanotechnology, materials science, and 
the creation of devices. The presented method builds upon established packing mod-
els, enhancing them with angular constraints. These constraints are both grounded in 
physical principles and supported by experimental observations. These constraints are 
essential for accurately modeling systems in which the spatial orientation of elongated 
objects (for example, carbon nanotubes (CNTs), nanowires, or fibers) directly influ-
ences key functional properties, including mechanical strength, electrical conductivity,
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and thermal transport. The model is formulated as a nonlinear optimization problem that 
combines geometric non-overlap conditions with orientation-dependent constraints. It 
allows for the inclusion or exclusion of individual cylinders via binary variables and sup-
ports a wide range of angular configurations, from highly aligned arrays to statistically 
disordered networks. The mathematical formulation is general and flexible, enabling 
adaptation to various physical scenarios by adjusting the angular bounds and container 
geometry. To solve the problem efficiently, a two-stage algorithm is proposed. It com-
bines subset-based decomposition with continuous nonlinear programming. For each 
selected subset of cylinders, a feasible initial configuration is constructed using a block-
coordinate descent method, followed by full optimization using the IPOPT solver. This 
approach enables the exploration of high-quality packing configurations without exhaus-
tive enumeration, which would be computationally infeasible due to the combinatorial 
nature of the problem. Two representative case studies are presented to illustrate the 
model’s capabilities: one involving nearly parallel alignment with small tilt angles, and 
another with statistically random orientations. The suggested model offers a flexible and 
physics-based means to simulate and refine the spatial arrangement of cylindrical nanos-
tructures. It acts as a starting point for advanced theoretical investigations, computational 
tests, and real-world applications focused on designing sophisticated nanomaterials and 
technological components. 
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Abstract. This research explores the effectiveness of tuned liquid dampers 
(TLDs) in mitigating structural vibrations under dynamic loading. The dampers 
are modeled as rigid shells of rotation, partially filled with liquid and rigidly 
attached to an elastic structure. These damper geometries are of particular inter-
est because their sloshing dynamics differ from those of conventional rectangu-
lar containers, offering potential advantages for energy dissipation. The elastic 
structure is represented as a single-degree-of-freedom oscillator (SDOF), with 
explicit inclusion of its interaction with the TLD. Fundamental sloshing frequen-
cies are evaluated using the reduced boundary element method, which ensures 
both computational efficiency and accuracy in fluid-structure interaction analysis. 
The novelty of this work lies in demonstrating the applicability of arbitrary shells 
of revolution as TLDs, enabling a more realistic assessment of vibration mitigation 
performance. The results show that cylindrical shell-type dampers can markedly 
enhance structural resilience against intensive dynamic excitations. These find-
ings offer important guidance for designing and optimizing TLDs in engineering 
contexts. 

Keywords: Fluid-Structure Interaction · Vibration Control · Shells of Revolution 

1 Introduction and Literature Review 

In recent years, accidents at critical infrastructure facilities caused by seismic activ-
ity and other emergency situations have become increasingly frequent. This trend has 
stimulated intensive research into vibration damping of elastic structures. Among the 
various passive and semi-active vibration control devices, TLDs have proven to be partic-
ularly effective for high-rise structures exposed to dynamic loads. These devices consist 
of rigid, thin-walled containers partially filled with liquid and rigidly attached to the 
structure. Controlling the sloshing response by preventing coincidence with the natural 
frequency of the structure, TLDs can significantly reduce vibrations induced by wind, 
earthquakes, and other dynamic excitations. This study focuses on cylindrical and coni-
cal rigid shells employed as liquid dampers. These geometries are of particular interest 
because they exhibit sloshing dynamics and energy dissipation mechanisms distinct from 
those of conventional rectangular or prismatic containers. The objective of the paper is 
to analyze the efficiency of such shell-type TLDs in mitigating structural vibrations.
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A wide variety of damping devices have been developed to reduce structural vibra-
tions [1]. These include membranes [2] and baffles [3] in fuel tanks, along with shock-
absorbing suspensions in vehicles [4]. The concept of TLDs in civil engineering was 
introduced in [5], where single- and multi-story buildings were analyzed. Subsequent 
studies have extensively advanced vibration-control strategies for tall buildings [6, 7], 
and for vehicle suspensions [4]. In addition to conventional cylindrical and conical 
tanks, more complex TLD geometries have recently been investigated, including coax-
ial, toroidal [8], and elliptical reservoirs [9], which provide alternative sloshing charac-
teristics and broaden the design space. Significant progress has also been achieved in 
numerical modeling of fluid sloshing [10, 11] and in studies of structural stability [12]. 
Both finite element and finite volume methods [13], as well as boundary element method 
(BEM) [14], have proven to be highly effective for addressing fluid-structure interaction 
problems. Furthermore, the performance of TLDs equipped with baffles has been studied 
in detail [15, 16], highlighting the role of lateral and longitudinal baffles in modifying 
sloshing frequencies. TLDs are widely recognized as effective devices for suppressing 
vibrations induced by earthquakes [17], wind loads [18], and other intensive dynamic 
excitations [19]. The widespread adoption of TLDs highlights their versatility and cost-
effectiveness compared to traditional Tuned Mass Dampers (TMDs). Companies such 
as Flow Engineering and SDEA Solutions have been instrumental in advancing these 
technologies and providing innovative solutions for global infrastructure projects. Ongo-
ing developments, including the use of smart materials and optimization algorithms, are 
expected to further improve TLD performance and broaden their applications across 
engineering fields [20]. 

2 Research Methodology 

The algorithm for analyzing the influence of TLDs is implemented in several stages. First, 
structural vibration modes and their associated frequencies without TLD are determined, 
while the spectral boundary value problem (BVP) for the liquid damper is analyzed. The 
resulting modes are subsequently employed as basis functions in the analysis of forced 
vibrations. Finally, the vibration response of the elastic structure equipped with a TLD 
is formulated, and the effectiveness of vibration mitigation is evaluated. 

2.1 Boundary Value Problem for Liquid Motion in Rigid Shells 

Consider a SDOF elastic system equipped with a TLD designed to mitigate oscillations 
induced by external dynamic load, Fig. 1. 

The formulation is based on standard modelling assumptions. The container is filled 
with water (density 997 kg/m3), while the upper part is occupied by air at constant 
atmospheric pressure. Surface tension is neglected, as the wavelengths and amplitudes 
considered exceed the capillary length. The free surface is assumed idealized, without 
phase change; evaporation and condensation are disregarded. 

Dynamic gas effects (compressibility, internal flows, variable pressure) are neglected. 
The liquid is assumed isothermal, with thermal and buoyancy effects ignored, an accept-
able approximation for short-term dynamics without heat sources. For water at room
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Fig. 1. Elastic structure with an attached tuned liquid damper 

temperature (ρl ≈ 1000 kg/m3, g = 9.81 m/s2, σ ≈ 0.072 N/m, L = 0.5 m), the Bond 
number is Bo = ρlgL2/σ ≈ 3.5 × 104. Viscous effects are limited to thin boundary 
layers and have negligible impact on natural frequencies or modes, supporting the use of 
a potential-flow model standard in first-order TLD analyses [22]. Thus, the tank liquid 
is treated as inviscid and incompressible. Let S0(t) denote the time-varying free surface 
of the fluid, and S1(t) is the shell wetted surface. At the initial time, we set S0(t) = 0, 
and S1(t) = 1, where the free surface 0 lies in the plane z = 0 when the system is at 
rest. 

The liquid domain Q(t) in the cylindrical system is defined as follows 

Q(t) = {0 ≤ θ ≤ 2π, 0 ≤ r ≤ r(z), −H ≤ z ≤ ζ(r, θ, t)}. (1) 

Here, r = r(z ) defines the shell meridian, while the unknown function ζ = ζ(θ, r , t)
represents the change in free surface level over time. 

The continuity equation is expressed as∇·V = 0, where V denotes the liquid velocity. 
In the absence of vorticity, a scalar velocity potential Φ = Φ(x, y, z, t) exists, reducing 
the continuity condition to Laplace’s equation, ∇2Φ = 0. When the fluid-filled shell 
is subjected to an external horizontal force FQ, producing an acceleration a = ax(t) i, 
together with gravity acting in the vertical direction, the governing equation of fluid 
motion is obtained from the principle of momentum conservation as follows: 

p − p0 =  −ρl 
∂t 

+ gz + ax(t)x + 
1 

2 
(∇ ∇ ) . (2) 

where p is the liquid pressure, p0 is the atmospheric pressure, ρl is the liquid density, and 
g is the gravitational acceleration. The BVP for the Laplace equation in the time-varying 
fluid domain Q(t) is then formulated. On the wetted surface S1, the impermeability 
condition is imposed as 

n|S1 = 0. (3) 

Here, n is the outward unit normal to the surface S1. In addition to the no-slip condition 
(3)  on  S1, the kinematic as well as dynamic boundary conditions are imposed on S0: 

∂n 
= ∂ζ/∂t 

1 + |∇ζ|2 S0 
, 

∂t 
+ gz + ax(t)x + 

1 

2 
(∇ ∇ ) = 0. (4)
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The solvability requirement for the Neumann problem (3)–(4)  is  used [22]. 
The initial data for the BVP (3)–(4) are as follows: 

ζ(x, y, 0) = ζ0(x, y) = 0, 
∂n

0 

= ϕ(x, y, 0). (5) 

The estimation of pressure is thereby reduced to evaluating the unknown functions 
Φ and ζ, subject to the boundary conditions (3)–(4) of Laplace’s equation and the initial 
data (5). To address this problem, series expansions based on the eigenfunctions of the 
spectral BVP outlined in [19] are employed. Consequently, the task requires identifying 
the fundamental frequencies and modes of the fluid confined within the rigid shell. 

2.2 Spectral Boundary-Value Problem for a Shell of Revolution 

The spectral BVP involves determining the fundamental modes and frequencies of a 
liquid, partially filling a rigid reservoir. In this study, the reservoir is modeled as a rigid 
shell (Fig. 1). Following the approach presented in [22], the unknowns ζ and Φ are given 
in cylindrical coordinates (r, θ, z) as the following series expansions:

ζ(r, θ, t) = n 

k=1 
dk (t)ζk (r, θ) (r, θ, z, t) = n 

k=1 
ḋk (t)ϕk(r, θ, z). (6) 

Here, ζk (r, θ ) and ϕk (r, θ, z ) denote the fundamental basis functions, while dk (t) are the 
unknown generalized coordinates. The determination of these basis functions in (6)  is  
reduced to solving the corresponding linear BVP, formulated in accordance with [19] 

(7) 

where P is a point within the liquid domain Q(0), and χk denote the fundamental frequen-
cies. To solve the BVPs (7), Green’s third identity was applied to derive one-dimensional 
equations describing the liquid sloshing dynamics within the TLD, modeled as a shell of 
revolution. The axisymmetric cross-sectional geometry permits reduction of the three-
dimensional problem to a one-dimensional formulation via integration over the azimuthal 
coordinate. The validity of Green’s third identity does not require the cross-section to be 
convex; it holds for any connected domain with a piecewise-smooth boundary, ensuring 
applicability to both convex and non-convex geometries. In the present model, the cross-
section is assumed sufficiently regular to satisfy the conditions of Green’s identity, while 
numerical simulations incorporate the specific geometry of the TLD. For non-convex 
cross-sections, the integration may be more complex, but this does not compromise the 
correctness of the derived equations [22]. By applying the boundary conditions (3)–(4) 
of the spectral BVP (7), the following set of one-dimensional singular integral equations 
is derived: 

2πϕ(r0, z0) + r(z)ϕ(r(z), z) (z, z0)d − 
χ 2 

g 

R 

0 
ϕ(ρ, H ) (P,P0)ρdρ = 0, (8) 

2πϕ(r0, H ) + r(z)ϕ(r(z), z) (z, z0)d − 
χ 2 

g 

R 

0 
ϕ(ρ, H )(P,P0)ρdρ = 0,
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(z, z0) = 4√
a + b 

1 

2r 

r2 − r2 0 + (z0 − z)2 

a − b 
El(k) − Fl(k) nr +  +  

z0 − z 
a − b

El(k)nz ,

(P, P0) = 4√
a + b 

Fl(k), a = r2 + r2 0 + (z − z0) 2, b = 2rr0.

The numerical solution of Eqs. (8) was carried out using the BEM described in [19], 
while the evaluation of the elliptic integrals employed the approach developed in [23]. 
After determining the basic functions and fundamental vibration frequencies, substitute 
them into series (6) and then into the dynamic condition on the surface S0, and derive 
differential equations for unknowns dk (t). The acceleration a, appearing in the dynamic 
boundary condition, represents the acceleration of the elastic body, the vibrations of 
which need to be reduced using the TLD. 

2.3 Governing Differential Equations 

In the first stage, the own frequencies and modes of the elastic structure are deter-
mined without accounting for the influence of the TLD. Neglecting damping effects, the 
governing equations take the form: 

[MS ] üs + [KS ] us = 0, (9) 

Here, [MS ] and [KS ] represent the mass and stiffness matrices, {us} is the unknown 
vector of structure displacements. The solution of problem (9) results in the natural 
vibration frequencies Ωk and the corresponding modes uk (r, θ, z ), which are subse-
quently adopted as the basis functions. Accordingly, displacements in the fluid–structure 
interaction problem are expanded in series form 

us (x, y, z, t) = N 

k=1 
ck (t)uk (x, y, z), (10) 

where ck (t) are the unknown time-dependent coefficients. The coupled problem formu-
lation for the vibration damping of an elastic structure equipped with a TLD is presented 
below: 

[MS ] üs + [KS ] us = {fS} + fpr . (11) 

Here, {fS} represents the external force vector applied to the elastic structure, and fpr 
corresponds to the force vector arising from fluid pressure in the TLD. To evaluate the 
vector fpr , the pressure distribution p is determined using the following relations: 

p = pn, p = ρl 
∂t 

+ gz , p = ρl 
n 

k=1 
d̈k (t)ϕk (r, z) + 

n 

k=1 
dk (t )ζk(r))].

(12) 

The vector fpr , is evaluated by integrating the product of the pressure, given by 
Eq. (12), with the eigenmodes of elastic shell vibrations uk (r, θ, z ) over the shell wetted
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surfaces. The dynamic boundary condition on the surface S0 is employed to estimate the 
unknown coefficients dk (t), which in linear formulation leads to the following differential 
equations [19]: 

Mf d̈ + K f {d} + ρl{a} = 0 (13) 

where the free-surface mass and stiffness matrices are denoted by Mf and Kf , and 
{a} is the acceleration vector induced by the motion of the elastic structure. 

Next, the spectral BVP for liquid vibrations in the rigid tank is solved, and by 
introducing ck (t) and dk (t) as generalized coordinates, the reduced coupled system of 
ODEs is obtained for each wave number l 

[M][c̈] + [K][c] + [R] d̈ = f̃s , [Mf] d̈ + [Kf]{d} + ρl{c̈} = 0. (14) 

Here, [M] = MSuk , uj , [C] = {CSuk , ui}, [K] = KSuk ,uj , [R] = fpr, u j , and 
f̃s = fs, u j . In this study, only horizontal external excitation is considered, with the 
analysis restricted to the first wave mode, l = 1. 

3 Numerical Results and Discussion 

3.1 Benchmark Tests 

The fundamental frequencies are calculated according to [19, 22] using the reduced 
BEM in a linear statement. For both cylindrical and conical shells, the total number 
of boundary elements (BEs) along the shell meridians and free-surface radii is 240. 
Table 1 shows the numerical results alongside analytical results from [22]  for  l = 0 
(axisymmetric shapes) for different mode numbers k.

Table 1. Comparison of axisymmetric sloshing frequencies, Hz 

k Conus Cylinder 

Numerical 
solution, 120 BEs 

Numerical 
solution, 240 BEs 

Numerical 
solution, 

Analytical 
solution [22], 

Relative 
Error, % 

1 5.3528 5.3534 5.9969 5.9965 0.0066 

2 7.8092 7.8068 8.2851 8.2842 0.0108 

3 9.6046 9.6034 9.9937 9.9932 0.0050 

4 11.1065 11.1044 11.4313 11.4261 0.0455 

5 12.4257 12.4246 12.7127 12.7051 0.0598 

6 13.6173 13.6180 13.8696 13.8656 0.0288 

Rigid cylindrical and conical shells exhibit different sloshing frequencies, despite 
both having equal height H = 0.5 m, and radius R = 1 m; for the cone, R1 = 1  m.  
The results demonstrate the accuracy of the proposed method (relative error ≈0.05%). 
Although the frequencies are distinct, their discrepancy decreases with higher modes.
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3.2 Analysis of Tuned Liquid Damper Effects 

The influence of a liquid damper on the vibration response of a square elastic plate 
under periodic loading is investigated. The plate is assumed to be made of steel, with 
side length a = 4 m, Young’s modulus E = 210 GPa, Poisson’s ratio ν = 0.3, and the 
material density ρs = 7950 kg/m3. 

Two types of dampers are examined: a cylindrical and a conical one, both having the 
same height and fabricated from the same steel as the plate. Their geometric parameters 
are specified as follows: R = 0.5 m, R1 = 0.25 m, and H = 0.5 m (Figs. 1b, 1c). 

The external load is represented as a time-dependent function ax(t) = a0 cos(f0t ).
In this study, the elastic structure is simulated as a SDOF system. Using the method 
developed in [24], the free vibration modes of the plate are obtained, and the lowest 

frequency is estimated as 1 = π2h 
a2

EF/6ρs 1 − ν2 = 10.38Hz,  F  = 22.52. First, 
the rigid cylindrical damper (Fig. 1b) was represented as a cylinder partially filled with 
an ideal incompressible liquid. Figures 2, 3 and 4 illustrate its effectiveness in reducing 
the vibration response of the elastic plate. 

Fig. 2. Time -history of plate displacement under periodic loading ( f 0 = 4  Hz,  a0 = 0.01 m)

Fig. 3. Time -history of plate displacement under periodic loading ( f 0 = 8.0 Hz, a0 = 0.05 m)

In Figs. 2, 3 and 4, the gray curves (labeled 1) represent the plate displacements in 
the absence of a damper, whereas the black curves (labeled 2) correspond to the displace-
ments accounting for damping effects. The results demonstrate that, despite detuning 
from the fundamental frequency of the plate vibrations, both a beat-type response (Fig. 3) 
and a linear growth in amplitude (Fig. 5) are observed. It should be emphasized that the 
plate vibrations were analyzed without incorporating the damping matrix. Nevertheless, 
the installation of the TLD led to a pronounced reduction in vibration amplitudes across 
all cases considered. Figure 5 corresponds to the most critical loading case. It presents a 
comparison of the performance of cylindrical and conical liquid dampers characterized
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Fig. 4. Time -history of plate displacement under periodic loading ( f 0 = 9.7 Hz, a0 = 0.1 m)

by the parameters H = 1  m,  R = R2 = 1  m,  R1 = 0.5 m. Curves 1, 2, and 3 denote the 
vibration amplitudes of the plate without a damper (labeled1), with a conical damper 
(labeled 2), and with a cylindrical damper (labeled 3), respectively.

Fig. 5. Time -history of plate displacements for different TLD under periodic loading ( f 0 = 
9.7 Hz, a0 = 0.1 m)

The results indicate that both dampers significantly reduce the vibration amplitude 
of the plate, however, the cylindrical damper achieves a greater reduction. 

To assess the relative mass contribution of the dampers, the ratios of damper mass 
to the structure mass (12,720 kg) were determined, Table 2. 

Table 2. Mass contribution of dampers relative to the structure 

Damper Type Without Liquid With Liquid 

Mass, kg Ratio, % Mass, kg Ratio, % 

Cylindrical 37.20 0.29% 429.93 3.37 

Conical 31.20 0.25% 260.92 2.05% 

Both dampers fall within or slightly above the typical 1–3% range for TLDs. The 
conical damper reaches 2.05% and the cylindrical 3.37%, consistent with optimized 
designs [25].
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4 Conclusion and Future Research 

The methodology developed to investigate the influence of a TLD on vibration mitiga-
tion in elastic structures provides a robust framework for analyzing TLD performance. 
A system of differential equations is formulated to describe the vibration response of a 
multi-degree-of-freedom structure equipped with a liquid damper. For numerical imple-
mentation, the formulation is reduced to a SDOF case. The approach relies on singu-
lar integral equations to determine the natural frequencies and vibration modes of the 
TLD. It has been demonstrated that the proposed liquid damper achieves a substantial 
reduction in the vibration amplitude of the elastic element across the entire load range 
considered. Notably, the methodology is versatile, accommodating not only conical and 
cylindrical geometries but also other axisymmetrical geometries, thereby broadening its 
applicability to diverse structural configurations. Future research will focus on extend-
ing the analysis to multi-dimensional systems with multiple degrees of freedom and on 
investigating the oscillatory behavior of the TLD within a nonlinear framework. 
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Abstract. This study investigates the dynamic response of a gas-detonation dem-
ining device’s structure to shock waves from mine detonations. The Arbitrary 
Lagrangian-Eulerian method, implemented in LS-DYNA, was selected as the 
most suitable computational approach for simulating the coupled system “soil-
air-mine-structure”. To accurately reproduce cratering and capture the formation 
of secondary reflected waves, the soil was explicitly represented in the model 
as a deformable medium. The simulation results revealed the complex dynam-
ics of shock wave propagation, allowing for a detailed analysis of the interaction 
between the primary and reflected waves with the demining device’s structure. 
The developed numerical model made it possible to determine the pressure loads 
generated by both primary and secondary shock waves acting on structural ele-
ments of the demining device. The obtained results demonstrated that these loads 
are of destructive magnitude, leading to stresses exceeding the critical strength of 
the current design. Based on the numerical assessment, engineering recommenda-
tions were formulated to improve the structural resistance, including reinforcement 
of the main tube and supporting frame as well as the use of energy-dissipating 
attachments. 

Keywords: mine detonation · shock wave · soil modeling · gas-detonation 
demining device 

1 Introduction 

The ongoing military aggression in Ukraine has led to unprecedented levels of land 
contamination from mines and explosive ordnance, necessitating extensive mine clear-
ance efforts. According to current estimates, the area requiring clearance exceeds 
150,000 km2. Given the significant risks to human life, national and international security 
strategies are increasingly prioritizing the use of remotely operated technologies. 

Various robotic platforms, including unmanned ground-based and aerial devices, 
have been developed with different mine neutralization subsystems. These platforms 
are typically divided into two categories: contact and non-contact. Contact platforms, 
such as flails, rollers, or tillers, detonate mines mechanically. Although effective, these
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methods expose the devices to high blast loads and fragmentation, which leads to a need 
for heavy armour, reinforced components, and complex repairs. This negatively affects 
operational reliability and economic viability. 

Non-contact demining platforms represent a vital alternative. Their operation is 
based on the remote initiation of explosive devices using low-power impulse charges, 
directed cumulative jets, or gas-dynamic systems. The main advantage of this approach 
is that the critical subsystems of the device remain outside the blast zone, which mini-
mizes structural damage, enhances the survivability of onboard electronics, and reduces 
maintenance costs. This approach significantly improves operator safety and clearance 
efficiency. 

Of particular interest are systems that utilize gas detonation. A prototype demining 
complex employing directed gas-detonation jets was previously developed for detonating 
mines from a safe standoff distance [1]. While experimentally validated, the approach’s 
effectiveness is heavily influenced by environmental factors, especially the condition of 
the upper soil layer. 

Therefore, the objective of the present research is to enhance the structural design 
of the demining device based on numerical simulations of its response to both incident 
and reflected blast waves resulting from the detonation of a neutralized mine. 

To achieve this objective, the following tasks must be addressed: 

1. Select and implement the most appropriate numerical model for the coupled system 
of “soil-air-mine-demining device” in order to determine the dynamic loading effects 
of shock waves on the structural elements of the demining system. 

2. Evaluate the stress-strain state of the principal structural components of the dem-
ining device resulting from the combined action of incident and reflected blast 
waves. Develop engineering recommendations to ensure the strength, integrity, and 
functional operability of the system. 

2 Numerical Modeling for Structural Integrity: Methods 
and Application 

Numerical simulation of detonation and its impact on structures is one of the most 
complex problems in computational mechanics. The challenge lies in simultaneously 
modelling the interaction of distinct physical continua explosives, air, soil, and structural 
materials under extreme pressures. Modern computational environments like LS-DYNA 
[2] offer several specialized techniques, including the Arbitrary Lagrangian-Eulerian 
(ALE) method [3–6], Smoothed Particle Hydrodynamics (SPH) method [7–9], and sim-
pler Load Blast Enhanced (LBE) method [10, 11], as well as more recent particle-based 
approaches such as the Discrete Element Method (DEM) [12], which are actively being 
explored for blast-soil interaction problems. 

The ALE method is a hybrid framework where compressible fluids (air, soil and deto-
nation products) are modelled in a Eulerian reference frame, while the deminer structure 
uses a Lagrangian description. This coupling effectively reproduces shock wave propa-
gation and impulse transfer to the structure. While robust across a wide pressure range, 
ALE is computationally demanding and requires stable schemes at material interfaces. In
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contrast, the mesh-free SPH method excels at large deformations and material fragmen-
tation but is sensitive to discretization parameters and prone to instabilities at interfaces 
with Lagrangian solids. Particle-based DEM, on the other hand, represent soil as assem-
blies of discrete particles and can capture granular effects with high fidelity; however, 
they are computationally intensive, still under validation, and therefore were not adopted 
in this study. 

For structural analysis, where the primary objective is not the detonation dynamics 
itself, a simplified procedure like LBE method is used. These methods prescribe the load 
directly as time-dependent pressure functions, eliminating the need to model air, mine 
and soil as physical continua. This approach significantly reduces computational costs, 
enabling rapid parametric studies and structural optimization. However, this simplifica-
tion precludes analysis of soil-structure interaction and reflected waves, limiting its use 
to engineering assessments. 

The primary objective of the present study was to analyse the loading of the demining 
device structure induced by shock waves generated by mine detonation, encompassing 
both the primary wave and the secondary wave formed as a result of their reflection from 
the surface of the soil with the crater. Therefore, a hybrid ALE formulation was adopted 
as the primary computational strategy. 

For a detailed analysis, a three-dimensional finite element model was created (Fig. 1). 
At its core was a Multi-Material Arbitrary Lagrangian-Eulerian [13] mesh, which 
allowed multiple continua (air, mine and soil) to coexist within a single computational 
domain. This ensured a physically consistent representation of interfacial phenomena 
like shock wave reflection and material mixing. Each medium was defined as a separate 
material group with its own properties and constitutive laws. 

Fig. 1. Structure of the computational model: 1. Deminer (see [1]); 2. Mine; 3. Air; 4. Ground. 

The deminer’s structural elements were modelled as deformable Lagrangian 
bodies, with solid elements for protective plates and case’s components, and 
shell elements for tubes, flanges, and frame members. The interaction between 
the Eulerian continua and Lagrangian bodies was implemented using the *CON-
STRAINED_LAGRANGE_IN_SOLID algorithm [3, 4], as a standard LS-DYNA
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scheme for fluid-structure interaction. This penalty-based method ensured physically 
consistent momentum transfer, and the use of the LEAKAGE_CONTROL = STRONG 
option guaranteed robust resolution of sharp pressure gradients at material interfaces. 

The simulations were performed on a computer with 48 processing cores. The com-
putational model comprised approximately 10 million elements. An automatic time step 
without mass scaling was employed. The estimated computational time for a single 
calculation point was approximately 6 h. 

In conclusion, the chosen numerical approach provides a detailed and physically 
consistent description of the entire detonation process. This not only allows for the eval-
uation of the demining device’s structural strength but also facilitates the development 
of reliable design criteria that account for real-world geotechnical conditions. 

3 Material Properties of the Computational Model Elements 

In constructing the finite element model of the demining device, accurately describing 
material properties is crucial, as they influence the reliability of the structure’s dynamic 
response to blast loading. The elements of the computational model can be divided into 
four main groups: metallic structural elements, the air medium, the explosive charge, and 
the soil foundation. For each group, specialised LS-DYNA material cards were applied 
to define their mechanical and physical properties under detonation loading. 

The elements of the gas-detonation demining system consist of two principal types 
of steels. The housing, working tubes, connecting nodes, and supporting struts of the 
protective casing are manufactured from structural steel. In contrast, the screen section 
of the casing comprises two plates: the inner plate is constructed from Rolled Homoge-
neous Armour (RHA), and the outer plate is also made of structural steel. The armour 
plate provides stiffness to the protective plate enabling it to withstand the detona-
tion wave generated by the mine explosion. The outer plate is a replaceable com-
ponent: after being damaged, it can be dismantled and replaced without compromis-
ing the overall durability of the system. To describe the physico-mechanical charac-
teristics of steels, following the recommendations of [14], a unified LS-DYNA card 
*MAT_POWER_LAW_PLASTICITY [15] was employed. Examples of this card filled 
out for structural steel and RHA are shown in Fig. 2a and Fig. 2b, respectively. All values 
in the material cards are given in the unit system “kg, m, s, N, Pa”. 

The specified cards implement a model of isotropic elastoplastic material behaviour 
with power-law hardening and account for the influence of strain rate through the 
Cowper–Symonds relation. The yield stress (σy) in the model is described by the 
expression: 

σy = k εyp + εp n , (1) 

where εyp is the elastic strain to yield, εp is the effective (logarithmic) plastic strain, k and 
n are power-law constants. The influence of strain rate is accounted for by an additional 

scaling factor: 1 + ε̇ 
C 

1/ p, in which C and p are user-defined strain-rate sensitivity 
parameters, and ε̇ is the current strain rate.
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In the computational model, the charge was represented as a cylinder with a diam-
eter of 250 mm and a height of 100 mm, corresponding to a mass of 7.85 kg based on 
a trinitrotoluene density of 1630 kg/m3. This configuration was used as an analogue for 
the TM-62Т combat mine, which is extensively deployed and regarded as the most pow-
erful within the category of ground anti-tank mines. The behaviour of the charge in LS-
DYNA was described using a combination of the *MAT_HIGH_EXPLOSIVE_BURN 
and *EOS_JWL cards [14, 15], which allowed for the consideration of both detona-
tion front propagation and the pressure of the explosion products. The Jones-Wilkins-
Lee equation of state, which determines the behaviour of detonation products, has the 
following form: 

p = A 1 − ω 
R1v 

exp(−R1v) + B 1 − ω 
R2v 

exp(−R2v) + ωE 1
v

, (2) 

where p – pressure, v – relative volume, E1 – specific internal energy and A, B, R1, R2, 
ω are material constants that characterize the behavior of detonation products across a 
wide pressure range from peak conditions to hydrodynamic equilibrium. 

The parameters for trinitrotoluene and the coefficients of the equation of state, as 
described by these two cards, are shown in Fig. 2c. 

*MAT_POWER_LAW_PLASTICITY 
$# mid ro e pr k n src srp

     1 7850.0 2.1E11 0.28 5.57E8 0.119 40.4 5.0 
$# sigy vp epsf 

2.5E8 0.0 0.0 

*MAT_PSEUDO_TENSOR 
$# mid ro g pr 

5 2094.63 23028498       0.0 
$# sigf a0 a1 a2 a0f a1f b1 per

-6895 0.0 0.0 0.0 0.0 0.0 0.0 0.0 
$# er prr sigy etan lcp lcr 

0.0 0.0 0.0 0.0 0 0 
$# x1 x2 x3 x4 x5 x6 x7 x8 

0.0 13790    34474 68948 137895 344738 379212 413686 
$# x9 x10 x11 x12 x13 x14 x15 x16 

448159 482633  517107 551581  620528  689476   827371  1034214 
$# ys1 ys2 ys3 ys4 ys5 ys6 ys7 ys8 

30034 47643 74057 118080 206126 470264 514287 558310 
$# ys9 ys10 ys11 ys12 ys13 ys14 ys15     ys16 

602333 646356 690379 734402 822448 910494 1086587    1350725 
*EOS_TABULATED_COMPACTION 
$# eosid gama e0 v0 lcc lct lck lcid 

5  0.0  0.0  1.0  0  0  0  0  
$# ev1 ev2 ev3 ev4 ev5
             0.0 -0.00252 -0.00479 -0.00703 -0.00917 
$# ev6 ev7 ev8 ev9 ev10

-0.0103 -0.01143 -0.01254 -0.01362 -0.01599 
$# c1 c2 c3 c4 c5 

0.0 68948 137895 206843 275790 
$# c6 c7 c8 c9 c10 

310264 344738 379212 413686 490562
 $# t1 t2 t3 t4 t5 

0.0 0.0 0.0 0.0 0.0
 $# t6 t7 t8 t9 t10 

0.0 0.0 0.0 0.0 0.0 
$# k1 k2 k3 k4 k5 

1.33552e+08 1.33552e+08 1.33552e+08 1.33552e+08 1.33552e+08 
$# k6 k7 k8 k9 k10 

1.33552e+08 1.33552e+08 1.33552e+08 1.33552e+08 1.33552e+08 

a) 

*MAT_POWER_LAW_PLASTICITY 
$# mid ro e pr k n src srp

     2 7850.0 2.1E11 0.28 1.56E9 0.0918 3200.0 5.0 
$# sigy vp epsf 

9.5E8 0.0 0.0 

b) 

*MAT_HIGH_EXPLOSIVE_BURN 
$# mid ro d pcj beta k g sigy

     3 1630.0 6930.0 2.1E10 0.0 0.0 0.0 0.0 
*EOS_JWL 
$# eosid a       b            r1 r2 omeg    e0      vo

       3 3.712E11     3.231E9      4.15 0.95 0.3    7.0E9        1.0 

с) 

*MAT_NULL 
$# mid ro pc mu terod cerod ym pr
       4    1.2255 0.0 0.0 0.0 0.0 0.0 0.0 
*EOS_LINEAR_POLYNOMIAL 
$#  eosid c0  c1  c2  c3  c4  c5  c6
       4 0.0 0.0 0.0 0.0 0.4 0.4 0.0 
$# e0 v0
  253312.5 1.0

d) e)

Fig. 2. Description of the physical and mechanical properties of the computational model 
elements using LS-DYNA cards (designations adopted in accordance with [15]). 

In the computational model, the air medium was described using a combination of 
the *MAT_NULL and *EOS_LINEAR_POLYNOMIAL cards [14, 15]. The dynamic
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viscosity of air in the model was taken as zero, which is a justified assumption, since 
its influence on the formation of the shock wave and, consequently, on the loading of 
the structure near the blast epicentre, is negligibly small. Thus, we arrive at an ideal gas 
model, which is a generally accepted approach for modelling high-intensity, short-period 
shock-wave processes. The pressure in such a medium is determined by the formula: 

p = (γ − 1) ρ 
ρ0 

E2, (3) 

here γ = 1.4 s the adiabatic index of air , ρ/ρ0 is the ratio of the current density to the 
initial density, E2 is the specific internal energy. All air medium parameters used in the 
calculation are shown in Fig. 2d. 

In the numerical simulation of the blast loading on the structure of the demining 
device, we considered both the direct impact of the primary shock wave from the mine’s 
detonation and the secondary impact of the reflected wave forming on the soil surface. 
The explosion process is accompanied by cratering, which alters the surface configu-
ration and, consequently, affects the geometry of the shock wave front. This leads to a 
change in the direction of wave propagation and the generation of additional impulsive 
loads acting on the structure. Therefore, a correct description of soil mechanics is a key 
condition for an adequate assessment of the system’s dynamic response during a mine 
detonation. 

Among the geological material models implemented in LS-DYNA, a combination of 
the *MAT_PSEUDO_TENSOR and *EOS_TABULATED_COMPACTION cards [15] 
were used to describe the properties of porous sandy soil, in accordance with the rec-
ommendations from [16, 17]. The first card defines strength characteristics through a 
Mohr–Coulomb yield surface with a Tresca cutoff. The diagram is plotted in “principal 
stress difference (σ1 − σ3) vs. mean pressure p” coordinates and reflects the increase in 
shear strength with increasing confining pressure. The second card defines the volumet-
ric behaviour of the material through a tabulated pressure-volumetric strain relationship, 
which allows for the reproduction of compaction and decompaction processes. 

Unwashed sand [17] was used as the computational soil. Its characteristics were 
specified using the LS-DYNA cards shown in Fig. 2e. 

4 Results of Numerical Experiments 

Figure 3 illustrates the evolution of shock-wave propagation over the time interval (τ) 
from 0.1 to 10 ms. This visualization allows us to track the dynamics of interaction 
between the primary shock wave and the reflected shock wave as they interact with the 
structure of the demining device. Analysing the frames presented demonstrates the effec-
tiveness of the protective plate, which absorbs the primary impact of a mine explosion and 
redistributes the energy of the initial detonation wave. This redistribution significantly 
reduces the loading on the critical structural elements of the device. 

During this design stage of the demining device’s protective plate, we observed that 
the shock wave imposes a considerable dynamic impact on the inner walls of the tube. 
The visualization further confirms that damage to the structure is solely due to the shock 
wave, as soil particles do not reach the device’s surface. This indicates that the protective
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system is functioning effectively. Figure 4 presents the calculated impulse pressure values 
generated by the incident and reflected shock waves acting on the protective plate (made 
of structural steel) and the main tube of the demining device. 

In Fig. 5, the computed stress fields for the adopted structural dimensions of the 
demining device are presented. The principal dynamic loading is concentrated on the 
protective plate (Fig. 5a); however, the stresses induced in this component remain within 
the admissible limits. A stress surge at the tube inlet of the demining device (Fig. 5b) 
is associated with the direct penetration of the detonation wave into the tube. Within a 
distance of up to 100 mm from the tube edge, the resulting stresses exceed the allowable 
values. The response of the frame struts (Fig. 5c) to the loading transmitted through 
the protective plate under shock-wave impact demonstrates stress levels surpassing the 
critical buckling load, which indicates a potential loss of structural stability in these 
elements. 

τ = 0.24983 ms τ = 0.5 ms τ = 1 ms 

τ = 1.5 ms τ = 3.0 ms τ = 4.0 ms  

τ = 6.0 ms τ = 8.0 ms τ = 10 ms  

Fig. 3. Distribution of the detonation wave and explosive products.
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Fig. 4. Pressure on: a) protective plate (structural steel) and b) main tube. 
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Fig. 5. Von Mises equivalent stresses in the main load-bearing elements of the demining device 
structure. 

5 Conclusions 

1. The adopted ALE numerical model of the “soil-air-mine-demining device” system, 
which accounts for crater formation and reflections of detonation waves from the soil 
surface, enabled the determination of dynamic loads acting on the demining device 
structure. 

2. The dimensions and strength of the protective plate, located at the frontal end of the 
main tube, are sufficient to withstand both the incident and reflected detonation waves 
generated by the explosion of the targeted mine. 

3. The calculated stress levels in the main tube of the demining device, caused by the 
action of incident and reflected detonation waves, exceed the critical limits. To ensure 
operability, either the tube material should be replaced with a higher-strength alloy, 
or, if the same material is retained, the wall thickness must be increased by 170%. 
Since the stresses at the frontal end of the main tube exceed those along the rest of 
its length, the output section of the tube should be reinforced by installing an outer 
sleeve under interference fit with a length of 1.5–2 tube diameters.
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4. The analysis revealed that the designed longitudinal frame struts of the demining 
device do not possess sufficient strength to withstand the applied loads. Instead of the 
angle-section profile, a square tube with a cross-sectional area increased by a factor 
of 4.2 should be used to satisfy the strength and stability requirements. 

5. To partially compensate for the intensity of loading on the structural elements of 
the demining device by incident and reflected detonation waves, a sliding mounting 
system with damping devices should be developed. 

References 

1. Pavlenko, O., Shypul, O., Myntiuk, V., Tkachenko, D., Brega D., Garin V.: Development of 
a conceptual model for a gas detonation deminer. Aerosp. Technic Technol. 6(200), 70–79 
(2024). https://doi.org/10.32620/aktt.2024.6.07 

2. LS-DYNA Homepage. https://lsdyna.ansys.com. Accessed 1 Aug 2025 
3. Barsotti, M., Sammarco, E., Stevens, D.: Comparison of strategies for landmine modeling 

in LS-DYNA with sandy soil material model development. In: 11th European LS-DYNA 
Conference, Detroit, USA, 12–14 June 2016 (2016) 

4. Trajkovski, J.: Comparison of MM-ALE and SPH methods for modelling blast wave reflec-
tions of flat and shaped surfaces. In: 11th European LS-DYNA Conference, Salzburg, Austria 
(2017) 

5. Gong, C., Qiu, Y., Long, Z., Liu, L., Xu, G., Yang, L.: Study on the earth-covered magazine 
models under the internal explosion. Shock. Vib. 2024, 20 (2024). https://doi.org/10.1155/ 
2024/6626486 

6. Wang, D., Xu, S., Wang, Z., Zhou, Z., Gao, N.: Research on physical explosion crater model 
of high-pressure natural gas tubeline. Pet. Res. 9(2024), 432–438 (2024) 

7. Cui, Y., Li, Z., Fang, J., Zhao, B.: Crater effects of shallow burial explosions in soil based on 
SPH-FEM analysis. Front. Earth Sci., 9 (2023). https://doi.org/10.3389/feart.2022.1114178 

8. Jindra, D., Hradil, P., Kala, J.: Finite element analysis of concrete slab exposed to high 
velocity pressure wave – simplified vs. smoothed-particle hydrodynamics (SPH) method. In: 
MATEC Web of Conferences, vol. 396, p. 13 (2024). https://doi.org/10.1051/matecconf/202 
439605005 

9. Espinoza-Garcés, C., Aguilar-Pérez, L., Rueda-Arreguin, J., Pérez-Martínez, I., Torres-Ariza, 
J., Torres SanMiguel, C.: Head injuries evaluation during a tubeline explosion. Results Eng. 
21 (2024). https://doi.org/10.1016/j.rineng.2023.101655 

10. Mihali, A., Rebelo, H.B., Cismaşiu, C., Shaker, N.H.: Impact of building model complexity 
on predicting external explosion consequences. Eng. Struct. 339, 14 (2025). https://doi.org/ 
10.1016/j.engstruct.2025.120534 

11. Li, W., Wang, P., Feng, G., Lu, Y., Yue, J., Li, H.: The deformation and failure mechanism of 
cylindrical shell and square plate with pre-formed holes under blast loading. Def. Technol. 
17(4), 1143–1159 (2021). https://doi.org/10.1016/j.dt.2020.06.014 

12. Faergestad, R.M., Holmen, J.K., Berstad, T., Cardone, T., Ford, K.A., Børvik, T.: Coupled 
finite element-discrete element method (FEM/DEM) for modelling hypervelocity impacts. 
Acta Astronaut. 203, 296–307 (2023). https://doi.org/10.1016/j.actaastro.2022.11.026 

13. LS-DYNA Keyword User’s Manual, Volume I (2025) 
14. Myntiuk, V., Tkachenko, D., Pavlenko, O., Shypul, O.: simulating the effect of mine explo-

sion on a remote gas detonation deminer. In: Lytvynov, O., Pavlikov, V., Krytskyi, D. (eds.) 
Integrated Computer Technologies in Mechanical Engineering – 2024, ICTM 2024. LNNS, 
vol. 1474, pp. 443–454. Springer, Cham (2025). https://doi.org/10.1007/978-3-031-94852-
7_37

https://doi.org/10.32620/aktt.2024.6.07
https://lsdyna.ansys.com
https://doi.org/10.1155/2024/6626486
https://doi.org/10.1155/2024/6626486
https://doi.org/10.3389/feart.2022.1114178
https://doi.org/10.1051/matecconf/202439605005
https://doi.org/10.1051/matecconf/202439605005
https://doi.org/10.1016/j.rineng.2023.101655
https://doi.org/10.1016/j.engstruct.2025.120534
https://doi.org/10.1016/j.engstruct.2025.120534
https://doi.org/10.1016/j.dt.2020.06.014
https://doi.org/10.1016/j.actaastro.2022.11.026
https://doi.org/10.1007/978-3-031-94852-7_37
https://doi.org/10.1007/978-3-031-94852-7_37


Numerical Simulation of a Mine Explosion Impact 241

15. LS-DYNA Keyword User’s Manual, Volume II, Material Models (2025) 
16. Rokhy, H., Nasouri, R., Montaya, A., Matamoros, A., Bakzadeh, R.: Calibration of six con-

stitutive material models for geomaterial. In: 13th European LS-DYNA Conference, Ulm, 
Germany (2021) 

17. Thomas, M.A., Chitty, D.E., Gildea, M.L., T’Kindt, M.C.: NASA/CR-2008-215334. Consti-
tutive Soil Properties for Unwashed Sand and Kennedy Space Center. National Aeronautics 
and Space Administration Langley Research Center, Hampton, Virginia (2008)



Effect of Nanodiamond and Nanographite 
Fillers on the Dielectric Characteristics 

of Polymer Composites 

Maryna Shevtsova1 , Oleksii Vambol2 , Tetyana Nabokina3 , 
and Andrii Kondratiev4(B) 

1 Vilnius Gediminas Technical University, 11, Saul˙etekio Al., 10223 Vilnius, Lithuania 
2 Lviv Polytechnic National University, 12, Stepan Bandera St., Lviv 79013, Ukraine 
3 National Aerospace University “Kharkiv Aviation Institute”, 17, Vadym Manko St., 

Kharkiv 61070, Ukraine 
4 O.M. Beketov National University of Urban Economy in Kharkiv, 17, Chornohlazivska St., 

Kharkiv 61002, Ukraine 
andrii.kondratiev@kname.edu.ua 

Abstract. This study investigates the effect of nanodiamond and nanographite 
fillers on the dielectric properties of epoxy resin composites. Cylindrical speci-
mens based on epoxy resin EPICOTE 828 with an anhydride curing agent were 
fabricated in neat form and with the addition of 0.6 wt.% nanodiamonds or 
nanographite. The dielectric response was measured using a resonant Q-meter 
method in the frequency range of 0.1–100 kHz. The developed experimental 
setup, combining the Q-meter with a digital voltmeter and a frequency counter, 
enabled reliable determination of dielectric permittivity and dielectric loss tan-
gent. The results demonstrate that the incorporation of nanodiamonds reduces 
the dielectric permittivity compared with the neat epoxy binder. This decrease 
indicates a reduction in the number of polar groups and an increase in the struc-
tural ordering of the polymer matrix. In contrast, the addition of nanographite 
leads to a slight increase in dielectric permittivity, which suggests the formation 
of additional polarization pathways and a more disordered polymer structure. The 
scientific novelty of the study lies in providing a comparative analysis of nanodia-
mond and nanographite fillers in epoxy composites using resonant dielectric spec-
troscopy. The findings highlight the different mechanisms by which carbon-based 
nanofillers alter the dielectric behavior of polymers, offering practical guidance for 
tailoring epoxy-based composites for electrical insulation and related engineering 
applications. 

Keywords: Resonant Method · Dielectric Spectroscopy · Polarization 

1 Introduction 

Polymer-based dielectric materials play a pivotal role in modern technology, being 
widely used in electrical insulation, sensors, and high-frequency electronic devices [1]. 
Among them, epoxy resins represent one of the most versatile classes due to their strong
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adhesion, chemical resistance, and good mechanical performance [2]. These charac-
teristics have secured their position in critical applications ranging. Advanced epoxy 
resins with tailored dielectric performance are increasingly required in aerospace and 
transportation industries [3–5], where multifunctional polymer structures must serve 
not only as lightweight load-bearing elements [6, 7] but also as effective insulators 
in environments involving high electrical, thermal [8, 9], and mechanical stresses. In 
recent decades, the increasing demand for higher operating voltages, reduced compo-
nent size, and improved energy efficiency has revealed the limitations of neat epoxies, 
such as relatively low dielectric constant, limited thermal stability, and susceptibility 
to dielectric breakdown under harsh operating conditions. A widely adopted strategy 
to overcome these limitations is the modification of epoxy with nanofillers [10]. The 
incorporation of nanoscale reinforcements provides the opportunity to tailor dielectric, 
thermal, and mechanical performance simultaneously [11]. Carbon-based nanofillers are 
particularly attractive due to their abundance, stability, and unique electronic properties 
[12]. However, their impact strongly depends on the nature of the filler: while conduc-
tive carbons such as graphene and nanographite can increase the dielectric permittivity 
through interfacial polarization, insulating carbons such as nanodiamond contribute to 
dielectric strength and stability by suppressing charge transport and reducing the number 
of active polar groups in the polymer matrix. 

This duality highlights the scientific and practical importance of exploring carbon 
nanofillers with contrasting electrical characteristics. Nanodiamonds, consisting of sp3-
carbon with a wide band gap, act as electrical insulators capable of trapping high-
energy electrons, thereby reducing dielectric losses and improving breakdown resis-
tance. Nanographite, on the other hand, with its sp2-carbon structure, promotes inter-
facial charge accumulation and enhances Maxwell-Wagner polarization, which leads to 
increased dielectric permittivity but may also raise dielectric loss if the filler concen-
tration approaches the percolation threshold. Direct comparative analysis of these two 
fillers within the same epoxy system can therefore provide valuable insights into the 
mechanisms by which nanofillers influence dielectric response. 

2 Literature Review 

Carbon nanofillers have shown considerable potential for enhancing dielectric proper-
ties of epoxy composites. In [10], fluorinated graphene improved permittivity to about 
8.23 at 1 wt.% while keeping dielectric loss very low (tgδ < 0.015). This confirmed that 
chemical modification can suppress intrinsic conductivity and improve insulation relia-
bility. Yet, the work was limited to fluorinated derivatives and did not compare insulating 
nanodiamonds with conductive carbons such as nanographite.

Graphene-based systems have also been investigated in other forms. In [13], small 
amounts of graphene enhanced partial discharge resistance and charge decay, indicating 
improved insulation, though frequency-dependent dielectric behavior was not examined. 
A more systematic study [14] used broadband dielectric spectroscopy of epoxy with 
functionalized graphene oxide, revealing strong interfacial polarization and β-relaxation 
while maintaining insulation. Similarly, [15] reviewed epoxy/graphene oxide systems, 
emphasizing their potential for improving dielectric constant and interfacial polarization 
in energy storage, but focusing only on conductive fillers.
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Insulating carbon nanofillers have attracted less attention. Polyimide/nanodiamond 
composites in [16] showed a 37.5% increase in permittivity (ε = 4.4) and high breakdown 
strength with only 0.4 vol.% filler, demonstrating the strong interfacial polarization of 
nanodiamonds. However, the results were limited to polyimide matrices, leaving their 
role in epoxy and comparison with conductive fillers unresolved.

Conductive fillers other than graphene have been tested. Epoxy with multi-walled 
carbon nanotubes and carbon-coated copper nanoparticles [17] showed reduced per-
colation thresholds and higher conductivity, but dielectric stability was not evaluated. 
Epoxy with polyaniline nanorods [18] achieved permittivity values around 15 at 100 Hz, 
yet exhibited high dielectric losses at low frequencies. A multilayer design in [19]  using  
reduced graphene oxide and boron nitride nanosheets provided ε = 24.1 with low losses 
(0.01–0.05), but did not consider insulating carbons such as nanodiamonds.

Overall, graphene and related conductive carbons generally increase permittivity but 
often lead to higher dielectric losses, whereas nanodiamonds can improve breakdown 
strength and stability but are scarcely explored in epoxy matrices. Direct comparisons 
of insulating and conductive carbons within the same epoxy host are almost absent. 

The aim of this study is therefore to investigate the influence of nanodiamond and 
nanographite fillers on the dielectric properties of epoxy resin composites using a res-
onant Q-meter method. Particular attention is given to the frequency dependence of 
dielectric permittivity and dielectric loss tangent, in order to clarify how nanofillers with 
different electronic structures affect structural ordering and polarization mechanisms in 
the polymer matrix. 

3 Research Methodology 

To evaluate the influence of gamma irradiation on the dielectric properties of the polymer, 
cylindrical specimens with a thickness of 2–3 mm were prepared (Fig. 1). 

Fig. 1. Specimens for determining dielectric permittivity
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The samples were fabricated from epoxy resin EPICOTE 828 (Westlake 
Epoxy/Hexion, USA) cured with the anhydride hardener EPICURE (Westlake 
Epoxy/Hexion, USA) [20, 21], as well as from modified formulations containing 0.6 
wt.% nanodiamonds and nanographite (Fig. 2). 

a  b  

Fig. 2. Micrographs of epoxy resin specimens reinforced with nanodiamond (a) and nanographite 
(b) fillers 

Measurements of the dielectric properties were carried out using a Q-meter, which 
enabled the determination of both the dielectric loss tangent (tgδ) and the equivalent 
capacitance of the measuring cell. Based on the capacitance values, the real part of the 
dielectric permittivity (ε ) was calculated, while the quality factor of the resonant circuit 
was used to determine the dielectric loss t angent.

To determine the dielectric constants of the polymer, a resonant measurement method 
was employed [22]. The principle of the method consists in placing the polymer specimen 
into the measuring cell, which acts as a capacitor Cx connected in parallel with the 
variable capacitor Cv (control capacitor) of the series resonant circuit of the Q-meter, as 
illustrated in Fig. 3. 

r  L 
Cv C x

Fig. 3. Schematic diagram of the series resonant circuit of the Q-meter 

During the measurements, the capacitance Cv was gradually varied at the frequency 
f r to tune the series resonant circuit of the Q-meter into resonance. Using the instrument 
indicator, the quality factor Q1 of the resonant circuit was determined, where the total 
capacitance of the circuit is given by C1 = Cx + C v.

The quality factor is proportional to the maximum voltage Umax across the capacitor 
Cx. Knowing the quality factor Q0 of the circuit and its capacitance without the test
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specimen Cx at the resonance frequency f r , the quality factor of the measuring cell with 
the investigated material as the dielectric can be determined: 

Qcx = (C0 − C1)Q0Q1 

(Q0 − Q1)(C0 + C ic)
, (1) 

where Сic – the self-capacitance of the inductor coil of the Q-meter resonant circuit. 
It should be noted that the accuracy of determining the dielectric constants using a 

Q-meter depends on the precision in measuring the capacitance of the resonant circuit, 
the resonance voltage, as well as the accuracy of tuning the alternating current resonance 
frequency. Compared to digital measuring instruments, the accuracy of these quantities, 
which are read from the analog scales of the Q-meter, is relatively low. To improve the 
accuracy of measuring the frequency dependence of the dielectric constants with the 
Q-meter (VM-560), a measurement setup was employed, the block diagram of which is 
shown in Fig. 4. In this setup, a digital voltmeter (V7–21) and a digital frequency counter 
(Ch3–34) were used to measure the voltage across the resonant circuit at resonance and 
to monitor its frequency, respectively. 

frequency 

counter Q-meter voltmeter 

fr 

Cx 

L 

Ux 

Fig. 4. Block diagram of the setup for measuring the frequency dependence of the dielectric 
parameters of the polymer 

Let us consider the equivalent circuit of the Q-meter with the specimen (Fig. 5). 
The measured value of the intrinsic quality factor Q0 of the circuit with the specimen 

disconnected is mainly determined by the losses in the coil: 

Q0 = 
2π f0L 

r 
= 1 

2π f0C0r 
= 

1 

d0
, (2) 

where d0 – the damping of the circuit without the specimen at resonance; С0 –  the  
capacitance of the variable capacitor Сv .

When the specimen with parameters R and Сx is connected, the complex equivalent 
impedance of the circuit is determined by the following relation: 

Zeq = r + j2π fL + 
R 1 − j2π fR(Cx + C1) 
1 + 4π 2f 2R2( Cx + C1)

2 , (3)
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C1 

C2 

r  L  

Cv R  Cx Cad

Fig. 5. Equivalent circuit of the Q-meter with the specimen 

where С1 – the new value of the capacitance measured at resonance. 
From Eq. (1), the active equivalent resistance of the Q-meter circuit at resonance can 

be written as: 

req = r + R 

1 + 4π 2f 2 0 R
2(Cx + C 1)2

, (4) 

Let Qeq = 2π f0R(Cx + C1) denote the equivalent quality factor of the entire 
capacitive branch of the Q-meter circuit. Transforming Eq. (4), we obtain: 

req ≈ r + 1 

4π 2f 2 0 R(Cx + C1)C1 
= r + 1 

2π f0C 1Qeq
, (5) 

Hence, the quality factor of the Q-meter circuit with the connected specimen at 
resonance is determined as: 

Q = 
2π f0L 

req 
= r + 2π f0L 

r + 1 
2π f0QeqC1 

= Q0Qeq 

Q0 + Qeq
, (6) 

Knowing that the equivalent dielectric loss tangent tgδeq of the entire capacitive 
branch of the circuit with the specimen is the reciprocal of Qeq, it can be expressed as: 

tgδeq ≈ 1 

2π f0C1R 
= 

Cxtgδ 
C 1

,

where tgδ = 1 
2π f0CxR

– the dielectric loss tangent of the specimen. 
The attenuation dс = 1/Qс can be e xpressed as

dc = d0 + tgδeq = d0 + 
Cctgδ 
C1

, (7) 

from which it follows that 

tgδ = 
(dc − d0)C0 

Cx
, (8) 

i.e., the range of measurable values of tgδ can be extended by increasing the capacitance 
C0 .

The described method makes it possible to measure the frequency dependences of 
the dielectric parameters of the specimens for tgδ values up to 16. The specimens were 
tested at frequencies of 0.1 kHz, 1 kHz, 10 kHz, and 100 kHz.



248 M. Shevtsova et al.

4 Results and Discussion 

Although the Q-meter allows simultaneous acquisition of the frequency dependences 
of ε and tgδ, only the graphs of dielectric permittivity ε are presented below for anal-
ysis. This is due to the fact that variations in ε more clearly reflect the influence of 
nanofillers on the polymer structure, whereas tgδ was mainly used for intermediate cal-
culations. After processing the experimental data, the following frequency dependences 
of dielectric permittivity were plotted for the neat binder and the binder modified with 
nanodiamonds and nanographite (Figs. 6, 7). 

100101 0.1 

0 

0.5 

2 

1.5 

2 

2.5 

f, kHz 

ε′ 

Fig. 6. Frequency dependence of dielectric permittivity for the neat binder (  ) and the binder 
modified with nanodiamonds (  )  

As shown in Fig. 6, the dielectric permittivity of the epoxy resin decreases upon the 
addition of nanodiamonds. This reduction indicates a decrease in the concentration of 
polar groups and suggests that nanodiamonds promote a more ordered polymer structure. 
The observed behavior is consistent with previous reports that insulating nanocarbon 
fillers, such as nanodiamonds, act as electron traps and suppress interfacial polarization, 
thereby reducing the effective dielectric constant while improving structural stability 
and breakdown performance. 

In contrast, Fig. 7 demonstrates that the addition of nanographite leads to a 
slight increase in dielectric permittivity compared to the neat epoxy. This behavior is 
attributed to the sp2-carbon structure of nanographite, which facilitates interfacial charge 
accumulation and enhances Maxwell-Wagner polarization at the filler-matrix interface. 

Similar trends have been reported for graphene- and graphite-filled epoxy nanocom-
posites, where small additions of conductive fillers significantly enhance ε , particularly 
at low frequencies. However, this enhancement is accompanied by a risk of increased 
dielectric loss if the filler loading approaches the percolation t hreshold.

A key finding of this study is the contrasting role of the two nanocarbon fillers: 
nanodiamonds act as dielectric stabilizers that reduce permittivity but may improve 
breakdown strength and reduce losses, while nanographite acts as a permittivity booster 
that increases ε but can potentially compromise insulation integrity if not carefully
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Fig. 7. Frequency dependence of dielectric permittivity for the neat binder (  ) and the binder 
modified with nanographene (  )  

controlled. This dual behavior highlights the importance of tailoring filler type and 
concentration depending on the target application. For example, nanodiamond-modified 
epoxies are promising for high-voltage insulation systems, where low loss and high 
reliability are critical. Nanographite-modified epoxies may be suitable for capacitive or 
sensing applications, where enhanced polarization and permittivity are desirable. 

The frequency-dependent measurements further reveal that the differences induced 
by nanodiamond and nanographite are more pronounced at low frequencies (0.1–1 kHz), 
where interfacial polarization dominates. At higher frequencies (10–100 kHz), the per-
mittivity values of all composites converge, suggesting that the contribution of interfacial 
polarization diminishes as the relaxation processes cannot keep pace with the alternating 
electric field. This frequency-dependent behavior corroborates the general understanding 
of dielectric relaxation phenomena in polymer nanocomposites. 

Overall, the results confirm literature findings and provide direct comparative evi-
dence that two nanocarbon fillers with fundamentally different electronic structures – 
insulating nanodiamonds and conductive nanographite – produce opposite effects on 
the dielectric characteristics of epoxy composites. The findings demonstrate the fea-
sibility of using selective nanofiller strategies to engineer polymer composites with 
application-specific dielectric performance. 

5 Conclusions 

A resonant Q-meter method, supported by digital instrumentation, was applied to epoxy 
resins with nanodiamond and nanographite fillers in the frequency range 0.1–100 kHz. 
The technique enabled reliable evaluation of dielectric permittivity and loss tangent. 

The incorporation of nanodiamonds reduced permittivity, reflecting fewer polar 
groups and greater structural order, while nanographite caused a slight increase, indi-
cating additional polarization pathways and a more disordered matrix. Overall, the
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results show that insulating nanodiamonds improve dielectric stability, whereas con-
ductive nanographite enhances permittivity but reduces structural order, confirming the 
contrasting roles of these nanofillers in tailoring epoxy dielectric behavior. 
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Abstract. To solve a number of problems of control and diagnostics of gas tur-
bine engines, dynamic models are used, the coefficients of which in a number of 
practically important cases must be determined from real information obtained 
experimentally or during operation. The paper proposes a method for analyzing 
errors in estimating the dynamic parameters of engines, the main concepts of which 
consist in using a linear dynamic model, considering influencing errors as inde-
pendent normally distributed random variables, using dimensionless parameters 
and the corresponding transformation of equations that describe the relationship 
between estimation errors and influencing factors, which makes these equations 
universal, suitable for analyzing any parameters of the engine operating process 
and any control actions. It is established that, depending on the formation of errors 
in the initial data, they can be divided into two categories: parameters distributed 
over a set of experiments, and in each experiment – over a set of local measure-
ments, as well as parameters distributed only over a set of experiments, the values 
of which are fixed over a set of local measurements. Using analytical and numer-
ical methods, universal dependencies have been obtained that make it possible to 
determine the errors in estimating the time constant of a single-shaft gas generator 
with a sudden change in fuel consumption and with a linear change with stabi-
lization depending on the time and frequency of observation, the expected value 
of the time constant, as well as the root-mean-square errors of the initial data: 
measurements of the rotor speed and fuel consumption, as well as the gain factor 
for fuel supply. 

Keywords: Gas turbine engine · Mathematical model · Dynamic parameters · 
Estimation · Error 

1 Introduction 

One of the most promising areas in the advancement of aircraft engine is the development 
of adaptive automatic control systems [1, 2]. The key component of such systems is a 
dynamic mathematical model of the engine that can self-adjust based on the measured 
parameters of its operating process. Under the initiative of NASA, a concept for creating
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such models, known as STORM (Self-Tuned On-board Real-time Model), was proposed 
[3, 4]. However, existing studies devote insufficient attention to the crucial issue of 
verifying whether the collected data are adequate to achieve the required model accuracy. 
Such verification must be performed both a priori - to predict engine operating modes and 
determine the required data volume - and a posteriori, after obtaining the experimental 
results. 

2 Literature Review 

2.1 Identification of Engine Static Performances 

Static models of gas turbine engines (GTE) underlie their development and are used at 
all stages of their life cycle, from preliminary design to operation and maintenance. 

The component-based static model of the engine has the form [1] 

Y = F Um, Uf, θ (1) 

where Y are simulated workflow parameters; Um are parameters that determine the 
engine operating mode; Uf are parameters that determine flight conditions; θ are 
parameters of components characteristics. 

These models accompany the development of the engine design, therefore their 
coordination with experimental data is a relevant task, the solution of which is devel-
oped inextricably with the methods of calculating static characteristics [1, 2]. The latest 
advances in this field are published in the works of Y. Li [5], Tsoutsanis et al. [6], S. Li 
et al. [7], Kim et al. [8]. 

The approaches used are based on the Least Squares method. To ensure the stability 
of the solution, regularization of the estimation algorithm is used [1, 9]. 

Therefore, we will consider the problem of identifying static characteristics of a gas 
turbine engine to be sufficiently studied and will focus further on dynamic models. 

2.2 Identification of Engine Dynamic Characteristics Using a Nonlinear 
Component-Level Thermodynamic Model 

The most common approach to identifying the dynamic performances of engines is 
associated with the estimation of the parameters of nonlinear component-level thermo-
dynamic models. In 2015, Tsoutsanis et al. [10] presented a method for identifying 
characteristics to use the results of measuring parameters in transient modes for engine 
diagnostics. In 2016, Asgari et al. [11] used machine learning methods and improved the 
modeling of temperature in transient modes. In 2018, Mehrpanahi et al. [12] proposed 
a procedure for correcting the dynamic model of an industrial gas turbine using opera-
tional information. They also showed that this method has a drawback, because it does 
not provide modeling with acceptable accuracy outside the operating range in which 
the data used for identification were obtained. In 2019, Pang et al. [13] showed that the 
accuracy of the model improves if data obtained in transient modes is used to adapt the 
characteristics of the compressor and turbine. In 2020, S. Kim et al. [14] proposed a
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method for adapting the dynamic model of the F100-PW-229 turbofan engine taking 
into account the dynamic characteristics of the temperature gage. In [15], in contrast to 
previous works that used a bench set of measured parameters, they proposed a method 
that provides adaptation of the model to the parameters measured on a regular basis. Not 
only are the characteristics of the components adjusted, but also the characteristics of 
the sensors. 

However, on the one hand, the problem of estimating the parameters of nonlinear 
component-level thermodynamic models is currently clearly insufficiently studied; on 
the other hand, the use of these models as on-board real-time models as part of control 
and diagnostic algorithms requires the appropriate development of the hardware and 
algorithmic means of ensuring software reliability, which may become the subject of a 
special study, but goes beyond the scope of this work. Therefore, we will consider the 
use of dynamic models that have a linear structure in the future. 

2.3 Identification of Engine Dynamic Characteristics Using Linear Dynamic 
Models 

The linear dynamic model of the engine has the form [16] 

Ẋ = A X + B U ; (2) 

Y = C X + D U , (3) 

where X is the state vector; U is the control vector; A, B, C, D are matrices; Δ is the 
deviation of parameters from values that correspond to the established engine operating 
mode. In the vicinity of the engine operating mode, the matrix coefficients are constant. 
Such a model is called a single-mode model. It is known that the dynamic properties of 
the engine significantly depend on its mode and flight operating conditions [16]. This 
can be taken into account if the dependence of the matrix coefficients on the parameters 
Um and Uf is taken into account. Such a model is called quasilinear. It takes into account 
nonlinear relationships, but is linear in structure. The task of identifying this model is to 
determine the coefficients of the specified matrices based on the values of the parameters 
measured in transient processes caused by changes in the elements of the control vector 
(i.e., the mode or external conditions). 

The most famous monograph on the problem of forming linear dynamic models 
of gas turbine engines was published by Kulikov and Thompson [17]. It considers the 
problem of identifying the dynamic characteristics of gas turbine engines based on 
experimental information. The main attention is paid to identification in the frequency 
domain. Unfortunately, the practical significance of such a method is small, because 
for its implementation it is necessary to ensure a harmonic or random change in the 
influence (fuel consumption). From the analysis of the problem, it becomes clear that 
practical identifiability consists in the possibility of forming a model of the object based 
on experimental data with the required accuracy. Therefore, a method of analyzing the 
accuracy of identification is needed. However, unfortunately, quantitative assessments 
of the accuracy of identification are not considered in this monograph.
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Castiglione et al. [18] stated that to ensure the required control accuracy the model 
used should take into account the degradation of the engine. However, in this work 
only the degradation of the compressor characteristics was considered, the influence of 
measurement errors was not analyzed, and the identification algorithm was not given at 
all – only a reference was made to the fact that standard MATLAB tools were used. In 
the work of Tavakolpour-Saleh et al. [19], two approaches to the identification of the 
dynamic properties of a turbojet engine were considered: parametric and nonparametric. 
Neural networks were used for nonparametric identification. 

Wei and his co-authors from Beijing Beihang University and Cranfield University 
presented a comprehensive review of the development of onboard GTE models [20]. 

The application of piecewise linear dynamic models of GTE was initiated in the work 
of Teren, published in a NASA report [21] and dedicated to the control of the F100 engine. 
The parameters of such a model are set on a finite set of points of the engine throttle 
performance. Therefore, when modeling transient characteristics, the model parameters 
are interpolated by the values of the parameter that sets the operating mode – the rotor 
speed. The corresponding modeling algorithm is presented by Kulikov, Thompson [17]. 
A nonlinear component-based engine model or an experimental throttle performance 
can be used as a static model. Frequency identification methods for piecewise linear 
engine models were reviewed in 1998 in the works of Borell et al. [22], as well as Arkov 
et al. [23]. 

In 2019, Jafari and Nikolaidis [24] considered three types of engine models: 1) Ham-
merstein model; 2) Wiener model; 3) mixed Wiener-Hammerstein and Hammerstein-
Wiener models. As a result of the analysis, they recommended the Wiener model for 
practical application and compared it with the piecewise linear model and the neural net-
work model. All models were tuned on the same data set. It was shown that the neural 
network model is unsuitable because it accumulates static error. 

As a result of the analysis of the on-board models development, Wei et al. [20] noted 
that they have not yet found a wide practical application. According to the authors, this 
is due to the need to solve two problems: 1) reliable modeling of the most important 
unmeasured parameters during a sudden change in the engine state; 2) ensuring sufficient 
accuracy of tuning the on-board model taking into account the characteristics of the 
engine. The second problem is the subject of further research in this work. 

Thus, tuning dynamic models based on measurement information is an important 
task that is solved at different stages of using the models. 

Among all the works on the identification of engine characteristics, works related to 
dynamic characteristics constitute a small number. They mainly consider the determina-
tion of the coefficients of a single-mode dynamic model by the Least Squares method. 
However, the problem of analyzing the accuracy of estimating the parameters of dynamic 
models using real data has clearly not been studied enough, and the problem of planning 
experiments has not been considered. 

The goal of the work is to develop a method for analyzing the accuracy of estimating 
the parameters of dynamic models of gas turbine engines and their practical implementa-
tion using the example of testing a single-shaft gas generator under conditions of sudden 
changes in fuel consumption.
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3 Research Methodology 

The duration of the transient process in a gas turbine engine is determined by the com-
bined influence of several phenomena: mechanical inertia, quantitatively characterized 
by the rotor moment of inertia, and the dynamic stability of the gas generator during 
transient modes, which depends on the difference in the slopes of the torque charac-
teristics of the compressor and turbine. Since both components jointly determine the 
engine time constant, it is not necessary to evaluate them separately. Therefore, the main 
objective is to estimate the resulting time constant, which reflects the combined effect 
of these factors. 

To form a methodology, let us consider the simplest problem: determining the time 
constant τ of a single-shaft gas generator or engine using a step change in fuel consump-
tion by the value G0. The mathematical model (2), which describes the change in the 
rotor speed n for a given change in fuel consumption G, has the f orm

τ 
dn 

dt 
+ n = K G, (4) 

where τ is the rotor time constant; K is the rotor gain factor for fuel consumption.
According to the analysis, the gain factor K should be regarded as a static rather than 

a dynamic parameter, as it defines the slope of the steady-state characteristic – that is, 
the relationship between rotor speed and fuel consumption under established operating 
conditions. Hence, K can be determined beforehand from the static dependence n = 
f(G) .

The transient characteristic of the engine under the specified influence has the form 

n(t) = KG0 1 − e− t 
τ . (5) 

The total uncertainty in evaluating the time constant is influenced by several factors: 
measurement errors σn (rotational speed) and σG (fuel consumption); model-related 
inaccuracies σK (error in parameter K) and ΔS (error due to the assumption of constant 
coefficients K and τ K and τ); the sampling period Δt .

It is further assumed that Δt is selected sufficiently large to suppress the effects of 
signal autocorrelation, while the amplitude of the fuel flow variation G0 is chosen small 
enough to minimize the impact of model nonlinearity. 

Then the instrumental error of the estimate is the sum of the partial errors, and its 
variance is the sum of the partial variances: 

= ( )n + ( )G + ( )K ; σ 2 τ = σ 2 τ n + σ 2
τ G + σ 2

τ K. (6) 

To determine these components, let us assume that the structure of the dynamic 
model is correct, and the estimate is determined by the Least Squares method (LSM), 
i.e., it minimizes the functional 

( ) = 
N 

j=1 

nj − KG 1 − e− t τ 
2 = 

N 

j=1 

nj − ∂n 

∂τ j 
− 

∂n 

∂G j 
G − ∂n 

∂K j
K

2

,
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whence τ̂ = 

N 

j=1 

∂n 
∂τ j 

nj− ∂n 
∂τ j 

∂n 
∂G j 

G− ∂n 
∂τ j 

∂n 
∂K j 

K 

N 

j=1 

∂n 
∂τ 

2

j

.

We obtain expressions for the variance components (6), taking into account the 
significant difference between the influence of measurement errors σn 2 and errors in 
specifying the amplitude of the fuel consumption step and model coefficients σG 2, σK 2: 
both are random variables, but the errors of the coefficients change only over a set 
of repeated experiments, while the errors of measurement change over both the set of 
experiments and the set of measurements in each experiment. Therefore, the errors of 
the fuel consumption step and gain factor can be carried out behind the signs of the sum 
in the numerator of the expression to estimate τ̂ . 

To obtain a universal characteristic of the error, we introduce dimensionless variables 
n = n 

K0G0 
0 
; t= t 

τ 0 ; t= t 
τ 0 ; σ n = σn 

K0G0 
0 
; σ G = σG 

G 00
; σK = σK

K0 , where τ0,  G0 
0, 

K0 are true values of the engine time constant, fuel step and boost factor. For the same 

purpose, we convert the expressions to continuous form using the transformation
N 

j=1 
xj ≈ 

1 
t 

tN 

0 
x(t) dt, assuming that measurements are made over time tN evenly spaced Δt. Then 

σ 2 τ n =
t2 σ 2 n 

tN 

0 

∂n 
∂τ 

2 
dt 

; σ 2 τ G = 

N 

j=1 

∂n 
∂τ 

∂n 
∂G 

dt 

2 

N 

j=1 

∂n 
∂τ 

2 
dt 

2 σ 2 G; σ 2 τ K = 

N 

j=1 

∂n 
∂τ 

∂n 
∂K 

dt 

2 

N 

j=1 

∂n
∂τ

2
dt

2 σ 2
K .

(7) 

4 Results 

Differentiating the solution (5), we transform (7): 

σ 2 τ n = σ 2 n · t · fn tN , where fn tN = 2 
1 
2 − e−2tN t2 N + t N + 1

2

. (8) 

σ 2 τ G = σ 2 Gf1 tN ; σ 2 τ K = σ 2 Kf1 tN where f1 tN = 

⎧ 
⎨ 

⎩ 
3 − 4 tN + 1 e−tN + 2tN + 1 e−2tN 

1 − 2t2 N + 2tN + 1 e−2tN

⎫
⎬
⎭

2

. (9) 

Function fn tN is presented in Fig. 1, a. As the observation duration increases, its 
value converges to a finite limit equal to 4. This indicates that after the transient process 
is completed, subsequent measurements no longer carry information about the desired 
time constant. Function f1 tN is presented in Fig. 1, b. With an increase in observation 
time, the influence of additional measurements on the total error diminishes, and the 
function approaches not zero but a finite limit equal to 9.
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a               b 

Fig. 1. Influence functions of errors in measuring the rotational speed and setting the fuel con-
sumption and gain coefficient on the error in estimating the engine time constant: a  –  f  n; 
b – f 1

Using the derived Eqs. (8), (9) for the specific variance, along with the corresponding 
graphs, one can estimate the error for any engine, chosen time interval, amplitude of 
the step input, and measurement inaccuracy. This formulation of the error model also 
serves as a foundation for designing experiments aimed at determining the engine time 
constant, effectively addressing the inverse modeling problem. 

The characteristic obtained from the analysis of a sudden change in fuel consumption 
represents the minimum achievable error, as the rotor’s response to alternative forms of 
input occurs more slowly, thereby increasing the estimation error. 

Let us consider examples of determining the errors in estimating the time constant of a 
single-shaft gas generator with the following parameters: τ0 = 1  s;  K0 = 10 (rpm)/(kg/h); 
G0 = 100 kg/h; Δt = 0.2 s; σn = 15 rpm; σG = 0.5 kg/h; σK = 0.1 (rpm)/(kg/h). The 
corresponding dependences on the relative observation time of individual components 
and the total root mean square deviation (RSMD) of the time constant estimation error
are presented in Fig. 2. Analysis of the obtained results shows that the opposite effect 
of the observation time on the change in the components of the total time constant 
estimation error under certain conditions determines the presence of a minimum of the 
total error, which means the existence of a limited optimal duration of the experiment.
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a               b 

Fig. 2. Dependences of the RMSD of the errors of the time constant estimates on the observation 
interval: 1 - στ n;  2 - στ G;  3 - στ K;  4 - στ; a  –  τ0 = 1 s; b – τ0 = 5 s

5 Conclusions 

In the course of investigating the problem, a generalized method for analyzing the errors 
arising during GTE model adaptation was developed. The main ideas of this method 
can be summarized as follows: 1) application of a linear approximation of the engine’s 
dynamic model in the region corresponding to the actual values of the parameters to 
be identified; 2) assessment of the impact of all measurement inaccuracies and model-
related parameter deviations – including rotor speed and fuel flow errors, inaccuracies in 
the sensitivity coefficient, the form and parameters of the control signal, and the interval 
between recorded data points; 3) assumption that the influencing errors are statistically 
independent and normally distributed random quantities; 4) utilization of normalized 
parameters and appropriate transformations of the equations that connect estimation 
inaccuracies with influencing factors, which makes these relationships universal and 
suitable for any set of engine parameters and operating conditions. 

Instrumental errors in determining the time constants of the engine have a lower 
theoretical limit, which arises from the finite duration of transient processes. Once the 
transient has ended and output parameters become steady, the system’s response ceases 
to depend on dynamic parameters such as the time constant. Therefore, additional data 
obtained after stabilization do not improve the accuracy of the estimate. 

Based on the analysis of the transient response of the engine to a step change in fuel 
supply, the minimum achievable estimation error was determined. In practical situations, 
the rate of fuel change is restricted by the mechanical limits of the metering unit and 
control algorithms, which in turn slows down the rotor’s acceleration and reduces the 
amount of useful information contained in experimental data. 

For the first time, the possibility of the existence of an optimal observation duration 
has been established, which must be taken into account when designing experiments 
and developing algorithms for adapting dynamic engine models. 

The proposed method for calculating the error in estimating the time constant can 
be applied not only to a single-shaft engine. To implement the described approach, it
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is necessary to use the solution of the differential equation that represents the system 
under study (for example, a twin-shaft engine) for the corresponding input action. By 
performing the appropriate transformations, it becomes possible to obtain universal 
relationships expressed in dimensionless parameters. 
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Abstract. This paper proposes an approach for analyzing the free vibrations of 
sandwich shallow shells with an auxetic core exhibiting a negative Poisson’s ratio. 
The face sheets are made of functionally graded materials (FGMs). The method 
allows to consider the panels with arbitrary planform geometries. The shell is 
assumed to be resting on a Pasternak elastic foundation. Mathematical formu-
lation is based on the first order shear deformation theory (FSDT). The core’s 
unit cell is modeled with a hexagonal configuration, and established analytical 
relations are used to determine its material properties. Power law distribution is 
applied to characterize the effective properties of the FGM face sheets. To address 
shells with arbitrary planforms, the R-functions theory is integrated with the vari-
ational Ritz method. The accuracy and efficiency of the proposed methodology 
are demonstrated through comparison with existing results as well as new results 
obtained for auxetic shells of complex geometries. 

Keywords: arbitrary shape · R-functions theory · sandwich shallow shells with 
auxetic core · FGM · first order shear deformation theory · elastic foundation 

1 Introduction 

Sandwich structures are widely recognized in engineering due to their ability to combine 
lightweight characteristics with high stiffness and strength. The performance of sand-
wich structures is highly influenced by the choice of materials for both face sheets and the 
core. Face sheets can include functionally graded materials (FGMs), which are attrac-
tive for different applications. In recent years auxetic honeycomb core materials have
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gained significant attention due to their negative Poisson’s ratio, which leads to effec-
tive energy absorption, impact resistance, and enhanced strength capacity compared to 
conventional core architectures. This class of materials is deformed in a counterintuitive 
manner, becoming thicker perpendicular to an applied stretch, making them ideal for 
advanced core designs in highly productive sandwich structures. Note that such struc-
tures can serve as protective armor, reducing overall weight while improving acoustic 
insulation, thermal resistance, and impact mitigation against collisions or shock waves 
from explosions [7]. Extensive studies have been explored the modeling and perfor-
mance of sandwich panels within the frameworks of classical plate theory (CPT), first 
order shear deformation theory (FSDT), and higher-order shear deformation theories 
(HSDT). A recent comprehensive review [1] has highlighted the progress in research on 
sandwich structures with auxetic cores. That work offers an in-depth discussion of design 
strategies, classifications of auxetic geometries, and material choices for both the core 
and the face sheets. A wide range of studies has been focused on problems such as static 
bending, buckling loads, dynamic response plates, and both linear and nonlinear vibra-
tions [2–14]. Free vibration analyses of auxetic plates were presented in [2–4], while 
works [5–8] examined auxetic sandwich plates resting on elastic foundations. Further 
investigations [9–11] were addressed the vibration behavior of FGM shells with auxetic 
cores. The questions of the design of doubly curved sandwich panels with honeycomb 
cores were considered in [12, 13]. 

Although significant progress has been made in the study of sandwich structures 
with FGM face sheets and auxetic cores, relatively little attention has been devoted 
to shallow sandwich shells with complex planforms. To address this gap, the present 
work introduces a semi-analytical approach based on the variational Ritz method in 
combination with the R-functions theory [14, 15]. 

2 Mathematical Model for Vibration Analysis of Sandwich Panels 
with Auxetic Core on Elastic Foundation Using FSDT 

The study focuses on sandwich shallow shells (panels) with an auxetic honeycomb 
core and FGM face sheets supported by an elastic foundation (Fig. 1). The three-layer 
configuration includes a core of thickness hc = h2 − h 1 and two FGM face sheets placed 
on the top (T) and bottom (B), each with thickness hf . The total shell thickness h is 
defined by h = 2hf + h c. Planform can take complex shapes with different boundary 
conditions. The effective properties of the FGM sheets, made of ceramic and metal, vary 
along the thickness following a power law function. 

E(i) (z) = (Ec − Em)V (i) + Em,  ρ(i) (z) = (ρc − ρm)V (i) + ρm, i = T ,B, (1) 

where 

V (T ) (z) = z − h2 
h/2 − h2 

p 

, V (B) (z) = h1 − z 
h 1 + h/2

p

. (2)
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Fig. 1. Sandwich FGM shallow shell with honeycomb core 

In formulas (1) and (2) z represents the distance from the current point to the midsur-
face of the shell, while z = h 1 and z = h 2 correspond to the bottom and top surfaces of the 
core layer, respectively. The index p (0 ≤ p < ∞ ) denotes the ceramic volume fraction 
exponent, which is related to the metal volume fraction Vm by expression Vc + Vm = 1. 
The subscripts c and m stand for “ceramic” and “metal,” respectively, Em, E c and ρm,  ρ  c
denote the Young’s modulus and mass density of the constituent materials. 

Suppose that unit cell of an auxetic honeycomb core has form of the hexagonal shown 
in Fig. 1. Geometrical parameters d , l define length of the horizontal and inclined sides 
respectively, parameter t defines thickness of hexagonal rib and parameter θ corresponds 
to inclined angle of the rib. Then core’s material properties for negative θ are adopted 
from [11]: 

E(c) 
1 = Eη3 3 

γ 
cosθ cos2θ + sin2θ + η1 η2 3 

,  γ  = η1 + sinθ,  η1 = d

l
, η3 = t

l
,

E(c) 
2 = Eη3 3 

γ cosθ tan2θ + η2 3 
, G(c) 

12 = Eη3 3 

η1cosθ (1 + 2η1) 
, G(c )

23 = Gη3cosϑ

γ
,

G(c) 
13 = 

Gη3 

2cosθ 
γ 

1 + 2η1 
+ 

η1 + 2sin2θ 
2γ 

,  ρ(c) = ρ 
η 3(η1 + 2)

2γ cosθ
, (3) 

ν (c) 12 = γ sinθ 1 − η2 3 
cos2θ + sin2θ + η1 η2 3 

,  ν  (c) 21 = 
sinθ 1 − η 23

γ tan2θ + η23
,

where E, G are modulus of elasticity and shear, ρ is a mass density of original core 
material. By FSDT the strain components {ε} = {ε11,  ε22, ε12}T for moderately large 
deformations can be expressed as {ε} = ε(0) + z{χ}, where 

ε(0) = u0,x + w0/Rx, v0,y + w0/Ry, u0,y + v0 ,x
T
,

{χ} = ψx,x, ψy,y ψx,y + ψy,x 
T 
,  ε13 = ψx + w0,x − 

u0 
Rx 

,  ε23 = ψy + w0,y − v0
Ry

,

(4) 

here (u0, v0, w0) denote displacements of a point at the mid-plane to x, y, z directions, 
ψx,  ψ  y are rotation angles of the transverse normal in yz and xz planes respectively, 
Rx, R y are radii of principal curvatures in x and y directions.
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Note that we consider shallow shells of small curvature, the equations of which are 
described by quadratic functions that do not contain the product xy. In this case, the 
curvatures are constant. Thus, it is approximately assumed that the intrinsic geometry 
of the middle surface does not differ from the Euclidean geometry of the plane. The 
principal directions of curvature do not change and coincide with the directions of the 
Ox and Oy-axes. The expressions for the in-plane force resultants N = (N11, N22, N12)

T , 
bending moment resultants M = (M11, M22, M12)

T and transverse shear force resultants 
Q = Qx, Qy can be written in matrix form as: 

{N } = [A]{ε} + [B]{χ}, {M } = [B]{ε} + [D]{χ}, {Q} = D44 0
0D55

ε13

ε23
, (5) 

[A] = 

⎡ 

⎣ 
A11 A12 0 
A12 A22 0 
0 0 A66 

⎤ 

⎦, [B] = 

⎡ 

⎣ 
B11 B12 0 
B12 B22 0 
0 0 B66 

⎤ 

⎦, [D] = 

⎡ 

⎣ 
D11 D 12 0
D12 D22 0
0 0 D66

⎤
⎦.

Note that elements Aij, Bij, Dij, (i, j = 1,2, 6) of the matrices [A], [B] and [D]  in  
relations (5) are calculated by formulas: 

Aij, Bij, Dij = ∫h1 − h 
2 
Q(B) 
ij 1, z, z2 dz + ∫h2 h1 

Q(C) 
ij 1, z, z2 dz + ∫ 

h 
2 
h2 
Q(T )
ij 1, z, z2 dz.

(6) 

Elements Dij (i, j = 4,5 ) are defined as. 

Dij = K2 
s ∫h1 − h 

2 
Q(B) 
ij dz + ∫h2 h1 

Q(C) 
ij dz + ∫ 

h 
2 
h2 
Q( T )
ij dz ,

where K2 
s is a shear correction factor (it is assumed to be K2 

s = 5/ 6 in the work). Values 
Q(B,T ) 
ij and Q(C) 

ij (i, j = 11, 22, 12, 66, 44, 55) are defined by the following expressions: 

Q(i) 
11 = Q(i) 

22 = 
E(i) (z) 
1 − ν2 

, Q(i) 
12 = νQ(i) 

11 , Q
(i) 
66 = Q(i) 

44 = Q(i) 
55 = 

E(i )(z)

2(1 + ν)
, i = T ,B, (7) 

Q(C) 
11 = E(C) 

1 

1 − ν (C) 
12 ν (C) 

21 

, Q(C) 
22 = E(C) 

2 

1 − ν (C) 
12 ν (C) 

21 

, Q(C) 
12 = ν (C) 

12 E
(C) 
2 

1 − ν (C)
12 ν

(C)
21

Q(C)
66 = G(C)

12 ,

Q(C) 
44 = G(C) 

23 , Q
(C) 
55 = G (C)

13 .

Here E(i) (z),  ν  , are effective Young’s modulus, Poisson’s ratio of the corresponding 
FGM layers (i = T , B). For core (C) values E(C) 

1 , E(C) 
2 ,  ν  (C) 

12 , ν
(C)
21 , G(C) 

12 , G
(C) 
23 , G

(C )
13 are 

calculated by formulas (3). 
The governing equations of the sandwich shallow shells with auxetic core are 

obtained by applying Hamilton’s principle [11]: 

N11,x + N12,y + 
Qx 

Rx 
= I0 ü0 + I1ψ̈x,
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N12,x + N22,y + 
Qy 

Ry 
= I0 v̈0 + I1 ψ̈y,

Qx,x + Qy,y − 
N11 

Rx 
− 

N22 

Ry 
− kww0 + kp∇2w0 = I0ẅ0, (8) 

M11,x + M12,y − Qx = I1 ü0 + I2 ψ̈x,

M12,x + M22,y − Qy = I1v̈0 + I2 ψ̈y,

where cofactors I0, I1, I 2 in system (8) are defined as: 

(I0, I1, I2) = 
h1 ∫ 
− h 

2 

ρ(B) 1, z, z2 dz + 
h2 ∫
h1 

ρ(C) 1, z, z2 dz + 
h 
2 ∫
h2 

ρ (T ) 1, z, z2 dz.

Here ρ(r) (r = B, C,T ) is a mass density of the r-th layer for bottom (B), top (T), and 
for auxetic core (C), kw, kP are the parameters of elastic foundations. 

3 Solution Method 

To analyze the linear vibrations of FGM shallow shells with arbitrary planforms and 
various boundary conditions, the variational Ritz method is used. Assuming that the 
shell vibrations are harmonic, the problem can be formulated in variational form, which 
reduces to finding the stationary point of the following functional: 

J = U u, v, w,  ψx,  ψy + Ve(w) − λ2T u, v,w, ψx, ψy , (9) 

where λ is a natural frequency, U, T and Ve are strain, kinetic and potential energies, 
which are defined by the expressions: 

U = ∫ N11ε (0) 11 + N22ε (0) 22 + N12ε (0) 12 + M11χ11 + M22χ22 + M12χ12 + Q xε13 + Qyε23 d

Ve = 
1 

2 
∫ kww

2 
0 + kp 

−−→∇w0 
2 

d 

T = ∫ I0 u
2 
0 + v2 0 + w2 

0 + I1 ψxu0 + ψyv0 + I2 ψ2 
x + ψ 2y d

Despite the effectiveness of the Ritz method as a tool for solving vibration problems 
of plates and shells, a key challenge arises when dealing with complex geometries and 
varied boundary conditions connected with the construction of admissible functions. 
This difficulty can be addressed using the R-functions theory [14, 15], which allows 
sequences of admissible functions to be systematically constructed for arbitrary geome-
tries and boundary conditions. Importantly, these functions exactly satisfy the necessary 
prescribed boundary conditions. Consequently, the solution can be expressed in analyt-
ical form, representing a significant advantage of the R-functions method (RFM) over 
conventional numerical approaches.
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Suppose that admissible functions {ui}, {vi}, {wi}, {ψxi}, ψyi have 
been constructed. Then according to the Ritz method, unknown functions 
u(x, y), v(x, y), w(x, y),  ψx(x, y), ψy(x, y) are presented as follows: 

u = 
N1 

i=1 

aiui, v = N2 

i=N1+1 
aivi, w = 

N3 

i=N2+1 

a iwi,

ψx = N4 

i=N3+1 
aiψxi,  ψy = N5 

i=N4+1 
aiψyi. (10) 

Coefficients of expansion {ai} i = 1,2,  .  .  .  ,N 5 in (10) are solution of the Ritz system: 

∂J 

∂ai 
= 0, i = 1, 2,  .  . . ,N5.

4 Results and Discussion 

4.1 Shells of Rectangular Shape of Plan 

Problem 1. Sandwich plates as well as cylindrical, spherical, and hyperbolic 
paraboloidal panels with auxetic core are examined. Each structure has a square plan-
form with sides of length a = b = 2m and thickness h = 0.1m [11]. The shell edges are 
assumed to be simply supported and movable. The structural configuration includes two 
FGM face sheets composed of Al/Al2O3 and an auxetic honeycomb core layer made of 
Al. The material properties of the FGM mixture constituents are: 

Al : E = 69GPa,  ρ  = 2700kg/m , ν = 0.33;

Al2O3 : E = 380GPa,  ρ  = 3800kg/m , ν = 0.33.

Table 1 shows fundamental frequencies computed by the approach proposed (RFM) 
and using Navier’s form for analytical solution from work [11]. Comparison is carried 
out for shallow shells with the following parameters: h = 0,1m, a = b = 20h, η1 = d l = 
2,  η3 = t l = 0.013857, h chf = 2, angle θ =  −550 and different values p = 0.5, 1, 5, 10. 

Problem 2. The second comparison was done for an auxetic honeycomb core sandwich 
square plate with isotropic face sheets (Al) and the same material of the core layer, but in 
this case the plate is resting on elastic foundation (kw = 0.1kN /m3, kP = 0.05kN/m), 
inclined angle θ and ratio η1 = d l vary. Comparison of results (Table 2) is presented 
for two works: [5], where authors used FEM and FSDT, and [8], where researchers 
employed HSDT theory and solved the problem analytically using the Navier solution.
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Table 1. Comparison of fundamental frequencies (Hz) for auxetic sandwich shallow shells with 
square planform 

Rx(m) Ry(m) Method p = 0.5 p = 1 p = 5 p = 10 Pure metal 

∞ ∞ [11] 288.580 273.369 217,785 194.966 155.052 

RFM 288.554 273.345 217.744 194.919 154.933 

∞ 10 [11] 296.045 280.085 222.851 199.673 159.411 

RFM 296.013 280.056 222.803 199.618 159.348 

10 10 [11] 319.520 301.356 239.022 214.613 173.206 

RFM 319.476 301.321 238.967 214.550 173.047 

–10 10 [11] 286.209 271.122 215.992 193.363 153.781 

RFM 286.183 271.095 215.950 193.314 153.663 

Table 2. Comparison of the fundamental frequency (Hz) of the square simply supported FGM 
auxetic plate on elastic foundation 

η1 Method θ =  −100 θ =  −350 θ =  −550 θ =  −800

0.5 RFM 276.72 318.29 292.71 306.69 

[8] 276.542 317.795 292.415 306.313 

[5] 277.622 319.212 293.616 307.568 

2 RFM 280.601 279.74 278.000 267.00 

[8] 280.387 279.537 277.803 266.875 

[5] 281.512 280.656 278.910 267.903 

4 RFM 281.05 280.66 279.845 274.24 

[8] 280.836 280.454 279.645 274.095 

[5] 281.946 281.572 280.750 275.114 

4.2 Shells of a Complex Planform 

To illustrate the capabilities of the method proposed, a shallow shell with the complex 
planform shown in Fig. 2 is analyzed. As in the previous cases, the face sheets are 
assumed to be made of an FGM mixture Al/Al2O3, while the core consists of an auxetic 
aluminum (Al) honeycomb structure. It should be noted that the manufacturing process of 
curved cores for double-curved sandwich panels is a highly complex task. This problem 
is discussed in [12], and in [13] with respect to flexible honeycomb cores. In the present 
work, we assume that the cell geometry is designed in such a way that the mechanical 
properties of the core are preserved. 

The shell is assumed to be clamped along its entire boundary. Accordingly, the 
boundary conditions are specified as: 

w(x, y) = 0, u(x, y) = 0, v(x, y) = 0,  ψx(x, y) = 0,  ψy(x, y) = 0,∀(x, y).
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Fig. 2. Planform of the shallow shell 

Fig. 3. Effect of gradient index on frequency 

The solution structure [14, 15] for a fully clamped shell can be expressed in the form: 

w = 1, u = 2, v = 3,  ψx = 4,  ψy = 5, (11) 

where indefinite components i, i = 1,5 are expanded in the form of an appropriate 
complete system such as polynomials, trigonometric functions, splines, etc. Function 
ω(x, y ) constructed using the R-functions theory vanishes exactly on the shell boundary. 
In the present case this function is given by the following equation: 

ω(x, y) = (f1 ∧0 f2) ∧0 ((fAB ∨0 fCD) ∧0 (fEF ∨0 fKL) ∨ 0 f3),

symbols ∧0, ∨ 0 denote the R-operations [14]. Functions fi, i = 1,3 are defined as: 

f1 = 
a2 − x2 

2a
≥ 0, f2 = 

b2 − y2 

2b
≥ 0, f3 = 

b2 1 − y 2

2b1
≥ 0.

Functions fAB, fCD, fEF , fKL are defined by the expressions of the oriented [14] straight 
lines (AB, CD, EF, KL). 

fAB = ((b − b1)(x − a1) − (a2 − a1)(y − b))/ (b − b1)2 + (a 2 − a1)2 ≥ 0,

fCD = ((b1 − b)(x + a2) + (a2 − a1)(y − b1))/ (b − b1)2 + (a 2 − a1)2 ≥ 0,

fEF = ((b − b1)(x + a1) + (a2 − a1)(y + b))/ (b − b1)2 + (a 2 − a1)2 ≥ 0,

fKL = ((b − b1)(x − a2) + (a1 − a2)(y + b1))/ (b − b1)2 + (a 2 − a1)2 ≥ 0.

Functions i, i = 1,5 in (11) were expanded in a power series upon considera-
tion of the problem symmetry [14, 15]. To approximate 1 twenty eight terms of the 
polynomial’s series were retained, and the remaining components were approximated
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by fifteen terms. Figure 3 illustrates influence of fraction index p and thickness of lay-
ers on fundamental natural frequency of the FGM auxetic sandwich spherical shells 
Rx = Ry = 10m on elastic foundation (kw = 0.1kN /m3, kP = 0.05kN/m). Values of 
geometric parameters were taken as: h = 0,1m; 2a = 2b = 20h; 2a1 = 1,4m; 2a2 = 
0.6m; 2b1 = 1.2m; θ = −550, η3 = t l = 0.013857; η1 = d l = 2; hc hf 

= 2, 4, 8.  As  
shown in Fig. 3, an increase in the gradient index p results in a higher metal content 
in the FGMs, which, in turn, reduces the overall stiffness of the shell and consequently 
leads to lower fundamental frequencies. However, increasing the thickness of the core 
layer contributes to a rise in these frequencies. 

The effect of the inclined angle θ of the auxetic honeycomb unit cell core on the 
fundamental frequency of the shell is shown in Fig. 4. The results are presented for a 
spherical shell with the same geometric and mechanical parameters as for Problem 2. 
The volume fraction index p and thickness ratio hc hf 

between the face sheets and the core 

are kept constant: p = 2; hc hf 
= 8(1 − 8 − 1). 

Fig. 4. Effect of the inclined angle on fundamental frequency of the clamped spherical shell 

As shown in Fig. 4 for values of inclined angle from –80° to –50°, the fundamen-
tal frequency increases significantly for η1 = 1.5, 2, 3, 4. But for η1 = 1 frequency 
behavior is extraordinary. This phenomenon should be taken into account when using 
metamaterials in practical applications. 

5 Conclusions 

This study presents the first application of the R-functions theory combined with the 
variational Ritz method to analyze the free vibrations of sandwich shallow shells with 
auxetic cores and functionally graded face sheets. The validity and efficiency of the 
proposed approach have been confirmed through comparisons with previously published
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results. As a novel contribution, the work investigates the vibration response of a clamped 
spherical shallow square shell with trapezoidal cutouts on two opposite edges, resting 
on an elastic foundation. 
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Abstract. This research aims to design highly durable mechanical structures 
intended for delivering oxygen into the working cavity of 250-ton converters at the 
Dniprovsky Metallurgical Combine OJSC (Kamianske, Ukraine). Drawing on the 
performed industrial experiments, the hypothesis suggesting a notable extension 
in lance tip lifespan while providing symmetrical cooling to the behind-nozzle 
zones of their copper bowls was verified; this method’s significant efficiency was 
established for the first time. Two versions of the innovative lance tip design (pro-
tected by Ukrainian patent No. 40428) with six shortened Laval nozzles have 
been designed, which, owing to improved coolant distribution within them, made 
it possible to increase its life by 1.2 and 1.168 times compared to similar designs 
of 6-nozzle tips without guiding blades (characterized by a 2.33 times greater life 
compared to standard 5-nozzle tips), by 2.8 and 2.72 times compared to standard 
5-nozzle tips. It was established that the external welding zones surrounding the 
Laval nozzles are the limiting link that does not allow achieving high life of welded 
lance tip designs. All of this supports the use of forged and stamped and/or solid-
cast designs, which possess a significantly longer life – one that can be further 
extended through cooling of the behind-nozzle space. The results of experimental 
assessments of the effectiveness of various versions of the developed lance tip 
design, as presented in this study, indicate the potential for effectively addressing 
the issue of low life of this type of lance tip in operating converter shops. 

Keywords: converter process · top oxygen lance · cooler · copper bowl · water 
velocity · behind-nozzle space · blowing device · welding seam · water-cooling 
tract · top lance barrel 

1 Introduction 

Modern technologies of converter steel production [1] require high efficiency at each 
stage of the technological process. Efficiency is ensured mainly by the reliability of 
the power equipment available in the converter shop, including the designs of the top 
blowing lances, which are one of its key elements and determine the quality and speed 
of metal refining. These mechanical devices are used to supply technical oxygen to the 
molten converter bath at high (supersonic) speeds and play a crucial role in activating and
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intensifying the oxidation of impurities, affecting the rate of lime dissolution, promoting 
intensive stirring of the liquid bath, increasing the productivity of the units in the converter 
shop, and more [2]. 

The lance tip is one of the most loaded and vulnerable elements of the top lance, 
located in the zone of extreme temperatures, aggressive chemical effects of the melt, 
and shock loads from reactive blowing flows. Overheating and wear of the tip remain 
key problems, since their damage directly affects the stability of the technology and the 
quality of steel. Imperfect tip designs complicate the operation of top lances, disrupt the 
workflow, and reduce the shop productivity. 

All conventional lance tip designs share a common disadvantage – the occurrence 
of stagnant coolant regions located behind each blowing nozzle. This fact leads to local 
film boiling of water in the behind-nozzle zones, significantly increasing the temperature 
of these sections of the lower bowl. The heterogeneity of its temperature field leads to 
overheating and melting of copper in the zones behind the nozzles, which leads to the 
failure of the lances. In the tips of welded structures, the outer copper welds around 
the nozzles fall into the overheating zone, which sharply reduces the life of the tips. 
An increased number of nozzles results in a larger number and greater area of stagnant 
zones, which explains the inversely proportional dependence of the life of the tips on the 
number of nozzles in them. Eliminating stagnant coolant zones behind the nozzles in tip 
cooling systems will greatly enhance cooling efficiency and extend lance life, allowing 
them not to be limited by the number of nozzles when designing blowing devices. 

Therefore, particular attention should be directed toward improving the tip designs: 
primarily their cooling systems, as well as optimizing the tip geometry to eliminate 
local overheating zones of the lower bowls, using highly resistant structural materials. 
These are urgent tasks of metallurgy aimed at reducing the wear of power equipment, 
improving the quality of steel, and increasing energy efficiency and productivity. 

The work aims to develop an innovative lance tip design with shortened Laval noz-
zles, based on the developed theoretical provisions, with a subsequent evaluation of 
the effectiveness of the proposed symmetrical cooling methods applied to the behind-
nozzle zones of the lower bowl, aimed at addressing the issue of low life of this tip type 
in converter shops conditions. 

2 Literature Review 

In order to improve the technical and economic characteristics of converter shops and 
increase the operational performance of shop power equipment (including top–blowing 
devices), the use of multi–nozzle (6 or more) top oxygen lances is proposed. 

High temperatures in the working space, the oxidation of carbon, and the splashing of 
metal with slag during oxygen blowing create an aggressive atmosphere in the converter 
[3], which has a destructive effect on the lance device, especially lance tip [4]. This fact 
can lead to changes in the microstructure of its materials with subsequent destruction of 
the welds, especially copper [3]. 

To prevent these phenomena, it is necessary to organize effective cooling of the 
lance tip. However, an increased number of blowing nozzles worsens the cooling of 
copper bowls due to stagnant water zones arising behind the nozzles. The behind–nozzle
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sections of the external copper welds connecting the lower bowl with the nozzles are very 
vulnerable due to their low strength and smaller thickness. An increase in the number 
of nozzles reduces the life of the tip (by 22% when the number of nozzles increases 
from 5 to 6). In this regard, lances with several nozzles up to 5 are used in practice, 
which improves the life of the tips, but leads to deterioration of the process parameters 
poor slag formation, metal removal, reduced steel output, increased content of harmful 
impurities in it, and other technological problems. 

Modern developments of lances are aimed at increasing the resource–saving effi-
ciency of the converter process due to their reserves. Designs of lance tips for the after-
burning of CO to CO2 are being developed, which allows improving the heat balance of 
the melt, accelerating the mixing of the melt, reducing the blowing time, increasing the 
dephosphorization rate, and reducing defects [5]. An analysis of the blowing processes 
with and without afterburning of CO has been performed [6]. It has been established [7] 
that under PCO2 /PCO = 1 the temperature of the exhaust gases increases from 1800 to 
2000 K. 

In order to enhance the mass transfer rate between the melt and the slag by more 
than 30%, a gas-jet-actuated self-rotating lance was developed [8]. 

The influence of the cross-sectional area of the central blow-through channel and the 
gas flow rate on jet characteristics was investigated, enabling the design and optimization 
of the central nozzle in the top oxygen lance for injecting an O2–CO2 gas mixture into 
the converter [9]. The influence of preheating temperature and gas mixture flow rate 
(90% О2 + 10% СО2) on the jet characteristics during its injection through a swirling 
nozzle was also studied [1]. 

To optimize the design of the top lance nozzle, the influence of outlet section wear 
on the parameters of the supersonic gas jet was investigated. It was established [10] that 
increased wear leads to a more rapid decline in jet velocity and results in an earlier jet 
convergence point. However, no measures to eliminate or reduce wear were proposed. 

When designing an oxygen lance with a high (2.15) Mach number at different oxygen 
pressures, the jet characteristics and their effect on the bath were studied [11]. The process 
of blowing with a dynamic oxygen lance was also studied – the effect of its design, 
including the rotation speed and twist angle, on melt dephosphorization was established 
[12]. To develop top submersible lances, studies were conducted on the dynamics of gas 
penetration into the bath [13], the formation and floating of bubbles in the melt [14], 
including using X-ray visualization [15], and the rotation of splashing waves in liquid 
metal [16]. The effect of interphase forces and melt viscosity on the bath hydrodynamics 
was analyzed [17]. 

To apply a protective slag to the lining of the converters, the effect of the top blowing 
on the foaming of slag was investigated [18], and heat flows to the slag-splashing lance 
were calculated [19]. 

The conducted analysis of the literature showed the absence of works on the study 
and improvement of lance tip cooling systems. However, this is an important problem 
for all converter shops, especially when using outdated welded tips. Thus, the need for 
work to improve the service life of lance tips, including designs with shortened Laval 
nozzles, remains relevant and requires an effective solution.



276 S. Panteikov and E. Leshchenko

3 Research Methodology 

The impact of different symmetrical cooling configurations in the behind-nozzle space 
of copper bowls on the durability of welded lance tips was investigated – with a partition 
(without collision of coolant flows) and without a partition (with collision of water flows). 
The subject of the study is an innovative 6-nozzle lance tip design with shortened Laval 
nozzles, whose profile and positioning were defined through high-temperature modeling 
of the converter process. Experiments were conducted on industrial 250-ton converters, 
utilizing structured observation. The causes of failure of lance tips were recorded through 
photography. The MS Excel 2015 program processed the results. 

4 Results and Discussion 

To once again test the previously proposed hypothesis regarding the influence of the 
cooling intensity in the behind–nozzle zones of the copper bowl on the life of the lance 
tip, an innovative design (Patent 40428 UA, C 21 C 5/48. Lance tip with symmetrical 
cooling of nozzles) of a 6-nozzle tip with shortened Laval nozzles for the top lances of 
250-ton converters at Dniprovsky Metallurgical Combine OJSC (currently KAMET– 
STAL’ PrJSC, Kamianske, Ukraine) was developed, manufactured and tested. Due to 
the improvement of the cooling system, it ensures intensive cooling of the behind-nozzle 
zones of the inner surface of the copper bowl, where stagnant water zones are formed 
in classical designs (Fig. 1, a). That is, an increase in the life of the tips was achieved 
by eliminating stagnant coolant zones in their nozzle zones according to the options 
proposed by the authors (Fig. 1,  b,  c  ).

(а)                       (b)                       (c) 

Fig. 1. Scheme of coolant flow in the behind-nozzle zones of lance tips: a – in the classic design; 
b – in the design with symmetrical nozzle cooling and a partition (see Fig. 2, a, b); c – in the design 
with symmetrical nozzle cooling and without a partition (see Fig. 2,  c,  d);  1  –  nozzle;  2  –  stagnant  
zone of coolant; 3 – guide blade; 4 – partition.

Two versions (Fig. 2, a–d) of the new design were developed with an improved 
cooling system, which provided for symmetrical cooling of the zones behind the nozzle 
space of the lower bowls. These results were achieved by symmetrically installing special 
guiding blades in the form of a semicircle (Fig. 2, e) with a gap positioned behind each 
nozzle in the direction the water moves, which allowed for an intensive supply of coolant 
behind the nozzles, thereby ensuring highly efficient cooling of the behind–nozzle zones 
of the copper bowls.
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Fig. 2. Designs of a 6-nozzle tip with symmetrical cooling of the zones of the behind-nozzle 
space of the copper bowl by separate flows (a, b) and without isolation of the water flows (c, d), 
schemes for cooling the behind–nozzle space according to the 1st variant (e) and the reaction zone 
when oxygen is blown onto the converter bath from above (f), see the text for designations. 

The previously designed and successfully tested 6-nozzle design with shortened 
Laval nozzles and a distance between the bowls reduced to 25 mm was taken as a 
prototype for the specified variants of the innovative lance tip design. While it did not 
include cooling of the copper bowl in the areas behind the nozzles, it was characterized 
by 2.27–2.41 (on average 2.33) times greater life, which amounted to 114–143 melts 
(with an average durability of 126.67 melts) compared to standard 5-nozzle tips, the life 
of which amounted to 49–63 (on average 54.33) melts. 

The arrangement of Laval nozzles in the lance tip – specifically, their inclination 
angles relative to the vertical axis of the lance (α, degrees), the angular spacing between 
adjacent nozzle axes in the horizontal plane (φ, degrees), and the diameter of the cir-
cumference along which their outlets are positioned (do, m) – was determined through 
high-temperature modeling of top-blowing processes. This modeling accounted for the 
number of nozzles and the distance from the lance to the bath surface at rest (Hф,  m),  aim-
ing to ensure a stable blowing process without causing metal splashing onto the oxygen 
lance barrel or the converter neck. Optimal nozzle positioning was designed to maintain 
appropriate diameters and depths (D, DI,  DII,  LI,  LII) of the reaction zone developed 
under elevated temperatures (Fig. 2, f), thereby preventing premature localized wear of 
the converter’s lining on its walls and bottom. 

The developed variants of the lance tip design (Fig. 2, a–d) consist of central water 
pipes 1, intermediate oxygen supply pipes 2, and external water discharge pipes 3. The 
top (steel) bowl 4 and lower (copper) bowl 5 accommodate inserts 6 fitted with Laval 
nozzles, which are welded into pre-drilled holes. These nozzles are evenly spaced along 
the circumference at an inclination angle of 17° relative to the vertical axis of the top 
lance. 

Behind each nozzle insert 6, in the direction of water flow, a semicircular guiding 
blade 7 is installed. In the first design variant of the lance tip, a partition 8 is provided.
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Blade 7 is mounted with a coaxial annular gap 9 relative to insert 6, allowing symmetrical 
coolant supply from both sides behind the nozzle. The size of this coaxial annular gap 
9 acts as a control parameter regulating water flow into the behind-nozzle zones of the 
lower bowl 5, thereby achieving the desired cooling intensity. 

The lance tips (Fig. 3, a–c) are cooled in the following manner. Water is introduced 
at the inlet of the discharge channel (between bowls 4 and 5) through branch pipe 1 
(Fig. 2, a–d). In front of nozzles 6, the continuous coolant flow is divided by guide 
blades 7 into two separate flow groups (Fig. 2, e) – I (the main) and II (the additional). 
Group I (water consumption 59% of the total) continues moving, passes between blades 
7, and, slightly bending around them, goes into the discharge tract of the lance between 
branch pipes 2 and 3; at the same time, it does not cool the zones behind nozzles 6 and 
blades 7. For this purpose, group II is provided (water consumption 41% of the total), 
which, bending around nozzles 6, passes into gaps 9 between nozzles 6 and blades 7, 
cools behind–nozzle zones and exits under blades 7 through gaps between them and the 
lower bowl 5, cooling the zones behind blades 7. At the outlet of the discharge channel 
behind blades 7, water flows I and II are mixed and directed as a common flow into 
the discharge tract of the lance. This approach ensures highly efficient heat removal 
from the entire inner surface of the lower bowl 5, thereby eliminating the formation of 
behind–nozzle areas that could lead to overheating. 

Fig. 3. External appearance (a–c) of the developed variants of a 6-nozzle tip and its components 
with symmetrical cooling by separate flows (d–f) and without isolation of water flows (g–i): see 
the text for designations. 

In the first variant of the tip design (see Fig. 2, a, b), the guiding blades had a 
symmetrical cutout at the lower end over 70% of its surface, while the extreme sections 
of the blade (each 15% of its length, on which each blade rests on the inner surface of 
the lower bowl and is welded to it (Fig. 3, d)) did not have such a cutout (Fig. 3,  e).  Due  
to these sections, water, when entering the annular gaps between the nozzles and blades, 
acquires a rotational motion, due to which the surface of the lower bowl is cooled more 
effectively. This variant, in addition, provides for the installation of a partition in the 
middle of the blade between the latter and the nozzle (Fig. 3, e). In the second variant 
(see Fig. 2, c, d) the partition was absent. The blades, in order to simplify the manufacture 
and assembly of the tip, initially had the shape of a semicircle without a symmetrical 
cutout at the lower end and were attached to the top bowl by welding (Fig. 3,  g).  At  the
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same time, a gap for the passage of water was formed between the entire lower end of 
the blade and the inner surface of the lower bowl. 

Figure 4 shows calculated water velocities (flow rate Uв = 300–340 m3/h) in various 
sections (А–А; В–В; С–С;  D–D;  Е–Е, left to right) of the water-cooling tract for 5- and 
6-nozzle tips. Optimal coolant flow rates were 340 m3/h and 300 m3/h, with temperature 
differences between lance input and output of 11–16 °C and 10–15 °C (depending on 
blowdown time), respectively. Data in Fig. 4 indicate a marked increase in water velocity 
at the inlet (B–B) of the 6-nozzle tip (see Fig. 2, a–d; Fig. 3, a–c) and in the inter-nozzle 
region (C–C). A slightly lower increase is seen at the outlet (D–D), while the most 
significant rise – up to 10.1 m/s – is recorded behind the nozzles, compared to the 
5-nozzle tip, despite a lower overall coolant flow rate. At the inlet (A–A) and outlet 
(E–E) sections, water velocity decreased somewhat, which should be noted for future 
consideration. 

In terms of life, the lance tips showed the following results (Fig. 5). 

Fig. 4. Dependence of the average water 
velocity in different sections of the studied 
lance tips. 

Fig. 5. Average lifespan of the studied tip 
designs for top converter lances. 

The average life (152 melts) of the 1st variant (Fig. 2, a, b) increased by 1.2 times 
compared to the designs of 6-nozzle tips without blades and by 2.8 times compared to 
the standard 5-nozzle tips (see above). 

Tests of the 2nd design variant (Fig. 2, c, d) were initially unsuccessful, as simplifying 
the guiding blade design reduced the tip outlet tract’s capacity to 270 m3/h due to the 
formation of reverse braking water flows behind the nozzles. After its modernization 
(Fig. 3, h) according to the example of the 1st variant, the water consumption was 
normalized, and the life of the tip increased by 1.168 times (average life of 148 melts, 
Fig. 5) in comparison with 6-nozzle tips without guiding blades and by 2.72 times in 
comparison with standard 5-nozzle tips. 

The installation of a partition between the nozzle and the blade improves the cooling 
of the behind–nozzle zones, preventing a decrease in the water velocity, eliminating 
the collision of oncoming and the formation of reverse flows in the upper layers of
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the behind–nozzle zones (above the gap) in the annular gap. This fact also provides an 
additional support point for the blade. The longer service life (152 melts versus 148) of 
the 1st tip design (Fig. 2, a, b) compared to the 2nd (Fig. 2, c, d) confirms the positive 
effect of the presence of a partition on the life of lances. 

Figure 6 shows tested samples of various lance tip designs, including those with 
cooling of the behind–nozzle zones of the copper bowl. 

Fig. 6. Tested samples of various designs of lance tips. 

As expected, the behind-nozzle areas of the external welds surrounding the nozzles 
do not withstand the thermomechanical stresses caused by high temperatures. This fact 
leads to their cracking in the 5- (Fig. 6, a, 54 melts) and 6-nozzle bladeless (Fig. 6,  b,  
115 melts) tips, causing water leakage and the need for urgent replacement of the tip to 
prevent an accident, which repeatedly occurred in p ractice.

To test the effect of cooling the behind–nozzle areas on the life, the 1st and 2nd tip 
variants were manufactured with alternating nozzles with and without blades (Fig. 3,  f  
and Fig. 3, i), which, respectively, failed after 127 (Fig. 6, c) and 125 melts due to 
burnout of the weld behind one of the uncooled nozzles. The tips with cooling of all 
nozzles retained the integrity of weld seams for 152 melts and more (Fig. 6, d). These 
results confirmed that symmetrical supply of coolant increases the life of tips, especially 
welded structures. 

Work continues on further optimization of lance tip designs: use of asymmetri-
cal cooling of behind–nozzle zones, change of the outer diameter of the intermediate 
pipe from 325 to 377 mm, manufacture of cast tips [20] with quality control [21], 
strengthening of the design, and ensuring uniform cooling of the copper bowl of the tip. 

5 Conclusions 

In the work, based on the series of industrial trials conducted on 250-ton converters of 
the Dniprovsky Metallurgical Combine OJSC (now KAMET–STAL’ PrJSC, Kamianske, 
Ukraine), the hypothesis regarding a substantial increase in the life of lance tips through 
the cooling of the inner surfaces in the behind-nozzle zones of their copper bowls has 
been reaffirmed. For the first time, the high efficiency of the implemented approach 
was demonstrated – achieving symmetrical cooling of the copper bowl’s behind-nozzle 
zones with enhanced cooling intensity, which represents the most effective and essential 
method for extending the life of lance tips equipped with shortened Laval nozzles. 

The use of two variants of the innovative design of the 6-nozzle lance tip increased 
its life by 1.2 and 1.168 times compared to similar 6-nozzle tips without cooling the
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zones behind the nozzles, by 2.8 and 2.72 times compared to standard 5-nozzle tips. It 
was found that the main limitation of the life of welded lance tips is external copper 
welds around the Laval nozzles. This result indicates the feasibility of using forged, 
stamped, and/or solid-cast copper bowls, which have higher life, and effective cooling 
of the behind-nozzle zones, as shown by the study data, will additionally increase the 
life of such structures. 

The experimental assessment results regarding the efficiency of the developed lance 
tip design variants with shortened Laval nozzles, as presented in this study, confirm the 
potential for a more effective solution to the persistent issue of limited life of this lance 
type, commonly encountered in operating converter shops. 
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Abstract. This paper aims to develop mechanical devices for feeding various 
process gases (such as oxygen and nitrogen) into the working space of 250-ton 
converters during steel smelting, ensuring significant production safety during 
operation and achieving higher durability. Based on a comprehensive analysis 
of various literary materials, patent searches, and the results of industrial testing 
of different tip designs (both standard and previously developed) for top oxygen 
lances, a new, safe lance tip design was developed and proposed, protected by 
Patent UA 78112. The results of the study have, for the first time, demonstrated 
a high level of efficiency in unloading the outer copper weld seam due to the 
installation of special reinforcing pins in the lance tip design, which is the most 
effective and necessary measure to increase operational safety and durability of any 
tip design for the top lance. The necessary technical documentation was transferred 
to the converter shop of OJSC “Dniprovsky Metallurgical Combine” (Kamianske, 
Ukraine) for the manufacture and implementation of this design of top blowing 
devices in the production process. The use of a safe design of a mechanical blowing 
device to the top converter lances, described in this work, will significantly secure 
the converter steel production, as well as increase the resistance of the tips to 
the top oxygen lances in comparison with known designs, which will lead to the 
complete elimination of the possibility of major accidents in the shop due to the 
destruction of the outer copper weld seam of the lance tip and the cost of huge 
funds for its elimination, as well as to obtaining a tangible economic effect due 
to the high degree of efficiency of solving the above problems, which are always 
present in operating converter shops. 

Keywords: melt blowing · durability · emergency situation · converter shop · 
reinforcing pin · weld seam · blowing device · cooling water · economic effect 

1 Introduction 

A long service life of the top-blown oxygen lance contributes to the regular and cost-
effective operation of the basic oxygen furnace. To maintain the long service life of 
the top lance, its cooling water flow rate is critically important, and it should not be
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lower than the design level. The cooling water temperature at the lance outlet must not 
exceed 60–65 °C. The quality of the coolant is also an important parameter. If the water 
is contaminated with oxides or dirt, deposits usually form on the inner surfaces of the 
tubes and the lance tip. This fact harms heat transfer and reduces the service life of the 
top lance, which varies depending on the operating conditions in each specific converter 
shop and ranges from 50 to 1000 melts, and sometimes more. 

The most vulnerable part of the top lance is the so-called lance tip, which is exposed 
to extremely high temperatures during operation, exceeding 2000 °C. At the same time, 
the height of the lance tip above the liquid bath is crucial to ensure the deep penetration 
of the oxygen jet into the iron-carbon melt. However, if the lance height is too small, 
there is a high probability of melting of certain areas of the lance tip surface experiencing 
severe overheating. Therefore, the outer end surface (lower bowl) of the top lance tip 
should be made of copper, which has a high degree of thermal conductivity, due to which 
the heat from the heated lance tip is quickly transferred to the lance water cooling. This 
fact can only be ensured by forged and chemically pure copper. 

In this case, a lance tip of any design (welded, solid-turned, cast, forged and stamped) 
necessarily has an external copper weld, which connects the copper part of the tip (usually 
the lower bowl) with a steel external connecting ring, which is necessary for the rapid 
replacement of the tip on the top lance by attaching the ring to the barrel (outer pipe) 
of the top lance using a steel weld. However, during the operation of the top lance, this 
copper weld is subjected to cracking and, in many cases, breaks, which leads to the 
separation of the connecting steel ring from the copper part of the lance tip. 

Cracking and subsequent rupture of the outer welded joint of the steel ring with the 
copper part of the tip on the top converter lances is a serious problem that can lead to 
serious emergencies in the converter shop – the top lance, like a rocket, flies out of the 
converter, tearing off the metal hoses supplying oxygen and coolant to it, which can lead 
to an explosion of the converter as a result of a significant amount of water entering the 
high-temperature working cavity of the unit. 

The causes of cracking in the specified external copper weld may be different, includ-
ing metal defects, technological violations, incorrect welding modes, shrinkage stresses 
during seam cooling, and corrosion. 

There are four types of cracks: hot, cold, hydrogen, and stress cracks. Hot cracks 
usually occur before the weld is complete and are longitudinal. Cold cracks form after 
the welding process is complete, during cooling below the temperature range of 100– 
150 °C, or the subsequent period; they are among the most dangerous defects and are 
unacceptable according to all current regulatory and technological documents. Hydrogen 
cracks are related to the presence of hydrogen in the weld metal, which contributes to the 
embrittlement of the metal. Stress cracks occur due to mechanical (thermomechanical, 
temperature) effects on the weld material during the operation of the blowing device. 

To prevent the formation of the first three types of cracks, it is necessary to strictly 
comply with the technology and welding modes, as well as to maintain quality control 
of the metal and welds. Additionally, the use of welding materials with low hydrogen 
content, heat treatment of welds, and the application of anti-corrosion protective coatings 
to welds are crucial.
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The use of all the above measures should almost eliminate the risk of cracking of 
welds on the top oxygen lances and ensure reliable and safe operation of the equipment. 

However, even if all the above requirements are met (which is almost impossible in 
production conditions), the risk of cracks in welds is very high because the top lances are 
subjected to significant thermal loads and vibrations during their operation, working in an 
aggressive high-temperature environment (and this applies to both top-blown lances and 
slag-splashing lances of oxygen converters). These reasons contribute to the inevitable 
occurrence (accumulation) of stresses in the structure of the top lances during its heating 
as a result of temperature elongation of the outer pipe (barrel) of the top lances and the 
imperfection of its compensation devices, which leads to the appearance of stress cracks 
in the welds due to their smaller thickness and lower strength in comparison with other 
areas of the welded parts of the top lances. 

This study aims to develop a new and safe lance tip design in order to eliminate 
potential accident risks and increase the durability of top blowing devices in operating 
converter shops. 

2 Literature Review 

Enhancing the technical and economic efficiency of converter shops, as well as the 
operational characteristics of their process equipment (including top oxygen lances), 
necessitates the design and use of multi-nozzle top-blowing devices. 

High temperature of the liquid bath, formation of flame torches due to oxidation of 
carbon during blowing of the melt with technical oxygen, splashing of molten slag and 
metal, as well as the presence of torches of afterburning of CO of the exhaust gas to 
СО2 create an atmosphere with high temperatures in the working space of the converter 
[1]. The top lance is subjected to intense thermal and oxidative stresses that significantly 
affect the integrity of its materials and components, particularly its tip [2]. Operation of 
the top blow-out device under the described unfavorable conditions typically leads to 
changes in the microstructure of the original materials (copper, steel), from which the 
components of the lance (nozzle, bowl, pipe) are made, which over time causes metal 
fatigue. All this also leads to softening of the welds (both copper and steel), which in 
turn leads to destruction, usually of the external welds and sometimes of the internal 
welds, especially in copper [1]. 

To prevent these phenomena, lance tip designs were developed to maintain a sufficient 
coolant flow rate within the cooling channels, thereby ensuring effective cooling across 
the entire top-blowing device [3]. This became possible due to the use of information-
modeling systems for forecasting the thermal regime of top lances during their design 
and development (both oxygen [3] and slag-splashing [4] lances), as well as methods 
for calculating heat transfer during numerical modeling of the lances’ thermal regime 
within these forecasting systems. 

When developing top lance designs, the primary focus is currently on enhancing 
the resource-saving efficiency of the steelmaking process in converters by utilizing the 
internal reserves of the process. In this regard, various top lance tip designs are con-
tinuously being developed to support the afterburning of CO to CO2, which improves 
the thermal balance of the melt, increases the degree of melt mixing, reduces the blow-
down time, accelerates the dephosphorization process, and reduces the level of defects
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[5]. It has been established that under conditions promoting CO afterburning, when 
PCO2 /PCO = 1, the temperature of the converter exhaust gases increases from 1800 to 
2000 K [6]. 

A self-rotating lance, powered by a gas jet, was developed to enhance mass transfer 
between the liquid slag and the molten metal. This advancement led to an increase in 
the mass transfer rate of over 30% [7]. 

A study on how the blow hole’s cross-sectional area and blast flow rate affect the 
characteristics of the jet penetrating the melt facilitated the design and optimization of 
the central nozzle of the top oxygen lance for delivering the O2 + CO2 gas mixture into 
the converter cavity [8]. Additionally, the effect of the flow rate of the 80% O2 and 20% 
CO2 gas mixture on the dispersion patterns of jets carrying powdered lime was also 
investigated [9]. 

For the design and development of the top lance nozzle profile, a study was conducted 
to assess the influence of outlet wear in the Laval nozzle on the characteristics of the 
resulting supersonic jet. Reference [10] demonstrated that increased wear of the blowing 
nozzles leads to a more rapid decline in gas jet velocity and an earlier convergence point. 
However, the causes of melting at the nozzle exit edges, as well as potential measures 
for its prevention, were not addressed. 

To design and produce a top oxygen lance capable of achieving a high Mach number 
(oxygen pressure of 1.01 MPa and a nozzle exit Mach number of 2.15), the jet char-
acteristics under varying oxygen supply pressures and their impact on the melting bath 
dynamics were thoroughly investigated and analyzed [11]. 

The parameters of blowing using a dynamic oxygen lance in the converter were also 
studied. The effect of lance design parameters, specifically the twist angle and rotation 
speed, on the efficiency of melt dephosphorization was determined [12]. 

As part of the design of top submersible lances, studies were conducted aimed at 
studying the dynamics of the following processes: gas injection into the melt [13]; the 
formation and ascent of bubbles in the metal bath [14], incorporating X-ray imaging 
techniques [15]; rotational dynamics of splash waves in the melt [16]. It was found that 
viscous and interphase forces substantially influence the hydrodynamic behavior of the 
bath [17]. 

Recently, in connection with the widespread use of technology that applies a pro-
tective skull to the refractory lining of converters, interest in studying the processes of 
blowing and foaming of the liquid final slag using a top (blowing or special skull) lance 
has increased significantly. In particular, in work [18], the influence of the impact action 
of the top lance blowing on the process of foaming of converter slag under conditions 
of combined (top and bottom) blowing was studied. 

As can be seen from the literature review conducted on this issue, work on improving 
the designs of top converter lances from the perspective of increasing their safety has 
not been carried out, and the subject has yet to be documented in the literature. However, 
this remains one of the most critical challenges consistently encountered in converter 
shops. Thus, the relevance of work in this area is beyond doubt, requiring the fastest and 
most effective solution to this issue.
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3 Research Methodology 

The effect of modifying the lance tip design by strengthening the outer copper weld 
seam, which connects the copper lower bowl to the steel outer transition ring, on the 
operational safety of lance tip and their durability was studied. The subject of this 
study is the improved design of the tip for top blowdown lances, protected by Patent 
UA 78112. The experiments were conducted on 250-ton converters using structured 
observation; lance tip failures were documented photographically. MS Excel 2015 was 
used to graphically present the results. 

4 Results and Discussion 

It is known that during operation of top converter lances, significant stresses arise in their 
structures (usually caused by repeated thermal expansion and subsequent cooling of the 
outer pipe in top-blowing devices), which are attempted to be reduced by various designs 
of compensation devices (packing, plate, metal hose, telescopic, including rubber rings, 
etc.) installed on the pipes of the top lances. 

However, despite this, all top lances are characterized by a low strength of the outer 
copper weld at the tip, which connects the copper tip to the steel outer transition ring. As 
a result of the impact of significant force loads on the lance from the supplied oxygen 
and cooling water, especially at the moments of their supply, thermal elongation and 
return to the original position of the outer lance pipe, its deformation and the effect of 
torque and bending moments on the pipe, the outer pipe will break in a weaker place, 
i.e. along the outer copper weld seam on the lance tip, which connects two dissimilar 
materials (copper and steel) and, in addition, has low strength and is not additionally 
reinforced. 

Poor fusion of dissimilar materials – a copper bowl and a steel ring with a copper 
weld, low quality of its execution (low density and high porosity of copper) and a 
smaller thickness of the weld compared to the thickness of the joint of the lower bowl 
(tip) with the ring itself fully explain the low strength of the said external copper weld. 
Additionally, the external copper weld softens due to exposure to a high-temperature 
environment. A high-temperature aggressive gas-slag-metal environment can partially 
wash it out. The destruction of this external weld can lead to the lower bowl tearing off 
or the entire lance tip separating from the outer pipe of the top oxygen lance, resulting 
in a significant accident in the shop, which has repeatedly occurred in the practice of 
operating converter shops. 

The elongation of the outer tube of the top lance when it is heated during blowing 
in the converter can be calculated using the formula for linear thermal expansion taken 
from classical literary sources on the resistance of materials: 

L = α · L0 · T ,

where α – the coefficient of linear thermal expansion of the tube material (steel), ºС–1; 
L0 – the length of the outer tube of the lance that is subject to heating, m; T –  the  
temperature gradient, ºС.
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Figure 1 shows the dependence of the elongation value of the outer pipe of the top 
lance (in mm) on the length (in m) of the section of the top-blown lance barrel (outer 
pipe), which is heated during the blowdown of the iron-carbon melt in the converter, and 
on the average temperature of this heating (in ºС), studied by the authors. 

Fig. 1. Elongation (ΔL) of the outer pipe of the top lance (outer diameter 426 mm, 250-ton 
converter) depending on the length of the section of the lance barrel that is subject to heating, and 
on the average temperature of this heating. 

In order to improve the safety of operation of top oxygen lances and increase their 
durability, the Department of Ferrous Metallurgy of the Dniprodzerzhynsk State Tech-
nical University (now the Department of Metallurgy of the Dniprovsky State Technical 
University, Kamianske, Ukraine) together with the workers of the converter shop of 
OJSC “Dniprovsky Metallurgical Combine” (now PrJSC “KAMET–STАL’”, Kami-
anske, Ukraine) for 250-ton converters have developed new safe designs (Patent UA 
78112) of the lance tip, in which the reinforcement of the outer copper weld is carried 
out through the use of special reinforcing pins. 

Figure 2 shows the developed versions of tips with different versions (I–IV) of 
reinforcing pin designs (see Fig. 3) for lances with central oxygen supply (Fig. 2,  a)  
and with central water supply (Fig. 2, b), respectively. Lance tips (Fig. 2, a – with five 
nozzles and pin designs I, II; Fig. 2, b – with six nozzles and pin designs III, IV) consist 
of a tip (copper bowl) 1, central 2, intermediate 3 and outer 4 transition rings, nozzles 
5, collector 6, pins 7 (for connecting tip 1 and outer transition ring 4), inserted into 
through holes made in the mating parts and held from falling out via a weld 8 (Fig. 3, I). 
Additionally, the copper tip 1 and the steel outer ring 4 are connected via a copper weld 
9. The pins 7 can be made elongated and with their inner ends inserted into a through 
(Fig. 3, II) or blind (Fig. 3, III) hole made in the intermediate transition ring 3 or in 
special overlay parts 10 (Fig. 3, IV) attached by means of a weld 11 to the outer surface 
of the intermediate transition ring 3. To achieve maximum efficiency of the proposed 
designs, the number of pins 7 in each tip should be at least three.



Improving the Operational Safety of Tip Structures 289

(a)                                                                      (b) 

Fig. 2. Designs of tips for top oxygen lances with central oxygen supply (a) and with central 
water supply (b) with pin reinforcement of the outer copper weld seam (here and in Fig. 3 see text 
of the article for designations). 

When the lance tip is in operation, the blowing and coolant pressure is exerted on 
the inner surface of the tip 1, as well as the outer lance tube as a result of its thermal 
elongation on the outer copper weld 9, connecting the outer transition ring 4 with the tip 
1, which leads to deformation, cracking and destruction of the outer copper weld 9. The 
presence of pins 7 in the telescopic connection of the tip 1 with the outer transition ring 
4 (Fig. 3, I) enables the outer weld 9 to be unloaded, as the main load is taken by pins 
7 in this case. Weld 9 will only seal the gap between the mating parts to prevent water 
from entering the converter cavity through the lance. 

I                   II                  III                 IV 

Fig. 3. Variants for installing reinforcing pins in lance tips. 

A more preferable design variant is shown in Fig. 3, II, in which pin 7 is made 
elongated and inserted with its inner end into a through hole made in the intermediate 
transition ring 3. However, this variant is acceptable only for designs of tips with a central 
oxygen supply (Fig. 2, a), since in tips with a central water supply (Fig. 2, b) there will 
be a possibility of water getting into the oxygen tract as a result of its leakage from the 
through hole, which is in no way acceptable, since it will lead to an accident due to 
water getting into the lance nozzles. For tips with a central water supply (Fig. 2, b), it is 
advisable to use variants with elongated pins 7 (see Fig. 3, III, IV).
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Figure 3, III shows a variant where pin 7 is inserted with its inner end into a blind 
hole made on the outer surface of intermediate transition ring 3. This variant allows for 
the use of thick-walled intermediate transition rings 3, as the strength of intermediate 
transition ring 3 decreases at the locations where pins 7 are inserted due to the decrease 
in wall thickness of intermediate transition ring 4 when creating the hole. This fact can 
lead to a violation of the integrity of intermediate transition ring 3 at the locations of the 
holes. The use of thin-walled intermediate transition rings 3 is unacceptable with this 
design variant. 

A safer variant, which allows the use of the intermediate transition ring 3 with any 
wall thickness and avoids its damage, is shown in Fig. 3, IV. It proposes using special 
overlay parts 10 with a hole (through or blind), into which the pin 7 is inserted with its 
inner end. The overlay parts, in turn, are fixed to the outer surface of the intermediate 
transition ring 3 by means of a weld 11. In this case, in order to increase the rigidity of 
the lance tip structure, pin 7 can be additionally attached by means of a weld 12 to the 
outer surface (see Fig. 3, II, III) of the intermediate transition ring 3 or to the body of 
the special overlay parts 10 (Fig. 3, IV). 

Thus, a sufficiently complete unloading of the external copper weld 9 from ther-
momechanical loads in the lance tip design is achieved, which ultimately increases its 
safety and durability. In this case, the last three variants with extended pins 7, in addition, 
increase the rigidity of the entire tip design due to the fastening of the tip components 
to each other, thereby unloading and protecting the welds around the nozzles 5 from 
destruction (both external, connecting the nozzles 5 with the tip 1, and internal, fixing 
the nozzles 5 in the collector 6), which will increase the durability of the lance tips to 
an even greater extent. 

Figure 4 shows cases of cracking after a certain number of converter melts (indicated 
below) of the external copper weld, resulting in the failure of the top blowdown lances, 
which were subsequently removed for repair. Calculations have shown that the tensile 
strength of this weld is 40–100 MPa (with the strength of pure copper being 210– 
250 MPa). Such a weld is practically unreliable for critical mechanical structures, which 
include the top oxygen lance. 

(а) (b) (c) 

Fig. 4. Cracking of the outer copper weld (top lance durability: (a) – 45; (b) – 62; (c) – 8 melts). 

The use of variant I (see Fig. 3, I) for installing reinforcing pins in the lance tips 
made it possible to strengthen the external copper weld (the calculated tensile strength of 
this welded joint was 400 MPa) and eliminate its cracking significantly. In contrast, the 
top lances failed exclusively for other reasons, namely: cracking of the external welds 
around the nozzle inserts, the melting of the outlet edges of the Laval blowing nozzles, 
damage to the tip as a result of the top lance fit on scrap metal, cracking of the internal
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welds around the nozzle inserts, the need to replace metal hose compensators due to 
their damage. 

Work continues on further optimizing the safe designs of lance tips to increase their 
operational safety and durability, including the provision of their manufacture through 
injection molding [19] with proper quality control of castings [20]. 

5 Conclusions 

In this paper, based on the analysis of literary sources, patent search and industrial 
testing results of various (both standard and previously developed) designs of tips for 
top oxygen lances on 250-ton converters of OJSC “Dniprovsky Metallurgical Combine” 
(now PrJSC “KAMET–STAL’”, Kamianske, Ukraine), a new safe design of a lance tip 
was developed and proposed, protected by Patent UA 78112. 

For the first time, high unloading efficiency of the outer copper weld seam in the lance 
tip has been proven by installing reinforcing pins in its design, which is the only practical 
and extremely necessary measure for effectively solving the problems of operating safety 
of top converter lances, as well as the low durability of their tips, which are always present 
in operating converter shops. 

The use of these designs eliminates the likelihood of major accidents in the shop, 
allowing for secure production, avoiding personnel injuries and huge costs of eliminating 
the consequences of an accident, and obtaining an economic effect. 
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Abstract. The aim of this study is to develop a new approach for analyzing 
the influence of various factors on the distribution of contact pressure and the 
shape of the contact area between complex-profile bodies. This need arises from 
the increasing use of components with intricate geometries in modern mechanical 
systems. These complex-profile bodies facilitate the transfer of motion trajectories 
and dynamic forces or momentum. Both are determined by the initial gap between 
the bodies that cannot generally be described accurately using a quadratic form of 
the coordinates of the tangent plane. Additionally, the surfaces of the contacting 
bodies may include material layers that are not adequately represented by tradi-
tional Winkler-type models. The proposed approach is based on a modification of 
the Kalker’s variational principle. The formulation can include arbitrary geometry 
of the contact surfaces and incorporate various types of mechanical behavior of 
the intermediate surface layers. Both factors affect the distribution of the contact 
pressure and the shape of the contact area, which is illustrated by several represen-
tative examples. Various nontrivial shapes of the contact area other than elliptic 
are retrieved, including dumbbell-shaped and multiply connected domains with 
various localizations of maximum contact pressure. These findings are crucial for 
the rational design of new mechanisms and machines that involve contact between 
complex-profile components. 

Keywords: First Keyword · Second Keyword · Third Keyword 

1 Introduction 

A common trend in modern mechanical engineering is the pursuit of implementing 
complex relative motions between individual contacting components. These include 
gears, cams, elements of hydraulic volumetric transmissions, and others. As a result, 
two key criteria emerge in the justification of technical solutions. 

On the one hand, a kinematic criterion arises, necessitating the formation of bodies 
with complex geometries to satisfy specific motion requirements. Typically, the initial
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contact between such bodies occurs at a single point. On the other hand, a strength cri-
terion must be considered. This criterion aims to maximize the contact area in the actual 
(deformed) state while minimizing the peak contact pressure. Thus, a dual-criterion 
scenario emerges, involving both kinematic and strength considerations. In such cases, 
the initial gap between contacting bodies may not be analytically defined but instead 
represented as two envelopes of paired conjugate points. 

However, this is not the only challenge in analyzing the contact interaction of such 
complex-profiled bodies (CPBs). Due to the proximity of the contacting surfaces, dis-
placements caused by the compression of surface layers such as roughness, coatings, 
and films begin to play an increasingly significant role. Moreover, the elastic properties 
of these surface layers may exhibit nonlinear behavior. 

Consequently, existing analytical and numerical methods for contact analysis are not 
directly applicable to such bodies. A new approach is required – one that accounts for both 
the geometry of CPB surfaces and the properties of their surface layers. To address this, 
variational formulations are employed. Based on this framework, it becomes possible to 
investigate the contact interactions of elements in both existing and proposed designs. 

2 Literature Review 

Numerous publications have been dedicated to the study of contact interactions between 
elastic bodies. For instance, in [1], the authors examine a unilateral contact problem 
involving a nonlinear Winkler-type surface layer between a massive elastic body and 
a composite structure. The latter consists of a thin coating modeled as a Timoshenko-
type shell and a massive elastic substrate, which is connected to the coating via another 
nonlinear Winkler layer. A parallel Robin-type domain decomposition method is applied 
to reduce the original contact problem to the iterative solution of independent linear 
variational equations. The analysis explores the dependence of contact pressure and 
stresses on the coating thickness and the parameters of the layer. 

A similar methodology is employed in [2] for the contact problem between two 
elastic bodies, one of which features a discontinuous thin elastic coating modeled as a 
Timoshenko-type shell. The study analyzes the dependence of surface and equivalent 
stresses on both the thickness and stiffness of the coating. 

The conditions of weak convergence of the methods used in [1, 2] are established 
in an earlier work [3]. As it was discovered, the speed of numerical converge can differ 
significantly depending on the height and Young’s modulus of the thin intermediate body. 
This can somehow limit the numerical feasibility of the method despite the benefits of 
the domain decomposition approach. 

In [4], the contact interaction problem involving multiple elastic bodies with non-
linear Winkler-type surface layers is investigated. To solve the associated nonlinear 
variational equation, which includes a non-differentiable operator characteristic of this 
contact problem, the authors propose the use of implicit two-point combined differential-
difference parallel iterative domain decomposition algorithms of the Robin type. The 
two-point scheme offers broader admissible ranges for the iterative parameter and, 
beyond a certain threshold of this parameter, ensures the desired accuracy with fewer 
iterations.
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Thermal effects play a significant role in contact interactions. In [5], the thermome-
chanical behavior of a heterogeneous bimaterial with an interfacial crack is investigated. 
The crack faces are in contact at their tips under compressive forces and a uniform 
thermal flux. 

The expansion of the modeling scope from normal contact towards tangential inter-
action and deformations increases dramatically the complexity of the problem. The paper 
[6] introduces a Fast Fourier Transform (FFT)-based Boundary Element Method (BEM) 
for tangential contact between a rigid body and an elastic half-space coated with a layer 
of different elastic properties. The tangential stress applied at the surface is modeled as 
a plane wave. The coating alters the surface displacement response to tangential loads, 
depending on its thickness and material properties. The effect is more pronounced for 
thicker coating. 

General variational inequalities (GVI) [7] have application potential for nonconvex 
contact problems. GVIs provide a framework to model these using generalized convex-
ity (like log-convex or kg-convex functions). This enables the use of well-developed 
projection methods, penalty techniques, and auxiliary principle approaches for solving 
such problems. 

A numerical algorithm for solving a frictional contact problem involving the interac-
tion between a deformable layer and dies of complex geometry is presented in [8]. The 
contact problem, characterized by an unknown interaction domain, is expressed through 
Signorini-type integral inequality equations. It is subsequently reduced to a quadratic 
programming problem by applying cubature formulas. 

Contact interaction plays important role in the dynamics of various systems. This 
aspect is addressed in [9] for railway vehicle dynamics simulations. The wheel–rail 
contact is modeled using Kalker’s variational principle. The solutions for contact area 
and contact pressure are used as input for real-time and large-scale simulations. 

Creep understood as undesired micro-slip between two surfaces in contact is another 
phenomenon related to the wheel and rail interaction. A review in [10] covers recent 
advances in modeling wheel–rail creep forces, with a focus on tribological effects such 
as surface roughness, lubrication layers, and plastic deformation. 

Thus, the works [1–10] primarily address contact interaction at the macroscopic 
scale. One of the principal approaches used in analyzing contact phenomena is the vari-
ational method. However, these and other works do not offer a comprehensive solution 
to the contact interaction problem for CPBs. Modeling the highly nonlinear response 
in normal and tangent direction, anisotropy and adhesive properties of various coatings 
and surface roughness remains a critical issue. 

The paper [11] investigates how surface anisotropy and non-Gaussian height dis-
tributions affect elastic contact mechanics, using numerical simulations based on the 
Boundary Element Method. It demonstrates that both anisotropic and non-Gaussian sur-
faces influence the real contact area and load-separation behavior in similar ways. A key 
contribution is the identification of a single scaling parameter, derived from Persson’s the-
ory, that captures these effects across different surface types. Previously the same authors 
investigated in [12] how surface anisotropy and fractal roughness dimensionality (1D 
vs 2D) affect adhesion in elastic contacts. It shows that adhesion is strongly reduced in 
2D fractal surfaces compared to 1D, contradicting predictions from the Persson–Tosatti
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criterion. An extended version of the Bearing Area Model (BAM) is proposed to better 
capture these anisotropic effects. 

Adhesive properties of two types of surface structures are examined in [13] and [14]. 
In [13], a soft elastic layer is shown to enhance contact between rough surfaces but may 
reduce overall adhesion depending on its thickness and stiffness. Numerical simulations 
using a boundary element method reveal how variations in modulus and thickness affect 
contact area and pull-off force. In [14], fibrillar adhesive structures are studied, showing 
that softer fibrils improve surface conformity and adhesion, while stiffer ones enhance 
load distribution. 

The influence of electrolysis parameters on microarc oxidation coatings for magne-
sium alloys is investigated in [15]. Coating composition varies with electrolyte, typically 
including MgO, Mg2SiO4,  MgAl2O4, and amorphous silicates. In [16], ceramic coatings 
on aluminum alloys are formed using alkaline-silicate electrolytes; adding Na6P6O18 
significantly increases thickness without changing phase composition, while NaAlO2 
alters phase structure but has minimal effect on thickness. Study [17] develops epoxy-
silicone rubber composites with boron particles, forming ablation-resistant coatings con-
taining B4C, borosiloxane, SiO2, and SiC. Adding 2.5 wt% boron raises decomposition 
temperature by over 12% and reduces ablation rates by 30%. 

Thus, the initial data required for further investigation of CPBs with coatings is 
now available. The next challenge lies in identifying suitable methods for solving such 
contact interaction problems. For instance, work [18] presents several exact solutions 
to contact problems; however, a comprehensive solution for the contact interaction of 
complex 3D profiles – especially with consideration of surface layer properties – remains 
unavailable. This highlights the need to develop a new approach for solving problems of 
this type. Such research is particularly relevant for analyzing the interaction of spherical 
pistons in radial hydrostatic transmissions [19, 20]. 

3 Goal 

The objective of this study is to develop a novel approach for analyzing the influence 
of various factors on the distribution of contact pressure and the geometry of the con-
tact area between complex-shaped bodies. This research builds upon the foundational 
work presented in [21–23]. While previous studies have provided exact solutions for 
certain contact problems, a comprehensive solution for the interaction of complex 3D 
bodies – particularly those with surface layers – remains unavailable in the general 
case. Consequently, there is a need to establish a new methodological framework for 
addressing such problems. This line of inquiry is especially relevant for understanding 
the contact behavior of spherical pistons in radial hydrostatic transmissions [19, 20]. 

4 Research Methodology 

The contact of two bodies Ω1 та Ω2 with surfaces S1 and S2 is considered in presence 
of exterior thin layers Ω/ 

1 and Ω/ 
2 with interface surfaces S/ 1 end S/ 2 (Fig. 1). 

Contact loads are transmitted over the interface surfaces S/ 1 та S/ 2. Due to the small 
thickness of the exterior layers Ω/ 

1 and Ω/ 
2 we can disregard their load distributing
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capacity. Hence, we do not distinguish any further the surfaces S/ 1 and S/ 2 from S1 
and S2. The identical normal traction is transmitted through the mutually correspondent 
points from the two opposite sides of the exterior layers. 

Fig. 1. Normal contact of two bodies with exterior intermediate layers. 

The normal displacements w1,2 at the contact surfaces S1,2 are superposition of wG 
i 

– “global” displacements due to elastic deformations of the entire bodies Ωi, wL 
i – “local” 

displacements caused by normal compression of the layers Ωi. 

wi = wG 
i + wL 

i ; i = 1, 2. (1) 

Given the large size of the bodies Ωi compared to the size of the contact areas, the 
“global” displacements wG 

i can be determined as the depression of the half-space due to 
the distributed normal load (Fig. 2): 

wG 
i (x, y) = 

1 − ν2 i 
πEi 

¨ 

(S) 

q(ξ,  η) 
ρ 

d ξ d η, ρ = (x − ξ)2 + (y − η)2, (2) 

where Ei – modulus of elasticity of material for Ωi, νi – Poisson’s ratio,q – contact 
pressure, x, y,  ξ, η – point coordinates in the tangent plane S that is shared between the 
two contact surfaces S1 та S2 .

As for wL 
i , the general relations that holds for them can be given in the form 

wL 
i = fi(q); i = 1, 2, (3) 

where f i – some functions of the contact pressure q with parameters specific to the 
contact layer. These functions capture the elastic or quasi-elastic response of the material 
and/or the layer structure to the compression. These relations can either be derived from 
a physically motivated model or be of a generic nature as an approximation fit. For 
example, it can be a power function.
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Fig. 2. Normal displacement of a half-space due to the contact pressure (left) and its approxima-
tion by pyramidal basis functions on a regular triangular mesh (right). 

By modifying Kalker’s variational principle, the contact interaction problem can be 
reformulated as a minimization problem for a functional 

(q) = G(q) + L(q); G = G 
1 + G 

2 ; L = L 
1 + L 

2 
( q) → min; q ≥ 0

, (4) 

where GL – complementary energy components corresponding to the “global” (2) and 
“local” (3) response of the elastic bodies and the exterior layers: 

G 
i = 1 2 

(S) 
qwG 

i dS + 
(S) 

q(h − δ)dS; i = 1, 2; 

L 
i = 

(S) 

q 
∫
0 
wL 
i (q)dq dS; i = 1, 2.

⎫
⎪⎪⎬
⎪⎪⎭

(5) 

Taking into account dependencies (2), (3), we come to the problem of finding the 
minimum of convex functional П(q) on a convex set of constraints in the form of the non-
negativity of the contact pressure q (x, y). Approximating the unknown contact pressure 
q with basis functions φn built on a regular triangular mesh (Fig. 2) the problem (4) can 
be reduced to a minimization problem for a function of several variables: 

(qn) → min; qn ≥ 0, (6) 

where n – index set of nodes where the discrete values of the unknown non-negative 
contact pressure values qn are defined. 

Various methods can be employed to solve Eq. (6), including the method of auxiliary 
gaps [21–23]. This approach transforms the original problem into a sequence of quadratic 
minimization tasks. At each iteration, the nonlinear functional defined in Eq. (6)  is  
approximated by a quadratic function, incorporating an adjusted distribution of fictitious 
gaps to refine the solution. Otherwise, in the case of linear relation (6)  as  is  in  the  case  
of linear elastic Winkler foundation, the problem (6) is just a quadratic programming 
problem and can be solved as is just in one step. 

If we turn to the factors that are introduced above for consideration, then: 

1) the macrogeometric shape is given by the distribution of the initial gap between the 
bodies h = h(x, y); this distribution is determined by the above-mentioned “kine-
matic” criterion, i.e. the conditions of mutual motion of the contacting bodies; this
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distribution may be a variable factor for the design depending on the kinematic and 
strength requirements; since this distribution h is included in the functional (5), then, 
accordingly, a parametric dependence is realized q = q(h );

2) microgeometric properties, which are regulated by dependencies (3), are also included 
in functionals (5); so, similarly, another parametric dependence is implemented q = 
q( f i ).

By varying the geometry of the contacting surfaces and the material properties of 
the surface layers, one can systematically assess their influence on the size and shape of 
the contact area, as well as on the distribution and magnitude of contact pressure. 

5 Research Results 

As an illustration of the capacities of the developed approach, the analysis of the contact 
interaction of the ball piston of a hydraulic radial-volumetric transmission with the 
running track of its stator ring [19] (Fig. 3). Here the piston І is a ball with a radius Rp, 
running track ІI is a torus with a transverse profile Γ. The profile Γ is a combination of 
circular arcs with radius Rsp. The opening angle of the central arc is θ.

Fig. 3. Diagram of the interaction of ball pistons I with the running track II of the stator ring of 
hydraulic transmission. 

For certainty, the radius of the treadmill of the stator ring Rst = 0.128 m; piston 
radius Rp = 0.03175 m; the transverse profile of the treadmill of the stator ring in the 
zy plane is formed by arcs of circles with radii Rsp with opening angle θ = π/12. The 
identical moduli of elasticity E = 2·1011 Pa and Poisson’s ratios ν = 0.3  are  taken  for  
the steel piston and the stator ring. Contact force was fixed at the value Pr = 120 kN.

The following design parameter combinations for the contact geometry were studied: 
radius Rsp; k = 1, 2, 3; Rsp = R1 = 1.05·Rp; Rsp = R2 = 1.01·Rp; Rsp = R 3 = 0.99·Rp.

These were paired with three different stiffness characteristics of the exterior layers 
shown in Fig. 4. The first one is just a linear response f I with the given compliance. 
The other two functions f I and f II capture elastic-rigid response, when the layer has 
a constant compliance α up to a threshold pressure limits pII = 100 MPa and pIII = 
1000 MPa after which it loses compressibility and become rigid.

As  shown  in  Fig. 5, the presence of a linearly elastic intermediate layer (Case I) 
between the contacting bodies results in a larger contact area compared to the elastically
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rigid configurations (Cases II and III). Moreover, the stiffer the intermediate layer, the 
smaller the resulting contact area. 

Fig. 4. The three types of surface layers response to compression. 

k 
l 1 2 3  

І 

ІІ 

ІІІ 

Fig. 5. Distributions of contact pressure (MPa) between the ball and the toroidal running track 
for geometry variants k = 1, 2, 3 and layer response types l = I, II, III.

Additionally, the geometry of the contact area is significantly influenced by the 
radius of the central portion of the toroidal profile Γ. A smaller radius leads to more 
pronounced changes in the shape of the contact zone. For instance, in Case 1, the contact 
area resembles an oval or a curvilinear quadrilateral, whereas in Case 3, it takes on a 
dumbbell-like shape, which may become multiply connected under elevated loading 
conditions. Regarding contact pressure, there is a tendency for its reduction in regions 
where the arc radius of the toroidal profile exceeds the radius of the spherical counterpart 
by approximately 5%. Conversely, the stiffer the intermediate layer between the bodies, 
the higher the level of contact pressure observed.
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6 Conclusions 

The developed approach for analyzing the distribution of contact pressure and the geom-
etry of the contact area between complex-shaped bodies is based on a modified varia-
tional formulation. This formulation overcomes many limitations inherent in traditional 
methods. Moreover, it incorporates the ability to vary both the geometry of the contact-
ing bodies and the material properties of intermediate surface layers, enabling a more 
rigorous and flexible framework for contact interaction analysis. 

Unlike conventional approaches, the proposed method is specifically adapted to 
describe contact between bodies with arbitrarily shaped surfaces, including those formed 
through kinematic constraints. This allows for the modeling of a broader range of realistic 
contact scenarios. 

The established patterns of contact pressure distribution in the case of sphere–torus 
interaction indicate that when the difference in surface geometry is significant, the qual-
itative behavior of pressure distribution and contact area shape aligns with traditional 
models. However, as the surface geometries become more conforming, the observed 
patterns increasingly deviate from classical predictions. The developed approach can be 
applied to the study of contact interaction between complex-shaped bodies and to the 
justification of optimal engineering solutions in machine design. 

References 

1. Dyyak, I.I., Prokopyshyn, I.I., Prokopyshyn, I.A., Styahar, A.O.: Numerical analysis of contact 
between elastic bodies in the presence of thin coating and nonlinear winkler surface layers. In: 
Altenbach, H., Bogdanov, V., Grigorenko, A.Y., Kushnir, R.M., Nazarenko, V.M., Eremeyev, 
V.A. (eds.) Selected Problems of Solid Mechanics and Solving Methods. Advanced Structured 
Materials, vol. 204, pp. 123–140. Springer, Cham (2024) 

2. Prokopyshyn, I.I., Styahar, A.O.: Numerical analysis of contact of the elastic bodies one of 
which has a discontinuous thin coating. Mater. Sci. 57, 734–744 (2022) 

3. Prokopyshyn, ІІ, Styahar, АО: Investigation of contact between elastic bodies one of which 
has a thin coating connected with the body through a nonlinear winkler layer by the domain 
decomposition methods. J. Math. Sci. 258, 477–506 (2021) 

4. Prokopyshyn, ІІ, Shakhno, S.M.: Differential-difference iterative domain decomposition 
methods for the problems of contact of elastic bodies with nonlinear winkler surface layers. 
J. Math. Sci. 261, 41–58 (2022) 

5. Serednytska, K.I., Martynyak, R.M.: Contact of the faces of an interface thermally insulated 
crack under thermomechanical loading. Mater. Sci. 57, 173–179 (2021) 

6. Burger, H., Forsbach, F., Popov, V.L.: Boundary element method for tangential contact of a 
coated elastic half-space. Machines 11(7), 694 (2023) 

7. Noor, M.A., Noor, K.I., Rassias, M.T.: General variational inequalities and optimization. 
In: Pardalos, P.M., Rassias, T.M. (eds.) Geometry and Non-Convex Optimization. Springer 
Optimization and Its Applications, vol. 223, pp. 301–320. Springer, Cham (2025) 

8. Solyar, T.Ya., Solyar, O.I.: Axisymmetric contact problem for half-space with nonspec-
ified areas of interaction. Mat. Met. Fiz. Mekh. Polya 65(3–4), 178–187 (2022) (in 
Ukrainian). https://doi.org/10.15407/mmpmf2022.65.3-4.178-187; English translation: Sol-
yar, T.Y., Soliar, O.I.: Axisymmetric Contact Problem for a Half Space with Nonspecified 
Zones of Interaction. J. Math. Sci. 287(2), 321–333 (2025)

https://doi.org/10.15407/mmpmf2022.65.3-4.178-187


302 M. M. Tkachuk et al.

9. Yao, J., Ren, G.: Embedding Kalker’s variational theory into railway vehicle system dynamics 
and its efficiency improvement. Veh. Syst. Dyn. 62(4), 932–954 (2023) 

10. Vollebregt, E., Six, K., Polach, O.: Challenges and progress in the understanding and mod-
elling of the wheel-rail creep forces. Veh. Syst. Dyn. 59(7), 1026–1068 (2021). https://doi. 
org/10.1080/00423114.2021.1912367 

11. Pérez-Ràfols, F., Ciavarella, M.: Towards a universal scaling for the elastic contact between 
anisotropic and non-gaussian surfaces. Tribol. Lett. 73, 62 (2025) 

12. Ciavarella, M., Pérez-Ràfols, F.: Strongly different adhesion reduction for 1D or 2D random 
fractal roughness, and an extension of the BAM model to anisotropic surfaces. Tribol. Lett. 
72, 119 (2024) 

13. Li, Q., Lyashenko, I.A., Pohrt, R., Popov, V.L.: Influence of a soft elastic layer on adhesion of 
rough surfaces. In: Borodich, F.M., Jin, X. (eds.) Contact Problems for Soft, Biological and 
Bioinspired Materials. Biologically-Inspired Systems, vol. 15, pp. 85–102. Springer, Cham 
(2022) 

14. He, X., Li, Q., Popov, V.L.: Strength of adhesive contact between a rough fibrillar structure 
and an elastic body: influence of fibrillar stiffness. J. Adhes. 98(12), 1820–1833 (2021) 

15. Subbotina, V., Bilozerov, V., Subbotin, O., Kniaziev, S., Volkov, O., Lazorko, O.: New features 
of surface modification of magnesium alloys by microarc oxidation (MAO). Funct. Mater. 
30(4), 590–596 (2023) 

16. Subbotina, V., Bilozerov, V., Subbotin, O., Barmin, O., Hryhorieva, S., Pysarska, N.: Investi-
gation of the influence of electrolyte composition on the structure and properties of coatings 
obtained by microarc oxidation. Phys. Chem. Solid State 23(2), 380–386 (2022) 

17. Kniaziev, S., Kniazieva, H., Subbotina, V., Volkov, O., Riaboshtan, V.: Improving the technol-
ogy of producing boron and siliconized layers and comparing their properties. Phys. Chem. 
Solid State 26(2), 436–441 (2025) 

18. Popov, V.L., Heß, M., Willert, E.: Handbook of Plane Contact Mechanics. Exact Solutions of 
Plane Contact Problems. Springer, Berlin, Heidelberg (2025) 

19. Samorodov, V., Avrunin, G.: Solution of the problem of calculating the leakage working fluid 
in eccentric gap of the ball piston pair hydraulic fluid power machine. Bull. Natl. Tech. Univ. 
KhPI. Ser.: Hydraul. Mach. Hydraul. Units 1, 81–87 (2021) 

20. Marchenko, D.D., Matvyeyeva, K.S.: Study of the stress-strain state of the surface layer during 
the strengthening treatment of parts. Probl. Tribol. 27(3/105), 82–88 (2022) 

21. Tkachuk, M.M., Skripchenko, N., Tkachuk, M.A., Grabovskiy, A.: Numerical methods for 
contact analysis of complex-shaped bodies with account for non-linear interface layers. East.-
Eur. J. Enterp. Technol. 5(7), 22–31 (2018) 

22. Tkachuk, M., Grabovskiy, A., Tkachuk, M., Hrechka, I., Sierykov, V.: Contact interaction of 
a ball piston and a running track in a hydrovolumetric transmission. In: Ivanov, V., Pavlenko, 
I., Liaposhchenko, O., Machado, J., Edl, M. (eds.) Advances in Design, Simulation and 
Manufacturing IV. Lecture Notes in Mechanical Engineering, pp. 210–218. Springer, Cham 
(2021). https://doi.org/10.1007/978-3-030-77823-1_20 

23. Tkachuk, M., Grabovskiy, A., Tkachuk, M., Hrechka, I., Tkachuk, H.: Contact interaction of 
a ball with a toroidal running track with a closely shaped power law profile. In: Tonkonogyi, 
V., Ivanov, V., Trojanowska, J., Oborskyi, G. (eds.) Advanced Manufacturing Processes VI. 
Lecture Notes in Mechanical Engineering, pp. 512–520. Springer, Cham (2025). https://doi. 
org/10.1007/978-3-031-82746-4_56

https://doi.org/10.1080/00423114.2021.1912367
https://doi.org/10.1080/00423114.2021.1912367
https://doi.org/10.1007/978-3-030-77823-1_20
https://doi.org/10.1007/978-3-031-82746-4_56
https://doi.org/10.1007/978-3-031-82746-4_56


Model Analysis of Metal Degradation Processes 
in Tubing Pipes in Service 

Oksana Klochko1(B) , Oleg Trishevskiy1 , Mariia Bilinska2 , Ivan Rybalko1 , 
and Evgeniya Deryabkina1 

1 State Biotechnological University, 44, Alchevskih Street, Kharkiv 61002, Ukraine 
klochko.hntysh@gmail.com 

2 Jagiellonian University, 171, Orla Street, 30-244, Kraków, Poland 

Abstract. The corrosive-aggressive downhole environment and cyclic loads are 
among the most common factors that affect running condition and service life 
of tubing pipes. Long-term operation in these settings causes aging processes, 
accompanied by metal degradation and a decrease in the level of its properties. 
In our present study we investigate microstructure of low-carbon steel AISI 1020 
which is widely used in tubing pipes manufacture and establish the influence of 
plastic deformation (stretching) on a significant change in coercive force. The sci-
entific novelty of our paper consists in the way the degradation of the pipe steel is 
investigated: we experimentally model the development of diffusion processes in 
the structure under cyclic stretching similar to that in operation under the load of 
an entire column. We use both optical-mathematical and EDS structure analyses 
in order to identify the degradation. The observed structural changes determine 
the level of coercive force, which can be effectively used to evaluate the degra-
dation degree of the pipe material in operation. The surface extrusion zones have 
been detected, which include carbide-type phases with different carbon content, 
solid non-metallic inclusions, oxides, and, presumably, areas where spontaneous 
transformation of metal into powder occurred. Such zones appear due to plastic 
deformation in the original and deformed samples. In the near surface region post 
deformation, a quasi-homogeneous structure without pearlite is observed with an 
equal amount (~7.0%) of point carbides and a transition phase of the ferrite type 
that is maximally saturated with carbon (colour 155). Carbon content within the 
main ferrite (86%) varies. Based on the obtained results, for the effective use of 
pipe material in operation, we discuss the importance of taking into account both 
the initial state of the material and the degree of its initial deformation when devel-
oping further technological processes, which brings additional practical value to 
our study. 
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coercive force level
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1 Introduction 

Low-carbon steels are widely used in mechanical engineering and metallurgy, in partic-
ular in pipe production. During the long-term operation of pump and compressor pipes 
(tubing pipes), the aging processes accompanied by degradation of mechanical proper-
ties of pipe steels occur inevitably. The state change in metal depends on a number of 
operational factors, primarily on a long-term combined effect of mechanical loads and a 
corrosive environment. It is imperative to study the contribution of each of these factors 
in order to predict the impact of degradation processes on the durability of such products. 
In order to investigate the development of structural degradation, we have carried out a 
modeling experiment of the metal stretching process that occurs in the tubing pipes sub-
jected to a load of an entire column. The effect of plastic deformation is studied on AISI 
1020 low-carbon structural steel. Due to its strength vs. ductility optimal combination, 
this steel grade is widely used in rolled sheets, structural shapes, both rolled tubular and 
rolled section products, which includes using it in the tubing manufacture. 

2 Literature Review 

Wear and tear of pipeline and drill pipe steels result in deterioration of their mechani-
cal and electrochemical properties, thus reducing resistance of such steels to cracking 
under environmental exposure effects. The reduce of brittle fracture resistance and stress 
corrosion cracking resistance occurs most intensively under stresses associated with the 
development of volumetric scattered microdamage inside the material [1]. It has been 
established that cold plastic deformation is accompanied by the formation of new dislo-
cations [2], grain fragmentation (subgrains formation), and the emergence of structural 
heterogeneity [3]. Microhardness anisotropy of the structural components of an alloy is 
a sensitive indicator of the change in the state of material as a result of degradation. It is 
possible to assess the degree of pipeline steels degradation non-destructively by chang-
ing the level of coercive force. The formation of microstructure in AISI 1020 low-carbon 
steel after stretching (cold plastic deformation) and its influence on the level of phys-
ical [4] and mechanical [5] properties have been studied using optical metallography 
methods. The influence of deformation has been evaluated by the change of coercive 
force and by anisotropy of the ferrite microhardness values [6]. Metallographic anal-
ysis has revealed the following structural changes: additional deformation of pearlite 
grains and, to a greater extent, ferrite (on average by 10%, as estimated via microhard-
ness method) in relation to the original rolled product; deformation structure buildup 
(additional stretching of grains); presence of stresses from non-metallic inclusions; pore 
formation; cementite inclusions. Microdamage buildup inside the steel is confirmed [7] 
by the tendency toward selective etching of the boundaries between adjacent bands of 
ferrite and pearlite, as well as via fractography: by detection of brittle fracture elements 
on the fracture surfaces (delaminations and chips that indicate areas of weakened adhe-
sion between the bands of ferrite and pearlite) [8]. The aforementioned studies show that 
residual microscopic stresses localize in the structure of low-carbon steel under tensile 
deformation. This is confirmed by an increase in the level of coercive force and magnetic 
anisotropy, as well as by the anisotropy of the ferrite microhardness.
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The above-mentioned factors determine a partial change in the level of the coercive 
force of the post-deformation sample. However, the set of identified factors does not fully 
explain a significant increase in the coercive force level (~3 times) after deformation [9]. 
It is evident that such difference cannot be present due to the deformation-driven change 
in dislocation structure alone. More in-depth studies are needed to obtain a complete 
picture of the influence of deformation on such changes in coercive force. 

The aim of our work is to conduct microstructural studies of low-carbon steel to 
evaluate the effect of plastic deformation (stretching) on a significant change in the level 
of coercive force. To do so, we use EDS analysis and mathematical evaluation of SEM 
images that trace changes in the microstructure. The quality of the original alloy has 
been taken into account. 

3 Research Methodology 

We conduct our studies on samples of AISI 1020 sheet steel (0.18–0.23% C; 0.30–0.60% 
Mn), 5 mm thick before and after stretching. The samples have been analysed after 12.8% 
cyclic deformation and cut along and across the deformation within the destruction zone. 
The samples of original metal in hot-rolled condition and those cut from the grip zone 
and near it have been comparatively examined. All of the etched deformed samples cut 
from the grip, as well as along and across the deformation in the destruction zone, are 
characterized by the deformation of pearlite grains greater than that of the original metal. 
The greatest deformation degree has been found within the transverse samples near the 
destruction zone, which we have further investigated. 

For a detailed analysis of fragments of SEM images of metal structures, we use our 
own analytical research technique based on hydrodynamic analogies and making use 
of the Navier-Stokes equations [10] occurring during the formation of phases (energy 
dissipation, diffusion transfer, change in the density of the dislocation structure) [11]. 
The mathematical basis is an optical–structural analysis method that evaluates images 
differing in their statistical characteristics (distribution of image elements, pixels, and 
their density) [12]. Each pixel coordinate of a digital image in.pgm format has been 
assigned with a code value of a conditional colour. Using these values, an absolute value 
of Laplacian has been calculated at each point of the image, which describes a hetero-
geneity of chemical elements due to energy dissipation during structural transformations. 
Integral distribution histograms for the analysed parameters have then been constructed. 
These distributions allow the alloy phases and their degree of local heterogeneity to be 
evaluated. By comparing the histograms, the quantity and quality of phases have been 
determined. Histograms have been plotted across eleven groups of conditional colours (in 
%) that reflect differences in component content. Carbon saturation of the studied region 
increases from lower to higher colour numbers, where the following intervals are defined 
[13]: 0–10 (colours 0–163): ferrite phases (dark shades), α-phase with different lattice 
perfection levels and chemical compositions; 10 (colours 147–163): ferrite phases with 
higher carbon saturation (dark gray shades); 11–16 (colours 164–255): carbide phases 
(shades of white). 

The microstructure has been examined using a scanning electron microscope (SEM) 
JEOL JSM-6390LV equipped with microprobe analyser Link AN10/85S EDS system.
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The chemical composition of the carbides is determined using energy dispersive X-ray 
spectroscopy (EDS). 

4 Results and Discussion 

Samples cut from the as-delivered steel show coercive force (Hc) of 3.3 A/cm longitudi-
nally and 3.9 A/cm transversely, with anisotropy coefficient of A = 0.87. After transverse 
deformation, coercive force increases up to 9.3 A/cm. The steel structure then consists 
of ferrite and pearlite. 

Analysis of pearlite and ferrite structures (Fig. 1) shows changes in the distribu-
tion of phases. Histograms of structural components according to conditional colours 
(Table 1) reveal that deformation reduces pearlite fraction and destroys cementite lamel-
lae (Fig. 1b). In some regions, pearlite grain boundaries get blurred even though the 
lamellar relief remains the same (Fig. 1c). As presented in Table 1, the cementite frac-
tion (colour 255) decreases by half post-deformation (1.61% → 0.78%) at general view 
images with × 2000 magnification. At the same time, carbon redistribution occurs in 
the vicinity of ferrite: carbon-rich zones (colors 82 and 91) increase 2–3 times, and the 
structures of color No. 155 (intermediate phase between carbon-saturated deformation 
induced ferrite and cementite) increase fourfold. At the same time, the proportion of the 
carbide phase with a reduced carbon content increases (colours 164 and 246). Image 
analysis at 5000 × magnification (local regions) reveals a nearly similar phase ratio (see
Table 1 and Fig. 1c). 

Fig. 1. SEM images of AISI 1020 steel microstructure in the initial state (a), after deformation: 
general view (b), × 2000; local area (c), × 5000

EDS analysis confirms higher carbon content in ferrite as compared to pearlite in the 
initial sample. Up to 0.21% Si has been identified in pearlite (compared to the overall 
alloy content of 0.15%). In the deformed sample, an elevated carbon content remains in 
the ferrite regions compared to pearlite (~1.1 times higher). In pearlite, a reduction in 
manganese concentration by 1.6 has been observed (from 0.42% to 0.27%). 

Based on the obtained structural changes and EDS analysis, histograms of the distri-
bution of regions with increased carbon content are constructed (Fig. 2). Depending on 
the proportion of such structures (%) within a 10 × 10 pixel image fragment, a colour 
has been assigned in accordance with Table 2.
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Table 1. Histogram of the conditional colour distribution (%) in the studied SEM images 
(see Fig. 1) of the AISI 1020 steel microstructure 

0 8 9 73 82 92 155 164 246 247 255 Image 

0.0 0.0 0.0 63.66 20.02 14.30 0.41 0.0 0.0 0.0 1.61 a 

0.0 0.0 0.0 2.35 44.13 46.23 04.81 0.52 0.18 0.0 0.78 b 

0.11 5.54 0.98 0.01 14.74 44.43 15.22 11.37 0.72 5.99 0.89 c 

Table 2. Image colour depending on the amount of structural components with increased carbon 
content (x, %) 

х,  % х = 0 0 < х ≤ 5 5 < х ≤ 10 10 < х ≤ 15 15 < х ≤ 20 х > 20

Colour - black blue green yellow red 

Fig. 2. Distribution of structural constituents with increased carbon content: original SEM images 
before (a) and after (d) deformation (red - analysed zones); evaluated histograms of regions with 
increased carbon content: before (b), (c) and after deformation (e), (f). 

It has been established that the amount of post-deformation structures with increased 
carbon content increases in the ferrite region compared to the undeformed sample, and 
distinct, close to cementite areas with phases and carbon-depleted carbides are observed. 
The mechanism of cementite decomposition under deformation in the studied steel is 
associated with the fragmentation of cementite lamellae. 

The investigation of the carbon elemental distribution map (EDS) using two-
dimensional mapping of C concentration in the structure of AISI 1020 steel clearly 
confirms the redistribution of carbon atoms as a result of deformation (Fig. 3).
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Fig. 3. Elemental distribution analysis of carbon (EDS) in the structure of AISI 1020 steel. 
SEM microstructure images: initial (a) and deformed (c) samples. Elemental maps: initial (b) 
and deformed (d) samples. 

In the process of cementite decomposition, carbon atoms are released and retained 
along dislocation walls at grain boundaries, where their density increases [14]. They may 
also form fullerenes and fullerene complexes with iron [15]. As a result, a supersaturated 
phase is formed which itself is an intermediate (transitional) state between ferrite and 
cementite. In terms of carbon concentration it is close to austenite (colour No. 155 [12]). 
Consequently, an increase in carbon concentration in ferrite is observed. In some cases, it 
may even exceed that in pearlite. Moreover, this effect is also present in the initial sample. 
Therefore, when studying the influence of cold plastic deformation on the structure of 
low-carbon steel, it is essential to account for the quality of the initial material and the 
fraction of the pearlitic constituent. 

Microstructure analysis of SEM images has shown extrusion zones on the sample 
surface (Fig. 4), formed as a result of plastic deformation both in the initial state (after 
rolling, Fig. 4a) and in the deformed sample (Fig. 4d). Using EDS analysis, the surface 
structure of these zones and the adjacent areas have been examined in detail (Fig. 4b, 
e). Two distinct regions have been identified within the extrusion zone. The first region 
(spectrum 10 in Fig. 4b, and spectrum 1 in Fig. 4e) has revealed an increased concen-
tration of C (36.44% and 38.13%) and O (12.58% and 26.16%), with a simultaneously 
reduced fraction of Fe (49.38% and 25.14%). In addition, small amounts of Na (1.06% 
and 0.92%), Si (0.22% and 2.75%), Mn (0.32% in spectrum 10), and in spectrum 1: Zn 
(2.11%), Al (0.6%), Cl and Ca (1.02% each), Cr (0.59%), K (0.93%), and S (0.55%) 
have been detected. The observed phenomena (see Fig. 4a and d) can be explained both
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by the diffusion of elements resulting from plastic deformation and the extrusion of 
hard non-metallic inclusions to the specimen edge (in particular, the increase of sili-
con in post-deformation extrusion zone by ~3 times, with a significant reduction in 
its concentration in pearlite). The second region (spectrum 2 in Fig. 4e) corresponds to 
SiO2 silicon oxides (rounded inclusions 4–6 μm in size, which do not deform during 
rolling but are being pushed to the surface if located near it under tension). These contain 
57.41% O with a minimal fraction of Fe (1.27%). SEM analysis has shown such grains 
to be surrounded by ferritic interlayers. 

Fig. 4. Investigation of surface microstructure of AISI 1020 steel specimens: SEM images of 
the initial structure (a) and after cyclic tensile deformation (d); EDS analysis zones: in the initial 
sample (b) and after deformation in the extrusion area (e); histogram of structural constituents 
with increased carbon content (colours according to Table 2): initial sample (c) and extrusion area 
(f) 

The subsurface zones have been studied in the post-rolling initial sample (spectra 
7, 8, 9, 11 in Fig. 4b). The carbon content in these zones ranges from 16.25–20.49%, 
Fe: 79.09–83.17%, and Mn: 0.42–0.58%. Evidently, these zones contain a fraction of 
cementite formed at the surface during hot rolling deformation. 

The obtained spectral X-ray microanalysis data provide results only for the depths no 
more than 3 μm, whereas the extrusion zone extends up to 160 μm which makes selective 
indicators insufficient for a full assessment by EDS alone. Moreover, the phases that form 
within the extrusion zone and their spatial distribution remain unclear. To evaluate this, 
we have carried out mathematical analysis of the formed structures on the surface of the 
post-deformation specimen. As a result, histograms of conditional colour distributions 
have been constructed. To do this, we have used a methodology of assessment the 
distribution of structural constituents (presented in Table 3) and areas with increased 
carbon content (see Fig. 4f). 

Our analysis has shown the first extrusion zone (Fig. 4f, region 2) to be consisting of 
31.8% ferrite (with the maximum fraction corresponding to colour 8: 15.5%, and colour 
92: 8.4%), 54.6% cementite, and 13.7% transition phase enriched in carbon (colour 155).
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Table 3. Histogram of conditional colour distribution (%) in the extrusion zone 

0 8 9 73 82 92 155 164 246 247 255 Region 

00,0 42,6 13,0 00,4 02,4 01,8 02,0 03,9 09,4 10,2 14,1 1 

00,1 15,5 01,0 00,9 05,9 08,4 13,7 28,1 00,2 21,4 04,9 2 

02,3 26,9 06,9 03,4 05,5 03,6 05,4 15,3 05,5 19,9 05,5 3 

02,2 16,3 11,4 02,6 03,2 02,4 03,4 19,5 18,9 10,6 09,4 4 

00,0 30,8 14,1 00,0 01,3 00,2 00,0 21,9 10,4 21,0 00,2 5 

00,0 15,9 04,4 00,6 10,5 12,3 10,0 18,1 03,9 11,6 12,7 6 

00,6 20,7 07,6 00,3 01,6 03,0 03,7 15,3 11,9 13,6 21,7 7 

The second extrusion zone (Fig. 4f, region 5) demonstrates a decrease in carbide phases 
(53.5%) with lower carbon content and the presence of 46.4% ferrite (maximum frac-
tions: colour 8: 30.8%, and colour 9: 14.1%). Mathematical and X-ray spectral analyses 
in this zone have revealed significant discrepancies in ferrite content (46.4% and 1.27%, 
respectively). This difference may be explained by lattice distortion of Fe at high carbon 
saturation under severe deformation, leading to spontaneous metal-to-powder transfor-
mation [16]. Phase of the colour 155 is absent. Free carbides structurally identified in the 
extrusion zones under comparison display a wide colour range from 164 to 255, indi-
cating varying carbon content within different inclusions. The minimum carbon fraction 
corresponds to colour 246 in the first zone and to colour 255 in the second zone (0.2% 
each). Maximum distributions reaches 28.1% in the first case (colour 164) and 21.9% and 
21.0% (colours 164 and 247) in the second one. We have conducted further investigation 
in the areas adjacent to the surface layer (Fig. 4c). In these regions, deformation causes 
a sharp reduction in pearlite content, with isolated cementite inclusions appearing. In 
regions 1 and 7, a pronounced ferritic structure enriched in carbon has been formed, 
with 60.2% in region 1 (maximum value of colour 8 is 42.6%) and 33.6% in region 7 
(maximum for colour 8: 20.7%), along with 37.6% (maximum for colour 255: 14.1%) 
and 62.5% (maximum for colour 255: 21.7%) cementite, respectively, and 2–3.7% of 
the transition phase (colour 155). Region 6 closely resembles region 2, while regions 3 
and 4 are also carbide inclusions with varying carbon content (Fig. 4f). Near the sample 
surface (Fig. 4c), the structure is quasi-homogeneous (pearlite is absent), with discrete 
carbides (7.0%) and an equal amount of ferrite highly saturated with carbon (colour 
155). The main ferrite fraction accounts for 86%. However, this kind of ferrite varied 
in carbon content, as indicated by the histogram of colours: 23.5% in colour 0 ferrite; 
0.7% in colour 9; 0.2% in colour 8; 4.8% in colour 73; 41.3% in colour 82; and 15.5% 
in colour 92. The higher the ferrite colour index, the greater is its carbon content. 

5 Conclusion 

The obtained results demonstrate that tensile deformation induces pronounced 
microstructural changes, which govern the evolution of the coercive force in low-carbon 
steel. A decrease in the pearlite fraction accompanied by the fragmentation of cementite
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lamellae has been observed, with blurring the pearlite grain boundaries while retaining 
the lamellar relief. After cyclic tensile deformation, both pearlite and ferrite exhibit a 
similar carbon concentration (~10% higher in ferrite). This can be attributed to carbon 
atom diffusion along dislocation walls, their trapping within dislocations at grain bound-
aries, and the possible formation of fullerene-type complexes with iron. Consequently, 
an oversaturated ferrite-like phase is formed, which is intermediate between ferrite and 
cementite, in some cases approaching the carbon content of austenite. Notably, traces 
of this intermediate phase have also been identified in the initial sample. These findings 
emphasize the necessity of accounting for the initial microstructural condition and defor-
mation degree when evaluating the effects of cold plastic deformation on the structural 
and functional response of low-carbon steels, thereby ensuring accurate process design 
and reliable in-service performance. 
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Abstract. This study aims to model thermomechanical processes in grinding, 
accounting for material heterogeneity and technological heredity. A deterministic 
model was developed linking the crack resistance criterion (KIc) to key technolog-
ical parameters and hereditary defects, allowing the determination of limit values 
for heat flux. These operations generate substantial heat, resulting in structural 
defects such as burn marks on the machined surface. These defects decrease the 
initial surface hardness, induce tensile residual stresses, and lower the parts’ con-
tact endurance and fatigue strength. For many metals and alloys not susceptible 
to structural transformations during grinding, cracks are a notable defect type that 
severely impacts the operational properties of the products. The intensity of crack 
formation largely depends on various inhomogeneities that develop in the surface 
layer during manufacturing. Based on these criteria, an algorithm was developed 
to ensure technological capabilities for defect-free processing of products made of 
materials prone to loss of quality of the surface layer of parts, taking into account 
maximum processing productivity. 

Keywords: Grinding · Surface integrity · Technological inheritance · Cracks 

1 Introduction 

Insufficient control at stage finishing operations can lead to severe economic conse-
quences (cost increase and scrap [1]) and production losses (quality reduction [2, 3], 
reliability decline, productivity decrease) [4]. 

Grinding, as one of the most critical finishing processes, inevitably involves thermo-
mechanical phenomena such as heat and stress, which strongly affect surface integrity [4, 
5]. The most dangerous defects in high-loaded parts include fatigue and corrosion cracks 
[6, 7], tensile residual stresses [6, 8], and various microstructural damages [5–7, 9, 10]. 
These defects initiate and accelerate failure, significantly reducing the performance of 
the product. Moreover, technological heredity plays a key role: defects formed in earlier 
stages of production (e.g., inclusions, flakes, microcracks) may act as concentrators for
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stresses arising during grinding [11–14]. Their interaction with thermomechanical fields 
leads to cracks, burns, and further degradation of performance [5, 13, 14]. 

Existing models of thermal and mechanical processes in grinding provide valuable 
insights [5, 13, 14], but they are often restricted by simplifying assumptions such as 
material homogeneity, neglect of hereditary defects, or insufficient consideration of 
microstructural features. 

This study aims to model thermomechanical processes in grinding, accounting for 
material heterogeneity and technological heredity. 

2 Literature Review 

Thermal and mechanical modeling of grinding processes has been widely studied, as 
heat generation and stress distribution directly determine surface quality [5, 13, 14]. 
Thermoelasticity theory allows treating the surface layer as a thermoelastic body, pro-
viding a framework for predicting conditions of burns and cracks [13, 14]. However, most 
models assume material homogeneity and do not adequately represent microstructural 
variability or defects. 

The concept of technological heredity emphasizes that defects formed in earlier 
operations influence the quality of subsequent stages [11, 12]. For grinding, this means 
that inclusions, flakes, or microcracks can interact with residual tensile stresses, acting 
as crack initiators [13, 14]. Despite its importance, technological heredity is often con-
sidered qualitatively rather than quantitatively. Existing recommendations for crack pre-
vention usually focus on single process parameters and rarely integrate heredity effects 
into comprehensive models [5, 10, 13]. This demonstrates a lack of systemic approaches 
that connect inherited defects with grinding conditions in a predictive manner. 

Fracture mechanics provides valuable tools for analyzing crack formation, especially 
through the concept of the stress intensity factor (SIF) [9, 13, 15]. SIF enables a detailed 
assessment of stress concentration at defects and has been applied to explain crack 
initiation in grinding [13, 14]. Nevertheless, while these methods capture local stress 
conditions, they often fail to establish a robust link with grinding parameters and material 
heterogeneity. The “weak link” hypothesis further underscores the stochastic nature of 
failure in heterogeneous materials, in which overall strength is determined by the weakest 
defect rather than by average properties [13, 16]. 

Experimental approaches provide qualitative descriptions of defects and their evolu-
tion, but they often lack quantitative relationships between process parameters and mate-
rial response [6, 11–13]. Furthermore, recommendations for crack prevention remain 
material-specific, reducing their universality and transferability [5, 10, 13]. 

The literature demonstrates significant achievements in modeling thermal pro-
cesses, analyzing defects, and applying fracture mechanics to grinding. However, these 
efforts remain fragmented. There is no integrated approach that quantitatively links 
technological heredity, thermomechanical fields, and process parameters.
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3 Research Methodology 

The assumption is that the workpiece surface can be modeled as a heterogeneity with 
distinct properties embedded within the principal matrix material. This conceptualiza-
tion facilitates the examination of thermomechanical processes occurring during the 
grinding of components whose working surfaces exhibit the specified technological 
inhomogeneities characterized by linear dimensions. Lks [17, 18]. 

The investigation focused on the impact of inhomogeneities arising from phase tran-
sitions of metastable structures, such as intergranular films, hereditary austenite grain 
boundaries, carbide networks, non-metallic inclusions, as well as defects including shells 
and flakes, within the surface layer. These were analyzed in the context of induced con-
ditional cracks. The model analyzes a semi-infinite body containing subsurface irregu-
larities with arbitrary orientations, which are exposed to a moving heat source on the 
surface, simulating the grinding wheel. 

The mathematical framework relies on a set of equations that characterize the tran-
sient thermal and stress-strain conditions of the surface layer. It includes the Fourier 
equation of unsteady heat conduction and Lamé’s elasticity equations in displacements 
with corresponding initial and boundary conditions that account for the moving heat 
source from the grinding wheel [17]. 

In a surface layer characterized by structural and technological irregularities, the 
conditions leading to solution discontinuity will vary according to the nature of the 
defect: for inclusions, the conditions are u 0, σx 0 and v 0, τxy 0, 
while for crack-like defects, σx 0, u 0 and τxy 0, v 0. 

4 Results and Discussion 

Among the existing failure criteria that consider the local physical and mechanical prop-
erties of heterogeneous materials, the force-based criteria, which utilize the concept of 
the stress intensity factor (SIF), are deemed most suitable for this situation [19–21]. 
When the applied load results in a stress intensity factor, KI , that reaches the critical 
threshold, KIc, the defect resembling a crack transitions into a primary crack. 

The resolution to the problem is accomplished through the application of the method 
of discontinuous solutions [18, 22]. As one traverses the boundary of an inhomogeneity, 
the displacement and stress fields experience first-order discontinuities, represented as 
jumps. This discontinuity of a quantity f is denoted by f , resulting in noticeable jumps 
such as u , v , σx , and τxy . 

Applying generalized Fourier transforms yields singular integral equations that pro-
vide recursive relations linking stresses and displacements at defects with those on the 
machined surface. 

When subjected to uneven heating, the surface layer experiences thermal defor-
mations, leading to the development of thermal stresses. These stresses, which are 
concentrated at defect sites, result in the formation of grinding cracks. 

The primary focus is on the stress behavior near defect peaks, including cracks, sharp 
inclusions, and structural imperfections, which represent stress characteristics in these 
regions y →  ±Lks.
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The characteristics of the stress field near the defect’s tip, as analyzed through classi-
cal elasticity theory, are often described using a complex stress intensity factor K , which 
combines Mode I and Mode II contributions as K = KI + iK II [21]. 

The investigation into the stress intensity at the vertices of a defect, characterized by 
a length of 2Lks, situated at a depth of Ri, under the application of a heat flux q to the 
body’s surface (x = 0, |y| ≤ a ∗) facilitated the determination of the critical value of this 
flux, q∗, at which the defect begins to propagate into a significant crack [22]: 

q∗ = 
2
√
3λ(1 − ν)KIc 

α2El
√

π lσ ∗ (1) 

The interaction between defects affecting stress intensity becomes evident when 
they are separated by a distance slightly exceeding σ∗ = 1 /3. Simultaneously, the 
material exhibits its minimum crack resistance when the defects are aligned at an angle 
of φ = π/6+π/4 relative to one another. The geometry and characteristics of inclusions 
can establish conditions that either prevent or promote the formation of grinding cracks. 
When the heat flow is oriented parallel to the major axis of both the elliptical inclusion and 
the linearly insulated crack, and the inclusion’s linear thermal expansion coefficient, αB 

t , 
surpasses that of the base material, αM 

t (i.e., αB 
t >  αM

t ), a resultant increase in stiffness 
is noted, culminating in an enhancement of KI . This observation is contingent upon the 
varying ratios of the thermal conductivity coefficients of the material components. 

This results in a reduction of the crack resistance in the surface layer. For crack-
type defects in a layer characterized by a lower coefficient, αt , the defect’s orientation 
significantly affects the SIF value. 

To ensure defect-free processing of steels and alloys that possess crack-like defects 
and inclusions, it is crucial to consider the threshold values of the heat flow gener-
ated during grinding when selecting processing modes and tool characteristics, thereby 
preventing hereditary defects from being disturbed from their equilibrium state. 

The randomness of micro-inhomogeneities plays a crucial role in these alloys, 
cemented steels, and diverse coatings. Here, the weakest link hypothesis is applied, 
focusing on the defect with the largest geometric dimension [23, 24]. 

The impact of tool design parameters on the thermomechanical condition of the 
surface layer was investigated utilizing the model problem and boundary conditions 
expressed as follows: 

q(y,  τ  ) = 
c
√

τ 
λ 

H (y) − H y − 2a∗ n 

k=0 
σ y + kl − vkpτ (2) 

where H (y) is the Heaviside function; σ(y) is the Dirac delta function; n is the number of 
grains passing through the contact zone during the time τ = √πtgr/vkp; λ is the thermal 
conductivity of the product material; c

√
τ is the heat flux from a single grain; vg , vkp, 

tgr are grinding modes, 2a∗ is the length of the arc of contact between the tool and the 
workpiece; l∗ is the distance between cutting grains. 

The maximum instantaneous temperature values, TM , ranging from individual grains 
to the steady state component, TK , were both theoretically derived and experimentally 
validated. These values are utilized as criteria for predicting the conditions under which 
burn-in defects form and their respective depths.
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Figure 1 illustrates the spatial distribution of temperature within the contact zone, 
highlighting the concentration of the maximum temperature just beneath the surface 
and its progressive diminution with both depth and extent of the contact zone. The 
three-dimensional temperature field shown in Fig. 1 is an illustrative model based 
on an analytical function commonly used to approximate the heat source in grind-
ing. This approach allows for a clear visualization of the temperature gradient with-
out the complexity of a full numerical simulation. The temperature distribution T as 
a function of contact length x and depth z was described by the equation: T (x, z) = 
T0 · exp(−z/δz) · exp −(x − x0)2/δ2x . The following parameters were used: maximum 
surface temperature T0 = 800 °C; characteristic depth decay constant δz = 0. 5 mm; 
central position of the heat source x0 = 2. 5mm; and characteristic length decay constant 
δx = 

√ 
2 mm. These values are representative of the conditions during the grinding of 

hardened steel. 

Fig. 1. Three-dimensional distribution of the temperature field in the contact zone of the grinding 
wheel with the workpiece 

The impact of technological inheritance on the crack resistance of metals during 
grinding was evaluated using the fracture mechanics parameter, KIc, which considers 
the relationship between the stress-strain condition and the structural elements of the 
surface layer. 

The fracture mechanics parameter KIc is highly sensitive to the material’s techno-
logical heredity. For steels, KIc decreases with higher carbon content but is improved 
by tempering, grain refinement, and reducing impurities like sulfur, which cause 
micro-destruction. For instance, cyclic electrothermal treatment can increase KIc by up 
to 50%. These examples underscore the necessity of incorporating material-specific
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microstructural properties and their history into predictive models for defect-free 
grinding. 

Quantitative assessments of the crack resistance of magneto-hard alloys were carried 
out depending on the methods of obtaining blanks and their subsequent heat treatment to 
the γ-phase, thermomagnetic treatment to the a + a phase at different tempering modes 
and cooling rates. The controlled parameters were the values of the bending stress σb, 
tensile stress σt , coefficient KIc, and magnetic properties—coercive force of the material 
hC according to magnetization and residual induction Br . Experimental data show that 
the values of KIc are different for monocrystals and polycrystals of the studied alloy 
in the blank stage. This is because the percentage content of non-metallic inclusions 
in alloys obtained by different methods varies widely. The phase composition of these 
alloys changes the coefficient value of KIc. Thus, for polycrystals in the initial state, 
KIc = 30MPa

√ 
m, while the presence of the γ-phase increases KIc to 97 MPa

√
m. It has 

been established that the γ-phase, being more plastic than the main matrix of this alloy, 
contributes to the inhibition of microcracks [25]. 

Blank permanent magnets made of certain magneto-hard alloys are mainly obtained 
by casting. Currently, the following casting methods are used: open and vacuum. The 
most common open casting method is melting [13, 14]. 

Fractographic analysis is a critical tool for understanding such failure modes, as it 
can reveal how thermomechanical loads lead to specific fracture characteristics, such 
as intercrystalline cracking [26]. However, the presence of this phase in the the studied 
alloy reduces the coercive force by 40%, the residual magnetic induction by 15–20%, 
and the maximum magnetic energy by more than 60%. Therefore, these alloys are sub-
jected to further thermomagnetic treatment. A distinctive feature of the structure of 
the high coercivity state of the alloys under consideration is the periodic alternation of 
elliptical-shaped particles of the α -phase surrounded by a matrix of the α-phase. Fur-
ther processing of these alloys by grinding causes the formation of crack-like defects 
in the surface layer. Moreover, the intensity of crack formation is related to heat treat-
ment modes, which, in turn, affect the size of the α -phase particles and the direction 
of thermomechanical processing relative to the longitudinal feed during grinding. The 
dominant technological parameters affecting crack resistance and contact temperature 
are the grinding depth and the characteristics of the wheel. Thus, in the case of grinding 
with different depths of diamond wheels, the crack resistance changes insignificantly, in 
contrast to the range of change of KIc when machining with wheels white Al2O3 (white 
fused alumina), grain size F60 / P60, ceramic bond. The contact temperature in the first 
case is significantly lower than in the second. 

Based on a deterministic analysis of the thermomechanical phenomena accompany-
ing the finishing methods of parts, the mechanism of the occurrence of grinding cracks 
was studied from the point of view of the influence of the geometry and physical prop-
erties  of  the α -phase and its orientation relative to the direction of grinding of magnets 
in a high coercivity state. In this case, the conditions of equilibrium of the structural 
components of the α -phase, depending on the dominant factors of the grinding process 
and the fracture toughness KIc of the magnet, were also used; the fulfillment of which 
does not lead to the formation of cracks on the machined surface.
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The formulation of technological criteria for ensuring a defect-free grinding process 
can be achieved by utilizing established functional relationships between the physical and 
mechanical properties of the materials under processing and the primary technological 
parameters. 

The assurance of processed surface quality is achieved by selecting technological 
conditions, such as processing modes, lubricating and cooling media, and tool char-
acteristics, guided by control technological parameters. This selection ensures that the 
current values of grinding temperature T (x, y, τ ), heat flow q(y, τ ), stresses σ(M ), and 
the fracture toughness coefficient KIc remain within their permissible limits. 

The establishment of a framework of constraints on the temperature values and the 
extent of its penetration can be expressed as follows: 

T (x, y,  τ  ) = 
C 

2π  λ  

n 

k=0 

H τ − 
kl 

vkp 
× H 

L + kl 
vkp 

γ2 

γ1 

f x, y, τ, τ dτ [T ]M

(3) 

Similar criteria were established to limit the temperature at specific depths and 
locations within the contact zone. 

To prevent grinding cracks during the processing of materials and alloys, it is essential 
to restrict the stress levels generated within the intensive cooling stress zone: 

σmax(x,  τ  ) = 2G 
1 + ν 
1 − ν 

αtTkerf 
x 

2 
√

ατ
≤ [σi] (4) 

When hereditary heterogeneity significantly impacts the severity of grinding crack 
development, it is essential to apply criteria that incorporate deterministic relationships 
between technological parameters and the characteristics of the heterogeneities. Accord-
ingly, for this purpose, one can identify restrictions on the stress intensity factor in the 
following form: 

KI = 
1 

π 
√
l 

l 

−l 

l + t 
l − t 

σn(t)dt ≤ KIc (5) 

In this equation, σn(t) represents the normal stress component acting on the defect 
face, τ(t) represents the shear stress component for Mode II analysis, and the integral 
is taken over the defect length l. Thus, by regulating technological control parameters, 
guarantee a threshold for heat flow that sustains the equilibrium of structural defects: 

q∗ = 
Pzvkpαs 

Dtgr 
≤ 

√
3λKIc 

Hl
√

π lσ
(6) 

Figure 2 shows the change in the stress intensity factor depending on the crack 
length L for different depths of its location. It can be seen that with increasing depth h, 
the effect of the defect on the stress state decreases, which corresponds to the equilibrium 
conditions (5)–(6). The relationship between the stress intensity factor (KI ), crack length 
(L), and its depth (h) presented in Fig. 2 was calculated for a scenario representative of 
hardened carbon steel. The model assumes a crack-like defect is present in a semi-infinite
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body subjected to a uniform remote tensile stress, which simulates the residual thermal 
stresses from grinding. The calculation assumes a remote stress value of σ = 200 MPa. 
The curves illustrate the behavior of the stress intensity factor for three distinct defect 
depths: a surface defect (h) and two subsurface defects (h = 1. 0 mm and h = 3. 0 mm). 

Fig. 2. Dependence of the stress intensity factor on the crack length at different depths of its 
occurrence 

Achieving defect-free grinding conditions can be facilitated by understanding the 
material’s structural characteristics. Specifically, when structural imperfections are pri-
marily characterized by a length of 2l and are systematically aligned with the contact 
zone between the tool and the workpiece, the defect equilibrium condition is expressed 
as: 

l0 < 
K2 
C 

x[GTk (1 + ν)αt ]2
(7) 

Based on the obtained criteria, an algorithm was developed to ensure surface quality. 
It uses the physical properties of the material, equipment characteristics, and processing 
modes as inputs to model the process and optimize control parameters for defect-free 
machining with maximum productivity. 

5 Conclusions 

This study lays the groundwork for defect-free processing of materials susceptible to 
cracking by elucidating the relationship between hereditary defects and the crack resis-
tance of the surface layer in grinding processes. Technological parameters for process-
ing have been determined, considering the accumulated damage and material inhomo-
geneities, especially in alloys prone to cracking during grinding. This is crucial for 
reducing defects in finishing operations and enhancing the operational properties of 
machine components:



Determinative Approach to Analysis 321

1. Grinding cracks were found to be thermal in nature, thus requiring thermal criteria 
for defect-free processing. 

2. A deterministic model was developed linking the crack resistance criterion (KIc)  to  
key technological parameters and hereditary defects, allowing the determination of 
limit values for heat flux.

3. Based on these criteria, an algorithm was developed to optimize processing parameters 
for maximum productivity while ensuring surface quality. 
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Abstract. The behavior of heat transfer processes in engineering and physical 
systems is profoundly influenced by domain geometry and the internal structure 
of temperature fields. As modern applications, such as compact heat exchang-
ers, microelectronics, and additive manufacturing, require increasingly complex 
geometries and fine control over thermal behavior, traditional numerical meth-
ods often struggle with domain definition, boundary enforcement, and visualiza-
tion. The theory of R-functions, developed by V.L. Rvachev, provides a pow-
erful analytical tool for representing complex domains through logical combi-
nations of implicit functions. This paper explores the integration of R-functions 
with lightweight browser-based computation, using JavaScript to model and visu-
alize heat transfer domains in two dimensions. The proposed method supports 
the analytical construction of geometric domains and exact boundary conditions 
through R-operations, implemented in a modular and computationally efficient 
manner. The function visualization pipeline is structured in three main stages: 
domain pre-processing with extrema detection, annotation and level curve config-
uration, and real-time pixel-based rendering. Optimization through minimal-index 
R-operations allows fast computation, enabling interactive visualization directly in 
a web browser with sub-second response times. As a case study, the level curves of 
a heat transfer problem involving a porous square cavity with four heated cylinders 
are rendered in real time, demonstrating the method’s speed and flexibility. The 
framework supports interactive manipulation of geometric parameters, making it 
valuable for parametric studies, design optimization, and educational purposes. 
The approach is accessible, platform-independent, and requires no specialized 
software, offering a powerful alternative to traditional simulation workflows in 
heat transfer and related fields. 

Keywords: R-functions · heat transfer · JavaScript 

1 Introduction 

Heat transfer remains a central topic in engineering, materials science, and applied 
physics, driven by needs in electronics cooling, energy systems, additive manufacturing, 
environmental control, and more. In the late five years, several challenges and trends have
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emerged that underscore how geometry of the domain and spatial/temporal structure of 
the temperature field significantly affect heat-transfer behavior, modelling, and design. 

Advanced technologies such as compact heat exchangers, micro-electronics, and 
additive manufacturing demand fine control over thermal gradients, hotspots, temper-
ature uniformity, and transient responses. Geometric complexity (e.g. fins, cavities, 
inclusions, porous media, curved boundaries) increasingly becomes unavoidable. 

Non-uniform temperature fields within domains cause nonlinear behavior: material 
properties (thermal conductivity, heat capacity) often depend on temperature, internal 
heat generation may vary spatially, and phase change or moving boundaries may arise. 
Accurate prediction of the temperature distribution, both steady and transient, in realistic 
geometries is needed for reliability, energy efficiency, minimization of thermal stresses, 
and prevention of failure. Thus, studying geometry (shape, layout, size, orientation) and 
how it molds the temperature field within the domain is central to both modeling and 
optimization. 

The heat transfer field increasingly recognizes that domain geometry is not just a 
boundary condition or external factor, but an active design variable that shapes the inter-
nal temperature field, which in turn governs performance, reliability, and efficiency. 
Advances in numerical methods, optimization, and materials allow ever more complex 
geometries to be exploited. Yet, balancing fidelity, cost, and manufacturability remains 
a central challenge. The future appears to lie in integrated geometry-temperature opti-
mization, transient and multiphysics models, and better experimental tools to validate 
internal thermal fields. 

The theory of R-functions originated by academician Rvachev V.L. provides a pow-
erful framework for representing complex geometric domains via logical combinations 
(Boolean operations) of simpler implicitly defined shapes, enabling analytic or semi-
analytic boundary representations. One of its major strengths is enforcing boundary 
conditions exactly on complicated geometries while maintaining smoothness and flex-
ibility in domain definition. This makes R-functions potentially very well matched to 
heat transfer problems where domain shape has strong effect on internal temperature 
fields and boundary behavior. 

R-functions theory offers strong advantages for modeling heat transfer in geometri-
cally complex domains, particularly for exact boundary enforcement and flexible domain 
definitions. Given the surge in interest in precise geometry (new isogeometric methods, 
metamaterials, etc.), R-functions are well placed to play a larger role. Leveraging them 
for transient, convective, or optimization-driven heat transfer problems is a promising 
frontier. 

2 Literature Review 

Several recent works illustrate heat transfer problem researches, especially with respect 
to geometry and internal temperature fields. 

In [1], a method combining the adjoint lattice Boltzmann approach with level set tech-
niques was developed to optimize 2D/3D convection, accounting for porosity, diffusivity, 
and flow restrictions. A density-based topology optimization strategy for two-fluid heat 
exchangers is introduced in [2], handling internal channel design and interface control 
to balance fluid separation and thermal performance.
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Additive manufacturing has enabled complex geometries, such as triply periodic 
minimal surfaces and porous frameworks, that improve heat transfer by enhancing inter-
nal surface area and flow interaction [3]. These structures have shown gains in Nusselt 
number and convective efficiency. 

Phase change systems, as reviewed in [4], are highly sensitive to both container geom-
etry and heat application strategies. Melting/solidification behavior depends not only on 
shape and orientation but also on convection and transient thermal loads. Dynamic heat 
sources, such as in laser melting, further influence thermal behavior. 

Numerical approaches like the isogeometric finite volume method [5] help resolve 
curved boundaries precisely, improving simulation accuracy near complex surfaces. Sim-
ilarly, geometric modifications in microchannel designs such as fins, ribs, porous inserts 
studied in [6], affect internal temperature fields by enhancing mixing or boundary layer 
control, though often at the cost of increased pressure drop and fabrication complexity. 

In [7] the unsteady natural convection in a porous square enclosure with four diag-
onally aligned heated cylinders is numerically studied. Effects of cylinder spacing, 
Rayleigh, and Darcy numbers on heat transfer and flow symmetry are analyzed with 
the results that convective behavior intensifies at higher Ra and Da. 

Over the past five years, R-functions have seen notable applications and demonstrate 
strong potential for broader adoption in future research and engineering practice. One sig-
nificant example is mathematical and computational modeling of convective heat transfer 
in fuel element cartridges with varying rod geometries and packing configurations [8]. It 
uses R-functions to represent different packings of fuel rods in reactor cartridges and to 
model convective heat transfer, exploring how packing geometry (shape, arrangement) 
influences temperature and velocity distributions. It reduces the number of R-operations 
needed. 

Another usage of R-functions is in structural/mechanical problems with complex 
planforms or shells [9]. The application of R-functions theory (together with high-order 
shell theory) studies free vibration of functionally graded shallow shells of arbitrary 
planform shapes. In that case, R-functions help define the geometric boundary and 
domain shape, enabling the variational Ritz method to handle arbitrary shell outlines. 

In [10] free vibrations of porous functionally graded material plates with vari-
able thickness resting on Winkler-Pasternak elastic foundations are analyzed via the 
R-functions method and Ritz procedure. Effects of porosity distribution, material gra-
dient, thickness taper, foundation stiffness, boundary conditions, and plate geometry on 
natural frequencies are studied. 

The study [11] presents a robust combination of R-functions and Ritz method for 
static and free vibration analysis of plates with arbitrary geometry, boundary conditions, 
and varying stiffness. A novel sub-cell integration approach improves accuracy, domain 
representation, and computational efficiency over conventional Ritz methods. 

Made in [12] geometrically nonlinear analysis of variable-stiffness laminates via 
R-functions and Ritz method uses first-order shear deformation theory and asymptotic-
numerical method. It handles complex plate shapes and arbitrary supports. Meshfree, 
efficient, accurate, and validated against finite element method it is useful for preliminary 
nonlinear design with reduced modeling effort.
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Works [13] and [14] propose novel methods for defining feasible design and oper-
ational regions using R-functions and closed-form constraint approximations. These 
approaches avoid complex optimization and require minimal model evaluations. Work 
[13] focuses on feasibility analysis, validated through benchmark cases, while [14]  intro-
duces the R-DS identifier, which efficiently maps process design spaces, demonstrated 
on a batch reactor model, with improved performance over traditional sampling m ethods.

These works demonstrate how R-functions can aid heat-transfer-adjacent problems: 
i.e. geometry definition, boundary enforcement, coupling with other numerical methods 
(Galerkin, Ritz etc.), for improved modeling of fields that depend strongly on domain 
shape (temperature, flux, normals etc.). 

Nikos Chamakos [15] introduced FEAScript, a lightweight, open-source JavaScript 
library for finite element analysis, aimed at making FEA more accessible for education 
and experimentation. Running directly in modern browsers, it supports both linear and 
non-linear heat transfer problems, allowing quick model testing before using larger 
solvers. 

Several open-source projects focus primarily on applications related to 3D printing, 
such as ImpliSolid [16], a geometric modeling library for solid modeling using implicit 
surfaces, developed mainly in C++ and Python with minimal use of JavaScript (approx-
imately 6.8%), and ImplicitCAD [17], a programmatic CAD tool written entirely in the 
Haskell programming language. 

3 Research Methodology 

Mathematical models of physical and mechanical fields are typically formulated as par-
tial differential equations subject to specific boundary and initial conditions. A distinctive 
feature of these fields is that their behavior depends not only on the underlying physical 
laws encoded in the equations but also on the geometry and relative arrangement of the 
domains in which the fields exist. This dual nature, combining analytical (equational) and 
geometrical information, presents a central challenge in developing effective methods 
and algorithms for solving boundary value problems. 

The wide variety, complexity, and uniqueness of geometric forms underscore the 
importance of an inverse problem in analytical geometry, originally posed by René 
Descartes: given a geometric object, determine its defining equation. This challenge is 
addressed by the theory of R-functions, developed by academician Rvachev V.L. The 
theory enables the representation of geometric objects using functions whose values 
encode boundary conditions, interior domains, and other geometric properties. 

To construct such equations, the researcher must define appropriate support functions 
and a logical formula. By selecting suitable R-operations, it is possible to generate an 
analytical expression for the object’s boundary. In general, a specific set of R-operations 
is employed to build these defining functions. 

x ∧α y = 1 

1 + α 
x + y − x2 + y2 − 2αxy ,

x ∨α y = 1 

1 + α 
x + y + x2 + y2 − 2αxy , (1)
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x =  −  x,

where α = α(x, y), −1 < α ≤ 1. 
Also, the property of function’s normalization may be implemented 

∂ωi 

∂νi ωi=0 
=  ±1 (2) 

where νi is a normal vector to i. 
With the rapid development of modern information technologies, automating the 

visualization of mathematical functions has become increasingly accessible. This task 
can be approached in various ways, ranging from resource-intensive solutions that rely 
on complex software and hardware ecosystems, to more streamlined methods requiring 
only a basic understanding of programming. Among the latter, object-oriented program-
ming has established itself as a dominant paradigm for implementing computational 
algorithms due to its modularity, reusability, and clarity. 

One of the most versatile and lightweight object-oriented programming languages 
today is JavaScript. It offers a high-level syntax, is easily extensible for domain-specific 
applications, and, importantly, requires minimal system resources. Its wide accessibility 
is largely due to the fact that modern web browsers include built-in JavaScript engines 
capable of interpreting and executing code without the need for separate compilers or 
integrated development environments. 

These JavaScript engines are continually updated alongside browser releases, incor-
porating support for the evolving features of the language. While HTML is used to 
structure the content of a web page and CSS defines its appearance, JavaScript brings 
dynamic behavior, allowing real-time interaction between the user and page elements. 
Together, these technologies provide a complete platform for interactive computational 
tools directly within the browser. 

For researchers and educators, this means that developing, testing, and visualizing 
computational algorithms can be done using just a standard web browser and basic 
knowledge of JavaScript, HTML, and CSS. This browser-based environment eliminates 
the need for platform-specific software installations or heavy development frameworks. 
Moreover, since JavaScript code is interpreted at runtime and not compiled into bina-
ries, it remains open and easily modifiable, enabling quick iteration and adaptation of 
computational models as research evolves. 

Thus, implementing numerical algorithms and function visualizations using 
JavaScript presents a practical, accessible, and flexible approach. Its simplicity in 
deployment, cross-platform compatibility, and capacity for real-time interaction make 
it especially suitable for studying and solving a wide range of applied problems in sci-
ence and engineering. This methodology not only accelerates the research process but 
also enhances transparency and collaboration through the use of openly readable and 
shareable code.
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4 Results and Discussion 

The construction of computational domains is performed using a set of R-operations, 
specifically, the R-conjunction, R-disjunction, and R-negation operations (1), (2), imple-
mented in the JavaScript programming language. The method for constructing and visu-
alizing arbitrary two-dimensional functions is divided into several sequential stages, 
each addressing a specific aspect of the overall process. 

The first stage is preprocessing and parameter initialization that involves creating 
a subroutine that determines the global minimum and maximum values of the func-
tion within the defined domain. These extrema are essential for calculating the spacing 
between level curves. The uniform spacing is computed as the ratio of the maximum 
function value to the number of desired level curves or equivalently, the number of color 
gradations used to represent them visually. This ensures consistent and inter pretable 
contour intervals across the visualization. 

Next, at legend and curve value annotation stage, a subroutine is implemented to 
display the numerical values corresponding to each level curve. These values are ren-
dered in the upper-right corner of the canvas element, serving as a legend. This allows 
researchers to easily associate color-coded regions in the plot with their corresponding 
function values, enhancing interpretability. 

The final stage is function visualization and plot rendering. It is dedicated to the 
core plotting routine. The visualization is constructed by scanning the canvas pixel-by-
pixel, from top to bottom and left to right. At each pixel, which corresponds to a point 
in the domain, the value of the function is evaluated and mapped to the corresponding 
color level, based on the intervals determined in first stage. If the function value at a 
given point falls within a specific interval, it is assigned the corresponding color from 
the pre-defined palette, effectively producing a color-coded map of the function’s level 
curves. 

There is also optimization using R-function operators. To ensure computational effi-
ciency, R-operations, specifically R-conjunction and R-disjunction, are implemented 
using index 1, which corresponds to the most computationally efficient form of 
these operations. This choice minimizes overhead and accelerates rendering, which 
is especially important when working with high-resolution visualizations or real-time 
interactive plotting. 

As a demonstration of the method’s efficiency, a two-dimensional plot (see Fig. 1) 
representing the level curves of a complete analytical function, describing a cross-section 
of a square-shaped porous enclosure containing four heated cylinders, as studied in [7], 
is computed and rendered. 

When a relatively small inclusion is introduced into this domain, it can be interac-
tively scaled up to reveal its heptagonal shape as a heat source (see Fig. 2). During this 
dynamic scaling process, the underlying function and corresponding level curves are 
recalculated in real time. 

The shapes of small cut-outs can be examined in greater detail by scaling them up, 
regardless of whether they are elliptical, have nearly parallel edges, or take on another 
form defined by the underlying basis function (see Figs. 3 and 4). 

The specific measurements corresponding to the charts presented in this paper are 
provided in Table 1.
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Fig. 1. Four heated cylinders in a cold square porous cavity, with the Cartesian grid scaled by 
400%. 

Fig. 2. Four heated cylinders with heptagonal inclusion in the center, with the Cartesian grid 
scaled by 400% (left) and 84,703% (right). 

Moreover, the computational framework allows for real-time modification and visu-
alization of the domain by dynamically adjusting key parameters. These include the 
number, positions, and sizes of the base geometric primitives. Each time the domain 
configuration is altered, the analytical function is automatically recomputed and re-
rendered almost instantaneously, maintaining sub-second response times. This respon-
siveness is particularly valuable for parametric studies, interactive simulations, and 
design optimization tasks, where iterative adjustments to the geometry are common. 

This rapid performance highlights the effectiveness of the JavaScript-based imple-
mentation in handling complex geometries and function evaluations without requiring
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Fig. 3. Small elliptical cut-outs embedded within a rectangular domain, with the Cartesian grid 
scaled by 781% (left) and 11,369% (right). 

Fig. 4. Small rectangular cut-outs embedded in an elliptical domain, with the Cartesian grid scaled 
by 781% (left) and 67,763% (right). 

Table 1. Efficiency of chart generation and rendering processes 

Chart Scale (%) Basis functions (qty) Performance (ms) 

Figure 1 400 5 181.2 

Figure 2 (left) 400 6 527.6 

Figure 2 (right) 84,703 6 726.8 

Figure 3 (left) 781 6 338.9 

Figure 3 (right) 11,369 6 607.3 

Figure 4 (left) 781 6 356.8 

Figure 4 (right) 67,763 6 561.4

specialized computational resources. The use of R-functions enables this flexibility by 
providing a robust mathematical foundation for constructing and manipulating com-
plex domain shapes through algebraic expressions. As a result, the visualization pro-
cess becomes not only computationally efficient but also highly adaptable, supporting
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exploratory analysis and rapid prototyping in applications such as heat transfer, fluid 
flow, and structural mechanics.

5 Conclusions 

This study presents a lightweight, browser-based framework that integrates R-functions 
theory with modern JavaScript to model and visualize heat transfer domains. The app-
roach enables key features for analyzing complex geometries in engineering applica-
tions such as exact boundary enforcement, smooth domain representation, and real-time 
rendering. 

Unlike commercial tools (e.g., Altair Inspire, nTop, SimScale) that may be restricted 
by proprietary access or hardware demands, and open-source projects (e.g., Implicit-
CAD, ImpliSolid) that require setup and lack browser-native interactivity, this framework 
offers a fully client-side solution. It allows researchers to evaluate analytical solutions 
at user-defined points within R-function-based domains, with interactive scaling and 
modification capabilities. 

The platform is especially suited for iterative design, parametric studies, and edu-
cational use, avoiding the need for compilers or specialized simulation software. Future 
development directions include extending the framework to transient and 3D problems, 
incorporating additional physical phenomena, and integrating optimization tools. 

To encourage community engagement, the core components are planned for open-
source release, promoting broader adoption and collaborative development. Overall, this 
work shows that complex thermal modeling can be made accessible and dynamic through 
web technologies, highlighting the value of interdisciplinary, geometry-aware tools in 
modern engineering analysis. 

References 

1. Luo, J.-W., Chen, L., He, A., Tao, W.Q.: Topology optimization of convective heat transfer 
by the lattice Boltzmann method. Int. J. Numer. Meth. Fluids 95(3), 421–452 (2023). https:// 
doi.org/10.1002/fld.5153 

2. Yan, K., Wang, Y., Yan, J.: Topology optimization of two fluid heat transfer problems for heat 
exchanger design. Comput. Model. Eng. Sci. 140(2), 1949–1974 (2024). https://doi.org/10. 
32604/cmes.2024.048877 

3. Barakat, A., Sun, B.B.: Enhanced convective heat transfer in new triply periodic minimal 
surface structures: numerical and experimental investigation. Int. J. Heat Mass Transf. 227, 
125538 (2024). https://doi.org/10.1016/j.ijheatmasstransfer.2024.125538 

4. Sarath, K.P., Osman, M.F., Mukhesh, R., Manu, K.V., Deepu, M.: A review of the recent 
advances in the heat transfer physics in latent heat storage systems. Therm. Sci. Eng. Prog. 
42, 101886 (2023). https://doi.org/10.1016/j.tsep.2023.101886 

5. Shakur, E., Marzok, A.: Isogeometric finite volume method for heat transfer simulations on 
curved spline-based geometries. Eng. Comput. (2025). https://doi.org/10.1007/s00366-025-
02167-3 

6. Yu, H., Li, T., Zeng, X., He, T., Mao, N.: A critical review on geometric improvements for 
heat transfer augmentation of microchannels. Energies 15(24), 9474 (2022). https://doi.org/ 
10.3390/en15249474

https://doi.org/10.1002/fld.5153
https://doi.org/10.1002/fld.5153
https://doi.org/10.32604/cmes.2024.048877
https://doi.org/10.32604/cmes.2024.048877
https://doi.org/10.1016/j.ijheatmasstransfer.2024.125538
https://doi.org/10.1016/j.tsep.2023.101886
https://doi.org/10.1007/s00366-025-02167-3
https://doi.org/10.1007/s00366-025-02167-3
https://doi.org/10.3390/en15249474
https://doi.org/10.3390/en15249474


332 R. Uvarov

7. Nammi, G., Deka, D.K., Pati, S., Baranyi, L.: Natural convection heat transfer within a square 
porous enclosure with four heated cylinders. Case Stud. Therm. Eng. 30, 101733 (2022). 
https://doi.org/10.1016/j.csite.2021.101733 

8. Maksymenko-Sheiko, K.V., Sheiko, T.I., Lisin, D.O., Dudinov, T.B.: Mathematical and com-
puter modeling of convective heat transfer in fuel cartridges of fuel elements with different 
shapes and packing of rods. J. Mech. Eng. 25(1), 40–54 (2022). https://doi.org/10.15407/pma 
ch2022.01.040 

9. Kurpa, L., Shmatko, T.: Application of the R-functions method and shell theory of the higher-
order to study free vibration of functionally graded shallow shells. In: Altenbach, H., et al. 
(eds.) CAMPE 2021, LNME, pp. 188–197. Springer, Cham (2023). https://doi.org/10.1007/ 
978-3-031-18487-1_19 

10. Kurpa, L., Pellicano, F., Shmatko, T., Zippo, A.: Free vibration analysis of porous functionally 
graded material plates with variable thickness on an elastic foundation using the r-functions 
method. Math. Comput. Appl. 29(1), 10 (2024). https://doi.org/10.3390/mca29010010 

11. Vescovini, R.: The R-functions combined with the Ritz method: an assessment on the inte-
gration schemes. Compos. Struct. 362, 119066 (2025). https://doi.org/10.1016/j.compstruct. 
2025.119066 

12. Vescovini, R., Foligno, P.P.: Geometrically nonlinear analysis of variable-stiffness plates using 
the R-functions combined with the Ritz method. Acta Mech. (2025). https://doi.org/10.1007/ 
s00707-025-04412-8 

13. Kucherenko, S., Shah, N., Klymenko, O.V.: Identification of feasible regions using R-
functions. J. Process. Control. 154, 103539 (2025). https://doi.org/10.1016/j.jprocont.2025. 
103539 

14. Kucherenko, S., Shah, N., Klymenko, O.V.: Analytical identification of process design spaces 
using R-functions. Comput. Chem. Eng. 198, 109112 (2025). https://doi.org/10.1016/j.com 
pchemeng.2025.109112 

15. Heat Transfer Finite Element Simulations in JavaScript using FEAScript by Nikos 
Chamakos. https://scribbler.live/2025/08/25/Heat-Transfer-Finite-Element-Simulations-in-
JavaScript-using-FEAScript.html. Accessed 01 Sept 2025 

16. ImpliSolid Homepage. https://sohale.github.io/implisolid/. Accessed 01 Sept 2025 
17. ImplicitCAD Homepage. https://implicitcad.org/. Accessed 01 Sept 2025

https://doi.org/10.1016/j.csite.2021.101733
https://doi.org/10.15407/pmach2022.01.040
https://doi.org/10.15407/pmach2022.01.040
https://doi.org/10.1007/978-3-031-18487-1_19
https://doi.org/10.1007/978-3-031-18487-1_19
https://doi.org/10.3390/mca29010010
https://doi.org/10.1016/j.compstruct.2025.119066
https://doi.org/10.1016/j.compstruct.2025.119066
https://doi.org/10.1007/s00707-025-04412-8
https://doi.org/10.1007/s00707-025-04412-8
https://doi.org/10.1016/j.jprocont.2025.103539
https://doi.org/10.1016/j.jprocont.2025.103539
https://doi.org/10.1016/j.compchemeng.2025.109112
https://doi.org/10.1016/j.compchemeng.2025.109112
https://scribbler.live/2025/08/25/Heat-Transfer-Finite-Element-Simulations-in-JavaScript-using-FEAScript.html
https://scribbler.live/2025/08/25/Heat-Transfer-Finite-Element-Simulations-in-JavaScript-using-FEAScript.html
https://sohale.github.io/implisolid/
https://implicitcad.org/


Modelling of Effective Electroelastic 
and Dissipative Properties of Layered 

Piezocomposites 

Oleh Derkach(B) 

Department of Oscillations and Vibrational Reliability, G.S. Pisarenko Institute for Problems of 
Strength of the National Academy of Sciences of Ukraine, Kyiv, Ukraine 

derkach@ipp.kiev.ua 

Abstract. In the present study an analytical method for the determination of 
effective elastic moduli, piezoelectric and dielectric constants of layered piezo-
composites made of viscoelastic and electroviscoelastic materials is considered. 
The proposed method combines the Voigt and Reuss homogenization hypothe-
ses for mechanical and electrical variables with the Fourier integral transform 
applied to hereditary-type constitutive equations and the Gauss elimination pro-
cedure. The concept of complex moduli is used to modelling of the effective 
dissipative properties. In order to take into account frequency-dependent prop-
erties of electroviscoelastic composites their effective properties modelling was 
provided in the Fourier frequency domain, which allows to derive properties of 
materials directly in the analysis without their additional transformations. Numer-
ical results including effective electromechanical properties and elastic loss factor 
for periodic piezoceramic reinforced epoxy composites are presented. The model 
predicted results were compared with various experimentally obtained data for 
2–2 and 1–3 piezocomposites. Qualitative agreement for the model results with 
known experimental data is shown. Proposed model can be employed in analy-
sis of passive and active vibration damping of viscoelastic and electroviscoelastic 
heterogeneous structural elements with frequency-dependent elastic and dielectric 
energy losses. 

Keywords: layered piezocomposite · electroviscoelastic material · effective 
properties; complex modulus · loss factor 

1 Introduction 

Piezoceramic composite transducers have numerous technical applications. Their com-
posite structure is used to achieve high electromechanical properties. In particular, effec-
tive actuation and sensing capabilities in structural elements also can be achieved by using 
piezoelectric composites with transversely aligned piezoceramic reinforced elements in 
an epoxy matrix [1–3]. For example, well-known macro-fiber composites (MFC) [4]  are  
one dimensional periodic piezoceramic fiber-reinforced layered actuator, in which com-
bines the high electromechanical properties of piezoceramic materials with the flexibility
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and low specific weight of epoxy matrix. They have been serves as sensors and actuators 
in so-called smart structures in area of structural health monitoring, shape control, noise 
attenuation and active vibration control, etc. Two-dimensional periodic composites are 
usually composed of fibers made of polarized piezoelectric ceramic material and non-
piezoelectric polymer matrix. This type of piezocomposites has been used as transducers 
for the underwater acoustic and bio-medical applications [1–3, 5]. 

The determination of the full set electromechanical properties of piezoelectric com-
posites by given volume fractions, materials properties of the phases and their geometry 
are an important problem in the designing process of new sensors and actuators. For 
this purpose, analytical and numerical approaches have been applied. Exact analytical 
solutions of the problem are based on micromechanical models of composite materials 
are possible only for few particular types of the phases [6, 7]. Numerical approach con-
sists on approximate determination of strain and stress state of the representative volume 
element at the taken boundary conditions. Although the abilities of contemporary com-
putational equipments, this technique is still related with high computational efforts, 
especially in the case of time dependent properties of materials. In view of this effective 
properties of composites have been employed. To analyze the effective electromechan-
ical constants, the average physical variables of the representative volume element to a 
uniform in-plane or out-of-plane mechanical and electrical loads are considered [6–9]. 
Based on the Voigt and Reuss hypotheses, the upper and lower bounds of the effective 
elastic, dielectric, and coupled properties can be obtained, respectively [7]. The combi-
nation of these hypotheses, as demonstrated in particular in [9, 10], makes it possible for 
a regular composite structure with plane parallel layers to determine effective properties 
that coincide with the exact values obtained from three-dimensional modeling of the 
representative volume element of the composite material. 

Though, as is has been mentioned above the piezoceramic reinforced epoxy compos-
ites and piezoelectric polymers, which can be described by electroviscoelastic model of 
material have numerous technical applications experimental studies of their dissipative 
properties by using complex elastic, dielectric and piezoelectric constants are limited. 
On the actuality, lack of investigations and necessity of solving of this problem have 
been pointed out in [3]. There are very few analytical and numerical studies on the 
effective dissipative and electroviscoelastic properties of piezoelectric composite mate-
rials [9–12]. At the same time, complex constants of homogeneous piezoelectric and 
non-piezoelectric materials, which forms composite, can be relatively easy determined 
and used to modelling of effective properties of electroviscoelastic composites. The 
possibility of this approach has been demonstrated in [3, 11]. Besides, this approach 
seems attractive in view of which effective complex frequency-dependent moduli can 
be directly applied for analysis of non-stationary vibrations in the Fourier frequency 
domain. 

The aim of this work is to develop a model of layered piezocomposites, based on 
the system of Voigt and Reuss hypotheses, for evaluating the complex-valued effec-
tive elastic, piezoelectric, and dielectric constants. Expressions for the effective moduli 
were obtained by using conditions of homogeneity for mechanical and electrical field 
variables, i.e. assuming that at certain loading conditions corresponding components of 
stress and strain vectors, and also components of electric displacement and electric field
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vectors throughout the layered composite have to be constant. Energy losses in materials 
of composite layers were taken into account by using complex elastic moduli, complex 
piezoelectric and dielectric constants which are presented directly in the Fourier fre-
quency domain. The approach to effective complex moduli obtaining is based on the 
usage of correspondence principle between quasistatic electro-viscoelasticity and static 
electroelasticity [3]. Hence, modelling of effective complex elastic moduli, piezoelectric 
and dielectric constants is carried out in terms of physical variables transformed in the 
frequency domain. To demonstrate the applicability of obtained expressions, numerical 
analysis of effective moduli, electromechanical coupling parameters, and effective elas-
tic loss factors for one- and two-dimensional periodic piezoceramic reinforced epoxy 
composites are presented and compared with measurements which have been published 
in the literature. 

2 Method of Analysis 

Let consider a N-phased composite material consisting of perfectly bonded layers in 
the general case anisotropic electroviscoelastic materials. Element (Fig. 1) of layered 
composite is represented in an orthogonal coordinate system x1, x2, and x3 so that the 
layers are parallel to the x1x3 plane. 
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Fig. 1. Element of one dimensional periodic layered composite material. 

The physical relations for k-th component of layered composite made of electrovis-
coelastic can be presented by using hereditary-type integral equation [3, 10]. However, 
they direct using for effective properties analysis is connected with the necessity of 
determination of relaxation functions parameters. This circumstance complicates an 
implementation of obtained effective properties of viscoelastic and electroviscoelastic 
materials for the vibration analysis of composite structural elements. Therefore, the 
usage of methods of direct analysis in the transformed Laplace or Fourier domains are
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advisable with established correspondence principle [3]. Wherein, in [13] have been 
shown, that at the usage of Fourier frequency domain allows to take into account cor-
rectly experimentally obtained the complex moduli of materials without their additional 
transformations at an analysis of transient vibration. Thus, taking the Fourier transform 
(F ) to linear constitutive equations [3]  of  k-phase (layer) made of electroviscoelastic 
material we obtain constitutive equations in the transformed complex quantities in the 
Fourier frequency domain:

σ̂ (k) (iω) = F RE(k) 
C ∗ ε̇(k) − R(k)T 

e ∗ Ė (k) ≡ 

≡ ĈE(k) 
(ω)ε̂(k) (iω) − ê( k)T(ω)Ê (k)(iω);

(1a) 

D̂(k) (iω) = F R(k) 
e ∗ ε̇(k) + Rε(k) 

κ ∗ Ė (k) ≡ 

≡ ê(k) (ω)ε̂(k) (iω) + κ̂ ε(k)(ω)Ê (k)(iω),

(1b) 

where σ̂ (k) = σ̂ (k) 1 σ̂ (k) 2 · · ·  σ̂ (k)
6

T
and ε̂(k) = ε̂ (k) 1 ε̂ (k) 2 · · ·  ̂ε(k)

6

T
are the represen-

tations of stress and strain vectors for k-phase (k = 1, 2,  .  .  .  ,N ) in the space of Fourier 

transforms and D̂(k) = D̂(k) 
1 D̂(k) 

2 D̂(k) 
3

T
, Ê (k) = Ê (k) 

1 Ê (k) 
2 Ê (k) 

3

T
are the same rep-

resentations for electric displacement and electric field vectors (T is the transpose sign); 
a ∗ b ≡ t 

−∞ a(t − τ )b(τ )dτ is the convolution of two vector-functions; ȧ ≡ da d τ ; t 
is the time; ω is circular frequency .

Obtained constitutive Eqs. (1) are similar to those which in linear theory of elec-
troelasticity are, which exception that physical field variables, elastic moduli, dielectric 
and piezoelectric coefficients have been replaced by their complex values1 : ĈE(k) = 
CE(k) +iCE(k ) and κ̂ (k) = κ (k) +iκ (k) are symmetric 6×6 and 3× 3 non-Hermitian 
matrices of complex frequency-dependent elastic moduli and dielectric constants respec-
tively; ê(k) = e(k) + ie(k ) is 3 × 6 matrix of complex piezoelectric constants; i = 

√− 1. 
Their real and imagine parts are positive definite and denoted by a prime and a double 
prime. They are sine and cosines Fourier transform of correspondent relaxation function 
matrices: RE(k) 

C , R(k) 
e , and R

ε(k) 
κ . 

The problem of obtaining the effective properties of composite electroviscoelastic 
material consists in determining the corresponding complex elements of the matrices 

Ĉ
E 
, κ̂ε, and ê from the known complex-valued matrices Ĉ

E(k) 
, κ̂ε(k), and ê(k) for each 

phase of composite material. Solution of this problem follows from the hypotheses, that 
at the certain homogeneous mechanical and electrical loadings the corresponding of 
physical variables in the composite material are constant through the layered structure 
[6, 7, 9]. 

Hence, for the layered representative volume element (Fig. 1) with one-dimensional 
periodic structure (2–2 connection type) we assume that continuity of physical fields 
across the interfaces is satisfied. For this purpose, the certain components of the strain 
ε̂s (s = 2, 4, 6) and stress σ̂ r (r = 1, 3, 5) vectors at the corresponding uniform loadings

1 For simplicity of notation, here and below we denote frequency domain values without circular 
frequency. 
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along (Voigt composite) and across (Reuss composite) the layers are take homogeneous. 
Other components of strain and stress vectors are obtained from the condition of static 
equilibrium of representative volume element [6, 9]. Due to the laminate configuration 
of composite, is assumed that the electric fields Êp (p = 1, 3) distributed uniformly in the 
layers. Thus, the electric displacement D̂n (n = 3) is continuous across phase boundaries 
in the laminate [6–8]. It should be noted that the present homogenization assumptions are 
applicable to sufficiently thin layers compared with their in-plane dimensions. When the 
ratio of layer thickness to in-plane size increases, the mismatch of out-of-plane strains 
between adjacent layers may cause additional interlaminar stresses and alter the effective 
properties. To emphasize the main coupling effects within the bulk layers while avoiding 
additional uncertainties, the present model neglects the presence of an interphase layer 
with distinct mechanical and dissipative properties, which could partially accommodate 
the out-of-plane strain mismatch and influence the effective response. 

The advantage of the proposed method, which combines the Voigt and Reuss 
hypotheses with a subsequent Gauss elimination procedure applied to complex-valued 
matrix equations, lies in the fact that the evaluation of the effective constants does not 
require the stationarity of the potential energy functional of the considered system. This 
makes it possible to avoid the problem of ensuring the correctness of the obtained solu-
tions, which arises from the fact that the energy functional of a non-conservative system 
is sesquilinear, and the reliability of the numerical solution usually requires more sophis-
ticated approaches, such as the introduction of internal variables or the construction of 
an appropriate functional space [14, 15]. However, it should be noted that the application 
of the approaches considered in the present work requires a proper Gauss elimination 
procedure for non-Hermitian matrices, which can be controlled during the computations. 

From the prescribed above conditions of continuity for the stresses and strains, 
electric induction and electric field vectors there we have the following equations: 

σ̂ r = N 

k=1 
νk σ̂ (k) r ,ε̂s = N 

k=1 
νk ε̂

(k) 
s ,ε̂r = ε̂(k) 

r , ̂σ s = σ̂ (k) s 

(r = 1, 3 , 5; s = 2, 4, 6);
(2a) 

D̂p = N 

k=1 
νk D̂(k) 

p , Ên = N 

k=1 
νk Ê (k) 

n , Êp = Ê (k) 
p , D̂n = D̂(k) 

n 

(p = 1, 3; n = 2),
(2b) 

where νk = Vk 
N 
k=1 V k are the coefficients of reinforcement determining the volume 

fraction of the k-th phase. 
In order to get compact form of the Eq. (2), the vectors of physical variables were 

represented in the form of block matrices: 

Ŝi = N 
k=1 νk Ŝ 

(k) 
i , Ŝj = Ŝ (k) j (i ↔ r, p; j ↔ s, n);(3) 

P̂j =
N 

k=1 
νk P̂ 

(k) 
j , P̂i = P̂ (k) i (i ↔ r, p; j ↔ s, n) (4) 

where 

Ŝi = σ̂ r Ên T , Ŝj = σ̂ s Êp 
T ; P̂i = ε̂r D̂n 

T 
, P̂j = ε̂s D̂p

T
.
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The physical relations (1) we also represent in block form, corresponding to the 
division of the vectors (3) and (4): 

Ŝ 
(k) 
i = L̂ (k) ii P̂ 

(k) 
i + L̂ (k) ij P̂ 

(k) 
j ; 

Ŝ 
(k) 
j = L̂ (k) ji P̂ 

(k) 
i + ˆ L(k)

jj P̂
(k)
j ,

(5) 

where each block-matrix L̂ 
(k) 

is portioned into four blocks, which in turn were obtained 
from matrices of complex coefficients of material: 

L̂ 
(k) 
ii = Ĉ

D(k) 
rr −ĥ 

(k) 
rn 

−ĥ 
(k) 
nr β̂ ε(k) nn 

, ̂L (k) ij = 
Ĉ
D(k) 
rs −ĥ 

(k) 
rp 

−ĥ 
(k) 
ns β̂ ε(k) np 

, ̂L (k) jj = Ĉ
D(k) 
ss −ĥ 

(k) 
sn

−ĥ
(k)
ns β̂

ε(k)
nn

. (6) 

In Eq. (6) the following dependencies were used: 

Ĉ
D = ĈE+êT ĥ,ĥ = β̂ ε 

ê, β̂ ε = κ̂ε −1
. (7) 

Substituting derived results into Eqs. (3)–(4) we obtain representations in the space of 
Fourier transforms of some physical field’s variables (stress, strain, electric displacement 
and electric field) averaged over the representative element of layered composite made 
of electroviscoelastic material. Their dependence can be represented in the form of the 
following system of equations with complex coefficients: 

Ŝi = L̂ii P̂i + L̂ij P̂j; 
Ŝj = L̂ji P̂i + L̂ jjP̂j,

(8) 

where 

L̂ii = N 

k=1 
L̂ 

(k) 
ii − L̂ (k) ij L̂ 

(k) 
jj 

−1 
L̂ 

(k) 
ji + L̂ij L̂jj L̂ji, 

L̂ij = N 

k=1 
L̂ 

(k) 
ij L̂ 

(k) 
jj 

−1 
L̂jj, L̂ji = L̂ij, L̂ 

(k) 
jj = N 

k=1 
L̂

(k)
jj

−1 −1

.

(9) 

Hence, in Eq. (8) the relation between the vectors of averaged mechanical and 
electrical variables by means matrices of effective complex elastic moduli, complex 
piezoelectric and dielectric coefficients is establishing. 

3 Comparison Between Model Predicted and Experimental Results 

To give a validation of the presented model of layered composite material, effective 
properties of a two-phase lossless electroelastic and dissipative electroviscoelastic com-
posites are analyzed and compared with experimental data reported in the literature 
[1–3, 12, 13]. We will focus on capturing the effect of piezoceramic fibers (1–3 piezo-
composite) and layers (2–2 piezocomposite) volume fraction in the non-piezoelectric 
epoxy and piezoelectric copolymer matrices on effective electromechanical and damping 
properties. Elastic moduli, piezoelectric coefficients and relative values of the dielectric 
permittivity coefficients of the piezoelectric materials used in calculations are shown in 
Table 1.
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The basic material constants and electromechanical coupling parameters, such as 
short-circuit CE

33 and open-circuit CD
33 elastic moduli, thickness electromechanical 

coupling constant (kt = 1 − CE
33 CD 

33 ), and piezoelectric (d33) constants are taken 
for comparative analysis. 

Primarily we made comparative analysis of a set of the test values with computed 
results of the effective moduli of an 1–3 piezocomposite, whose fibers are aligned along 
the direction x3, and both the piezoceramic fibers and matrix made of piezopolymer are 
poled along the same direction. Figure 2 illustrate the variation in the short-circuit and 
open-circuit elastic moduli, electromechanical coupling constant, and relative dielectric 
permittivity at constant strain, their model predicted values and experimental data [2] 
for TZL-5/VDF-TrFE piezocomposite (Table 1). The solid and dashed lines indicate 
the computed results, and the symbols denote the experimental data; a good agreement 
between the two sets of results is observed. 

Table 1. Material data of the piezoelectric materials. 

Parameter TZL-5 [2] VDF [2] PZT 7A [1] PZT-5A [3] PZT P188 [12] 

Сε11 = Сε22 
(GPa )

126 8.5 148.0 121.0 + i•0.885 145.33 + i• 1.82

Сε12 (GPa) 79.5 3.6 76.2 75.2 + i•0.061 102.57 + i• 1.28
Сε13 = Сε23 
(GPa )

84.1 3.6 74.2 75.2 + i•0.061 98.65 + i• 1.23

Сε33 (GPa) 109 9.9 131.0 111.0 + i•0.71 129.8 + i• 1.63
Сε44 = Сε 55 
(GP a)

23 1.9 25.4 21.1 + i•0.634 20.12 + i• 0.25

Сε66 (GPa) 23.5 2.45 35.9 21.1 + i•0.634 20.53 + i• 0.26
e15 = e24
(C/m2)

17 − 0.002 9.2 12.3 − i•0.291 12.37 

e31 = e32 
(C/m2 )

− 6.5 0.008 − 2.1 − 5.4 + i•0.574 − 8.03 

e33 (C/m2) 24.8 − 0.29 9.5 15.8 + i•0.27 15.5 

κε11/κ0 1 = 
κε22/κ 0

4200 9.0 235 916 − i•18.3 16.2 

κε33/κ0 4200 9.0 235 830 − i•16.3 14.15 
1 κ0 = 8.85•10−12 F/m

The model also covers calculation of effective piezoelectric charge constant d33 of 
fiber-reinforced PZT 7A/Araldite D 1–3 (Fig. 3, a) and laminated PZT-5A/Cement 2–2 
composite materials (Fig. 3, b). Electromechanical parameters of piezoelectric reinforced 
elements are prescribed in Table 1. Bulk and shear moduli of Araldite D matrix [2]  are  
5.6 GPa and 1.8 GPa, respectively; relative dielectric permittivity is 4. The cement matrix 
equating with following properties [16]: Young’s modulus is 13.9 GPa, Poisson’s ratio
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    a            b          c 

Fig. 2. Comparison between model predictions (lines) and measured values (symbols) [2]  of  
TZL-5/ VDF-TrFE composite properties as a function of piezoceramic volume fraction: short-

circuit elastic modulus Cε33 (solid line) and open-circuit elastic modulus CD
33 (dashed line) (a); 

thickness coupling constant kt (b); relative dielectric permittivity (κ0 = 8.85·10−12 F/m) (c).

is 0.2; relative dielectric permittivity is 19. Only the inclusion phase was polarized. As 
can be seen, the predicted effective properties are in good agreement with experimental 
data obtained for 1–3 and 2–2 composites.

Although experimental studies of energy dissipation in electroviscoelastic composite 
materials are limited, in order to demonstrate applicability of proposed model to these 
purposes we established dependencies of the effective loss factor and made their match-
ing with known experimental [3] and numerical [12] results. In Fig. 5, the effective loss 
factor of the PZT/epoxy composites are shown for varying volume fraction of the PZT 
fibers. The loss factor was evaluated by the formula [3]. 

η = Im ĈE
11 − ĈE

13 

2 
ĈE
33 Re ĈE

11 − ĈE
13 

2 
Ĉ E33 .

Experimentally obtained [3] values of loss factors (Fig. 4, a) were established for 
PZT-5A/Epoxy FM 73 layered electroviscoelastic composite. Parameters of reinforced 
piezoceramic material are prescribed in Table 1, properties of epoxy matrix are follow 
[3]: complex Young’s modulus is 2.72·(1 + i•0.039) GPa; Poisson’s ratio is 0.3; relative 
values of complex dielectric permittivity are κε 11/κ0 = κε 22/κ0 = (4.43 + i•0.059),
κε 33/κ0 = 4.43.
In [12] 3-D finite element method (FEM) analysis of lossless piezoceramic PZT 188 

(Table 1) fiber element periodically reinforced in the dissipative epoxy (EPON828) 
matrix was implemented for loss factor dependence on piezoceramic volume fraction 
(Fig. 4, b). The viscoelastic epoxy matrix with the following parameters was considered: 
complex Young’s modulus is 2.69·(1 + i·0.039) GPa; Poisson’s ratio is 0.36; dielectric 
permittivity is 44·10−6 F/m.
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a 

Fig. 3. Effective piezoelectric charge constant d33 for PZT 7A/Araldite D 1–3 piezocomposite 
(a) [1], and PZT-5A/Cement 2–2 piezocomposite (b) [16]: predicted (lines) and experimental data 
(symbols). 

a                 b 

Fig. 4. Loss factor η of piezoceramic reinforced epoxy laminate as a function of piezoceramic 
volume fraction: PZT-5A reinforced FM 73 epoxy (a), experimental data (circles) [3], predicted 
with (dashed line) and without (solid line) ceramic damping; PZT 188/EPON828 composite (b) 
obtained using FEM [12] (squares) and predicted (solid line). 

4 Summary 

A model of layered electroviscoelastic composites has been presented, based on the direct 
use of complex elastic, dielectric, and piezoelectric coefficients in the Fourier frequency-
domain formulation and solved using Gauss elimination. Transformed in the frequency 
domain equations were derived that provide a framework for modelling of the effective
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complex elastic moduli, complex-valued piezoelectric and dielectric constants which are 
required for energy dissipation analysis in nonhomogeneous materials, piezocomposite 
sensors and actuators with electroviscoelastic properties. 

The model predicted results were compared with various experimentally obtained 
data which have been presented in the literature. Effective properties of piezoceramic 
reinforced epoxy composites are also analyzed. Their agreed with published results was 
shown. For simplicity, a mathematical model was developed for the one-dimensional 
periodic layered composites (2–2 type connectivity), but it is shown, that the conclusions 
are also valid for the two-dimensional composite structures (1–3 type composite). 

Proposed model can be employed in analysis of passive and active vibration damp-
ing of viscoelastic and electroviscoelastic heterogeneous structural elements, to eval-
uate frequency-dependent elastic and dielectric energy losses, and losses caused by 
the electromechanical transformations in piezoelectric composite elements subjected to 
non-stationary electromechanical loads [13]. 
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Abstract. Ensuring reliable and accident-free performance is the foremost con-
dition for nuclear power plant operation. This entails preventing the release of 
radioactive materials beyond established safety limits under all normal and emer-
gency conditions, as well as under any internal or external influences. When 
designing nuclear power facilities, engineers carefully analyze the possible influ-
ences of natural phenomena and anthropogenic events. One of the mandatory 
modern safety considerations is the assessment of potential aircraft impacts on 
nuclear power plant structures. Due to the challenges and limitations associated 
with carrying out large-scale experiments, numerical modeling of protective com-
ponents under normal and extreme conditions has become particularly relevant. 
This paper proposes a simulation-based approach for studying the load-bearing 
capacity of nuclear containment structures in case of a military aircraft impact. 
The study investigates the influence of the containment’s design and structural 
configuration on its overall strength and resistance to impact loads. The results 
make it possible to identify the most effective and promising design options from 
the standpoint of safety and structural integrity. 

Keywords: High-Risk Facility · Protective Cover · Airplane Strike 

1 Introduction 

Energy is one of the key pillars of stable economic development for the global community 
[1, 2]. A special role belongs to nuclear power plants (NPPs), which offer significant 
advantages over hydroelectric and thermal power facilities. This, in turn, highlights the 
importance of maintaining operational safety and reliability of NPPs [3]. To achieve this, 
it is essential to establish a comprehensive safety system [4, 5] capable of withstanding 
both external and internal impacts. 

Recommendations are continuously being developed to assess NPPs vulnerability 
to accidental external events that were not foreseen in the original design under the 
auspices of the International Atomic Energy Agency (IAEA). Such events may include 
both natural and human-induced impacts, such as explosions at industrial sites, pipeline 
ruptures, hazardous material leaks from storage tanks, and the crash of an aircraft or its

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2026 
H. Altenbach et al. (Eds.): CAMPE 2025, LNME, pp. 344–351, 2026. 
https://doi.org/10.1007/978-3-032-16381-3_33 

http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-032-16381-3_33&domain=pdf
http://orcid.org/0000-0001-9528-3741
http://orcid.org/0000-0003-3985-8429
http://orcid.org/0000-0002-4830-3487
https://doi.org/10.1007/978-3-032-16381-3_33


Strength Analysis of Nuclear Power Plant Protective Elements 345

debris [6, 7]. Although the probability of an aircraft crash impacting a nuclear facility 
is extremely low, such an event would impose significant dynamic loads on the plant’s 
structures and equipment. 

In earlier designs of NPPs, the mass of a potentially impacting aircraft was assumed 
to be approximately 5 tons. Modern NPPs, however, are designed to account for the 
possible impact of an aircraft with a mass of up to 20 tons. Due to the complexity of 
numerical simulations, the collision between an aircraft and NPP protective structures is 
often modeled using a simplified one-dimensional representation of a flying body [8, 9], 
and is typically treated as a quasi-static process. Although full-scale experimental tests 
are extremely resource-intensive, they continue to be conducted to validate and substan-
tiate the adequacy of computational models. Currently, analyses commonly consider the 
potential impact of military, commercial, and civil aircraft on nuclear facilities. 

Most modern containment structures are made of reinforced or pre-stressed rein-
forced concrete, typically in the form of large cylindrical shells. Several design configu-
rations for containment domes are used: (1) a flat dome, (2) a hemispherical dome, and 
(3) a flat cover. The shells generally include a steel liner on the inner surface, and in 
some cases, an additional outer liner. 

This study aims to analyze the structural integrity of a nuclear power plant con-
tainment cover of the third type – namely, the flat cover – under the aircraft impact 
conditions. The problem solution is derived from a multilayer structures theory and 
incorporates data from in-situ tests [10]. 

2 Literature Review 

In analyzing aircraft impacts on NPP protective barriers, one must consider the dynamic 
loads arising from the collision resulting from the destruction of the fuselage and engines, 
as well as the potential explosion of aviation fuel. In such cases, irreversible deformations 
within the structures are permissible, and the width of concrete cracks is not limited, 
provided that these deformations do not compromise the overall safety conditions of 
the NPP. Consequently, the problem of assessing the structural strength of containment 
systems is highly complex. Research devoted to evaluating the effects of aircraft impacts 
on NPP containment structures is therefore of particular current relevance. 

In [5], the aircraft impact on reinforced concrete barrier was investigated. Finite 
element fracture modeling was combined with the Smoothed Particle Hydrodynamics. 
The degree of structural damage during impact was quantified as the proportion of the 
destroyed volume using an integrated deterministic–probabilistic approach. 

In [10], the finite element analysis was carried out to examine the reactor con-
tainment’s response to impacts from various aircraft types. Normal impacts along the 
containment surface and near the dome–cylindrical junction were considered. A three-
dimensional deformable reinforced concrete structure was modeled, and the aircraft 
load was defined using the corresponding time-dependent response curve. The analy-
sis showed that the protective structure would collapse if struck by a large commercial 
airplane. 

In another study [11], numerical simulations of reinforced concrete containment 
structure using the finite element method were concluded. Simulations considered impact
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points at cylindrical section center, between spherical dome and cylinder junction, and 
closer to foundation. The dynamic load from the aircraft was modeled using a time-
dependent response function, with elastic–plastic deformation of the steel reinforcement 
included. It was found that the central part of the protective dome and the cylindrical 
wall experience the most significant deformations. 

Further research [12, 13] focused on creating finite element models to simulate 
the impact of large aircraft on reinforced concrete containment structures. The studies 
examined the influence of aircraft velocity, impact angle, and collision height on the 
dynamic response of the containment system. 

Overall, the strength analysis of NPP structures is most frequently conducted using 
discretization-based methods such as the finite element approach. However, development 
of analytical methods to evaluate NPP structures strength taking into account their het-
erogeneous composition remains an urgent and important task. Such approaches would 
contribute to reducing both the design time and the overall cost of constructing nuclear 
power plant containment structures. 

3 Research Methodology 

In this study, the third type of NPP containment cover – a flat circular plate – is considered. 
This configuration is commonly used in several European Community countries [14] 
because it provides convenient access to internal equipment and facilitates maintenance 
operations. 

As the impact load pulse, the “IAEA Pulse” [14, 15] was selected, as it is considered 
the most reliable and experimentally validated model for simulating aircraft impacts. 
Figure 1 illustrates the IAEA-recommended time dependence of the impact load Pipm(t) 
(Fig. 1a) and the corresponding area of load application Sipm(t) (Fig. 1b), which accounts 
for deformation of the impacting body during a vertical collision of an aircraft with a 
mass of 20 tons on a flat surface. 

This loading profile corresponds to experimental data obtained from full-scale impact 
tests involving a Phantom RF-4E fighter jet. The results of these experiments demon-
strated that approximately 94% of the aircraft’s kinetic energy was dissipated in its 
own destruction, while only the remaining 6% contributed to damage in the impacted 
structure. 

An analysis is performed for a multilayer NPP containment structure, which com-
prises several interacting layers. The plate occupies a domain enclosed by an arbitrary 
contour B: 

xB = xB(θ ), yB = yB (θ).

The first layer outer surface is taken as the reference coordinate surface. 
The plate is subjected to nonstationary loads F = {fα(t) }, α = 1, 3I + 3, where t is 

time. In particular, the impact load is given f3 = Pipm(t ) as shown in Fig. 1a. This load 
is applied over a circular area Sipm(t) (Fig. 1b). 

The kinematic hypotheses of shear deformation, thickness compression and inertia 
of rotation of normal elements within each layer are used to describe the deformation of
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a            b 

Fig. 1. Dynamic characteristics of the IAEA shock pulse. 

the plate. The displacement of a point in the ι-th layer is expressed by 

ξ ι κ = ξκ + 
ι−1 

α=1 

hαξ3+I(κ−1)+α + (z − ζι−1)ξ3+I(κ−1)+ι,  κ  = 1, 2, 3, ι = 1, I. (1) 

Here ξκ (κ = 1, 2, 3) are reference surface point displacements in coordinate axes direc-
tions; ξ3+I(κ+1)+α (κ = 1, 2) are the rotations of the normal element relative to the 
axes in the ι-th layer; ξ3+2I+ι represents through-thickness compression of the normal 

element; ζι = 
ι 

α=1 
hα,  ζι−1 ≤ z ≤ ζι, ι = 1, I. 

For each layer, the strain components are expressed according to Cauchy’s relations, 
while the corresponding stresses are determined via Hooke’s law. The governing equa-
tions of movement under nonstationary loading and the boundary conditions on B are 
obtained from the Hamilton variational principle 

Kρ 
,tt − [H] = F, ,t = = 0, (2) 

CB = FB. (3) 

Here, [Kρ] and [H] are symmetric square matrices, = {ξι} ι = 1, 3I + 3 is the 
displacement vector, and the forms of C and F depend on the boundary conditions. 

The vibration problem (2), (3) for the plate with arbitrary geometry and boundary 
conditions is solved using the expansion method [16, 17]. The original plate is mapped 
to an auxiliary rectangular plate with hinged boundaries, which allows the solution to 
be expressed in terms of trigonometric series. The auxiliary plate retains the same layer 
structure and loading as the original plate, while the geometry of the original domain is 
accounted for analytically through compensating loads pcomp 

α (θ,  t ) (α = 1, 3I + 3): 

f comp 
α (t) = 

θ1 

θ0 

Lακp
comp 
κ (θ,  t) δ(x − xB, y − yB) dθ, α,  κ = 1, 3I + 3,
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where δ(x − xB, y − yB) is two-dimensional Dirac function. These compensating loads 
ensure that the stress-strain state in the domain of the auxiliary plate is identical to 
that of the original plate. 

By expanding the compensating loads and boundary terms into trigonometric series, 
the system of integral equations is reduced to a set of algebraic equations for the corre-
sponding load coefficients. Simultaneously, the equations of motion are converted into 
a second-order system of ordinary differential equations, which are solved using the 
Taylor series expansion method [17]. 

4 Results 

The strength of the NPP containment cover of the third type, modeled as a circular plate, 
was investigated. The plate diameter was of 45 m, with the height of the cylindrical part of 
the containment shell of 68 m. The cover is constructed of reinforced concrete and lined 
internally with carbon steel of from 6 to 10 mm thickness. Additional steel structures 
are present on the exterior. Consequently, the containment cover can be represented as a 
multilayer circular plate and described within the framework of the kinematic hypotheses 
(1) outlined in Sect. 3. The connection conditions between the cylindrical part of the 
containment and the cover allow the plate to be considered rigidly fixed. 

Two design variants of the plate were analyzed: a two-layer plate and a three-layer 
plate, subjected to the impact load Pipm(t) described in Fig. 1a. The plate contour is 
circular, with a radius r, while the dimensions of the auxiliary plate used for analytical 
modeling are A and B in plan: 

x(θ ) = A 2 + r cos θ  ,  y(θ ) = B 2 + r sin θ .

The mechanical characteristics of the reinforced concrete were established using 
the averaging method and have the following values: modulus of elasticity 2.0 · 10 4
MPa; Poisson’s ratio 0.25, and density 500 kg/m3. The steel cladding is characterized by 
modulus of elasticity 2.1·105 MPa, Poisson’s ratio of 0.3, with density of 7.85·103 kg/m3. 

Since experimental studies have shown [18, 19] that the strength of the protective 
shell depends on the properties of both the reinforcement and the metal cladding, the 
fourth strength theory was employed to evaluate the overall structural strength of the 
containment cover. 

Figure 2 illustrates the time variation of the deflection w(t) (Fig. 2a) and the stress 
σ 2 i (t ) (Fig. 2b) at the central point of the steel cladding for the two-layer plate at h = 4 m. 

Table 1 shows the maximum deflections and stress intensity at the center point of the 
steel cladding of the two- and three-layer covers at different thicknesses of the reinforced 
concrete layer. The two-layer plate includes a steel cladding with a thickness of 10 mm, 
the three-layer plate contains outer and inner steel cladding with thicknesses of 0.5 cm 
and 1 cm, in each case accordingly. 

The analysis of stresses in the two-layer plate showed that, for a reinforced concrete 
layer thickness of 3 m, the stress intensity does not exceed the steel yield strength 
250 MPa. Increasing the thickness further leads to a substantial reduction in stress 
intensity throughout the cover.
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a             b 

Fig. 2. Time variation of deflection and stress in a two-layer plate. 

For the three-layer structure, the results indicate only a minor decrease in deflections 
and stresses in the inner steel cladding, suggesting that the additional outer layer has 
little effect on the overall structural strength. Therefore, the thickness of the reinforced 
concrete layer in both designs should be at least 3 m. 

Table 1. Effect of design parameters on deflections and stress intensities in steel cladding 

Two-layer plate 

Thickness h,  m 1.0 2.0 3.0 4.0 5.0 6.0 

Deflection w,  m  7.43 · 10−1 1.65 · 10−1 5.85 · 10−2 2.55 · 10−2 1.22 · 10−2 6.42 · 10− 3

Stress σ 2i ,  MPa 1099.3 449.33 219.23 142.61 87.361 54.441 

Three-layer plate 

Thickness h,  m 1.0 2.0 3.0 4.0 5.0 6.0 

Deflection w,  m  6.64 · 10−1 1.55 · 10−1 5.59 · 10−2 2.46 · 10−2 1.18 · 10−2 6.26 · 10− 3

Stress σ 3i ,  MPa 1107.7 450.00 213.72 141.79 87.469 54.125 

The results presented in Table 1 can be used in optimal design of NPP protective 
structures taking into account additional factors [20, 21]. 

5 Conclusions 

An approach for investigating the strength of third-type NPP containment structures 
under aircraft impact has been proposed. The containment shell was modeled as a multi-
layer plate, and its dynamic behavior was described using the refined theory of multilayer 
plates. The problem of plate vibrations was solved using the expansion method. 

The impact load was simulated using the “IAEA Pulse.” The stress–strain response 
of two- and three-layer protective covers was analyzed at different time points during the
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impact. Strength assessments of the various cover designs indicated that the multilayer 
configuration provides the most effective protection against unsteady dynamic loads. 

The outcomes of this study may serve as a basis for optimizing the design of protective 
envelope structures capable of absorbing the impact of high-speed military aircraft with 
relatively small mass, thereby enhancing the safety and resilience of NPP containment 
systems. 
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Abstract. An advanced method for calculating crack growth in plate-like and 
axisymmetric structural elements under repeated loading conditions modeled 
using elastic–plastic material behavior, based on the principle of accumulation 
of distributed damage in the material is proposed. Near the crack tip, the pro-
cesses of alternating elastic-plastic deformation and crack resistance of the mate-
rial are modeled based on experimental results obtained from fatigue testing on 
smooth samples. Finite element analysis is conducted to determine the thermal 
and mechanical responses of the structure under different loading conditions. To 
assess accumulated metal damage from low-cycle fatigue, an improved method is 
used that takes into account the loading history. The ranges of equivalent elastic-
plastic deformations are determined according to the Neuber’s rule. Damage is 
assessed using low-cycle fatigue curves based on the hypothesis of linear damage 
accumulation. At the same time, crack propagation during both the tensile and 
compressive stages and possible contact between the crack edges are taken into 
account. As the damage accumulates to a critical magnitude at the crack tip, the 
material is considered destroyed, and the crack grows stepwise. The developed 
method has significant advantages, since it does not impose restrictions on the size 
of the plastic zone and small crack depth. The results of calculations are compared 
with data obtained using the Newman’s formula. 

Keywords: Crack Kinetics · Cyclic Loading · Elastic-Plastic Deformation 

1 Introductions 

One of the most important tasks in the design and manufacture of aviation, transport and 
power engineering structures is to increase their strength and reliability under cyclic load-
ing. Ensuring the reliable operation of these structures demands’ a calculated assessment 
of durability and the thermal stability of their components, built on the application of new 
calculation models and methods that consider a number of important factors, continuing 
heterogeneity of material properties, damageability, the presence of cracks, and the influ-
ence of non-stationary temperature fields. Among the most hazardous defects affecting
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operational safety are the initiation and propagation of cracks. Modern achievements 
in the mechanics of material deformation and the solution of boundary value problems 
make it possible to obtain improved methods for predicting the behavior of structures 
with cracks under complex loads. 

The calculated survivability of power equipment, aviation and transport technology 
components is critical when determining their service life and the intervals between main-
tenance inspections [1]. Kinetic fatigue fracture diagrams and their governing equations 
are widely used to assess crack growth kinetics under cyclic loading. Determining the 
crack resistance parameters included in these equations (e.g., Paris’ equation) requires 
laborious testing of special samples with cracks [2–7]. This complicates and restricts 
the analysis of the durability of a structure in conditions of insufficient experimental 
data on the behavior of samples with cracks. It should be noted that in classical fracture 
mechanics, the size of the plasticity zone at the crack tip is assumed to be small com-
pared to its depth, which is not always true. Moreover, it is assumed that the crack does 
not propagate in a half-cycle of compressive loads, and calculations are performed for 
a zero cycle [8, 9]. At the same time, a number of studies on crack propagation under 
alternating loading cycles have shown that the compressive half-cycle also influences 
crack growth. 

Therefore, it is important to develop a method for calculating the kinetics of cracks in 
structural elements under multi-mode asymmetric repeated loading in an elastic-plastic 
formulation based on the principle of accumulation of scattered damage in the material 
and data from fatigue failure diagrams of conventional cylindrical samples. 

2 Method for Calculating Crack Kinetics 

Taking into account the survivability of equipment elements with cracks is important 
when assessing their reliable operation. Usually, to assess crack kinetics under cyclic 
loading, the principles of brittle fracture mechanics are widely used, using stress intensity 
factors K I and Paris equations 

dl 

dN 
= C Kn 

I , (1) 

where: 
l is crack length; 
C, n are constants of material; 
N is number of loading cycles; 
ΔK I = K Imax–K Imin is stress intensity factor range; 
K Imax is maximum stress intensity factor (SIF) in the cycle; 
K Imin is minimum SIF in the cycle. 
The kinetic diagram of fatigue failure are determined by a large number of experi-

mental tests of special samples with cracks at operating temperatures and loads, which 
requires the use of complex equipment and a significant amount of time. 

Most often, the crack resistance characteristics of materials required for calculating 
the service life of elements are not available in reference data. It should be noted that 
in this case, the plasticity zone at the crack tip is assumed to be small compared to the
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crack length, which, as shown by numerous researches, the results of which are given 
below, does not always correspond to reality. 

The crack growth rate, in addition to the amplitude ΔK I, depends on the load cycle 
asymmetry coefficient R: 

R = KImin 

KImax 
, 

which is taken into account in the refined formulas of the Paris’ type [6]. 
The SIF is calculated based on the solutions of elasticity theory problems, and its sign 

corresponds to the sign of the stresses that open the crack. In brittle fracture mechanics, 
it is assumed that compressive stresses do not affect the kinetics of a fatigue crack [6]. 
It is believed that under compressive forces, the crack edges close and the crack closes 
along its entire length, so calculations should only be performed for a zero cycle (R = 
0). The same approach is proposed in the ASME recommendations [8]. According to 
elasticity theory, under tensile stresses, the crack edges diverge, and under compressive 
stresses, they converge. In the case of compressive stresses, the stress intensity factor K I 
= 0 and the crack does not develop. However, it has been experimentally shown that the 
compressive stage of loading affects the crack growth rate under cyclic loading, albeit 
to a much lesser extent than tensile loading. When the crack edges interpenetrate under 
compressive stresses, the SIF becomes negative. Taking into account the full range ΔK I 
in Paris’ equations, the calculations give an underestimated design life of the material. 
The error will be significantly smaller for a zero cycle, although the calculated resource 
will be slightly overestimated. 

Due to plastic deformation, the edges of the crack remain open when tensile stresses 
are completely removed, while compressive stresses appear in the crack tip area, which 
in some investigations has been termed the phenomenon of crack ‘closure’ [6, 9–11]. 
In works [10], equations are proposed that take into account the cyclic load asymmetry 
coefficient R and are based on the phenomenon of crack ‘closure’. ‘Closure’ of a crack 
in this case is not a suitable term because only compressive stresses occur at the crack 
tip, and the crack edges do not contact each other. Experimental data [10] show that 
negative stresses at the crack tip also occur under tensile loads. 

Another approach to calculating crack kinetics is based on assessing the accumu-
lation of scattered damage in the material during elastic-plastic cyclic deformation and 
creep, and on using data from tests on smooth samples [12]. This approach uses the 
characteristics of the elastic-plastic behaviour of the material and the accumulation of 
damage in the area of the crack tip along the crack propagation path, which are deter-
mined numerically using the finite element method (FEM) with mesh refinement at the 
crack tip [1, 13, 14]. 

In the proposed method, the thermal and stress-strain state of the structure is deter-
mined using FEM for different load modes. To assess the accumulated damage to the 
metal from low-cycle fatigue, the method [1, 14] recommended for assessing the service 
life of rotors and turbine housings is used. Low-cycle fatigue is assessed by the maximum 
value of local elastic stresses, reduced to the design temperature, which is taken as the 
maximum temperature in this area under steady-state operation. The ranges of equiv-
alent elastic-plastic deformations are determined according to the Neuber’s rule [15].
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According to this principle, using experimental fatigue curves for an isothermal sym-
metrical load cycle, the number of cycles before a crack appears is found. The damage 
assessment under multi-mode cyclic loading is determined using the linear damage sum-
mation hypothesis. When the damage parameter value close to unity is reached in one 
of the elements, it is excluded from further consideration. It is assumed that this element 
was destroyed and the crack propagates stepwise along its entire length. At the same 
time, the damage achieved in other structural elements is recorded. Then, the stress-
strain state of the structure is recalculated with the new crack length. The structure is 
subjected to further multi-mode cyclic loading. At the same time, the accumulation of 
damage in all elements along the crack propagation path is assessed, which is summed 
up with the damage achieved in them during the last destruction of the element. When 
critical damage is reached in one of the following elements, it is excluded from further 
consideration, and the above calculation procedure is repeated until the avalanche-like 
destruction of the structure. 

The calculation procedure is given below. For all load modes, the FEM is used to 
calculate the stress state in an elastic setting in the crack propagation area at several 
possible crack lengths. 

Finite element discretization is performed with refinement at the crack tip. The 
minimum element size is taken to be 0.05 mm, which is consistent with previous inves-
tigations on the convergence of results. The crack is modelled by a notch with a width 
of 0.1 mm. Haywood’s experiments [16] show that a radius of curvature at the crack 
tip of less than 0.1 mm does not affect fatigue strength. Based on this, to determine 
the stress-strain state near the crack tip with sufficient accuracy, the dimensions of the 
minimum finite elements should be 0.1–0.2 mm. Figure 1 shows a fragment of the finite 
element discretization in the crack tip area. 

Fig. 1. Finite element discretization in the vicinity of the crack tip: l – crack length; xm – distance 
from the crack tip to the centres of the finite elements. 

The software package developed by the authors for solving plane and axisymmetric 
problems using the FEM [14] allows solving elastic-plastic problems taking into account
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alternating loads. The boundary value problem is solved using the method of steps in 
time of loading. 

The selected crack propagation direction is divided evenly into small segments dl – 
steps of jump-like crack growth. A generalized load cycle is introduced, which averages 
the damage from all load modes. Each j-th mode is characterized by the interval of 
combined elastic and plastic deformation, which are determined at the centres xi of the 
segments dl by quadratic interpolation through their values obtained at the centres of 
the finite elements in the direction of crack propagation. The number of cycles to failure 
Npj from the j-th loading condition is obtained from fatigue diagrams corresponding to 
the relevant temperature. 

The damage increments from the j-th load mode in the generalized cycle are found 
by the formula 

j xj = 1 

Npj(xi) 
dNj ,

where dN  j  = Nj N is the relative share of cycles of the j-th mode in the generalized 
number N of cycles. 

The damage increment per generalized cycle from all load modes 

(xi) = 
KN 

j=1 

j(xi) .

The number of cycles to failure in the element dl closest to the crack tip with a length 
lt is determined by the formula 

Ni = 1 − (x1) 
(x1) 

,

where П(х1) the damage accumulation adjacent to the fracture zone during crack growth 
to the current depth lt . The total cycle count during which the crack reached a depth of 
lt is determined as follows: 

N (lt) = Ni .

Damage at other points хі on the crack growth path after the failure of the next 
element dl is determined:

(xi+1) = (xi+1) + (xi+1)N t .

Next, the calculation is repeated for a crack with a depth of tl = tl + dl until its next 
growth. 

The proposed methodology was tested on a series of calculated estimates of crack 
development in simple-shaped elements under various cyclic loads.
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3 Calculating Crack Kinetics Taking into Account the Contact 
Between Their Edges and the Elastic-Plastic Deformation 
of the Material in the Crack Tip Zone 

The growth of a surface crack with an initial length of l = 2  cm  in  a  strip  (Fig. 2.) 
subjected to loads whose patterns are shown in Fig. 3. (conventionally denoted as Type I 
and Type II), are investigated. The formation of cycles is determined by the rainflow 
method [17]. Here σ1zmax, σ1zmin are the maximum and minimum stresses in the first 
load cycle; σ2zmax, σ2zmin are the analogical stresses in the second load cycle. 

Fig. 2. Scheme of a plate with a crack 

a  b 

Fig. 3. Loading schemes for the plate: a – Type I loading; b – Type II loading
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Tables 1 and 2 present the values of strain intensity amplitudes for Type I and Type II 
loading, respectively. In Tables 1 and 2, the numerators give the values for the first loading 
cycle, and the denominators – for the second loading cycle (Fig. 3.). 

The plate material is 25Kh1M1F steel. Low-cycle fatigue diagrams at various 
temperatures are given in Fig. 4. 

Fig. 4. Low-cycle fatigue curves for 25Kh1M1F material 

The obtained crack growth results are compared with those calculated using New-
man’s method. The constants in the Eq. (1) were taken as follows: С = 42.69 × 
10− 10, n = 3.8457. The stress intensity factor ΔK I are equal to 34.24; 50.81; 74.73; 
112.04 MPa·(m)1/2 for cracks with lengths of 2; 3; 4; and 5 cm, respectively .

Figure 5 presents the results of crack growth in the strip under Type I loading 
(Fig. 5, a) and Type II loading (Fig. 5, b). Solid lines indicate results obtained using the 
present methodology, while dashed lines show results obtained by Newman’s method. 

The results obtained using the proposed method and Newman’s method are satisfac-
torily consistent. The discrepancy between the results can be explained by the inconsis-
tency of material properties when determining kinetic and fatigue diagrams, as well as 
by the difference in the material failure models used in the calculation methods.
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Table 1. Values of strain intensity amplitudes εіа for Type I loading of the p late

xm,  mm Amplitudes of strain intensities εіа,  %  

l = 20 mm l = 30 mm l = 40 mm l = 45 mm l = 50 mm 

0.0250 1.3185 
1.3381 

2.2391 
2.3388 

3.6169 
4.1192 

4.5826 
5.6135 

5.4757 
8.4311 

0.0750 0.5167 
0.5200 

0.9398 
0.9768 

1.6122 
1.8492 

2.1041 
2.6082 

3.1732 
4.0691 

0.1800 0.1405 
0.1462 

0.2392 
0.2446 

0.4074 
0.4680 

0.5452 
0.6857 

1.2383 
1.1457 

0.2550 0.1028 
0.1104 

0.1614 
0.1619 

0.2510 
0.2844 

0.3178 
0.3938 

0.7079 
0.6296 

0.5456 0.0662 
0.0768 

0.0974 
0.1031 

0.1446 
0.1432 

0.1754 
0.2094 

0.2709 
0.2912 

1.1281 0.0428 
0.0538 

0.0677 
0.0788 

0.0983 
0.1088 

0.1193 
0.1327 

0.1735 
0.2018 

2.2699 0.0296 
0.0416 

0.0450 
0.0574 

0.0695 
0.0837 

0.0842 
0.1015 

0.1146 
0.1393 

6.3353 0.0208 
0.0364 

0.0264 
0.0398 

0.0370 
0.0524 

0.0467 
0.0661 

0.0541 
0.0837 

11.6887 0.0189 
0.0357 

0.0209 
0.0365 

0.0244 
0.0390 

0.0280 
0.0443 

0.0372 
0.0575 

14.8932 0.0187 
0.0357 

0.0197 
0.0359 

0.0212 
0.0361 

0.0224 
0.0381 

0.0417 
0.0474
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Table 2. Values of strain intensity amplitudes εіа for Type II loading of the plate

xm,  mm Amplitudes of strain intensities εіа,  %  

l = 20 mm l = 30 mm l = 40 mm l = 45 mm l = 50 mm 

0.0250 1.3381 
1.7387 

2.3388 
2.9580 

4.1192 
5.0219 

5.6135 
6.9438 

8.4311 
10.2975 

0.0750 0.5200 
0.6985 

0.9768 
1.2711 

1.8492 
2.3107 

2.6082 
3.2929 

4.0691 
5.0373 

0.1800 0.1462 
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Fig. 5. Crack growth: a – Type I loading; b – Type II loading
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4 Conclusion 

The proposed method for assessing crack kinetics under cyclic loading using scattered 
damage parameters takes into account the amplitude of plastic deformations near the 
crack tip during contact interaction of its edges. To calculate crack kinetics in flat and 
axisymmetric structures, low-cycle fatigue curves for conventional crack-free specimens 
are used. Plastic deformation zones are determined using the FEM. The crack growth 
rates for different cycle asymmetry coefficients correspond to the data obtained by the 
Paris’ equation and the Newman technique, which use experimental constants for cracked 
specimens. 

The presented method allows taking into account the stage of crack initiation from 
a stress concentrator, which can be used in assessing the service life of structures. Its 
application will reduce the cost of designing new equipment, determine the survivability 
of structures, ensure operational reliability, reduce the number of experimental studies 
[18], and contribute to increasing the competitiveness of domestic equipment [14]. The 
results obtained can be useful in the design of structures for of power equipment and 
aircraft construction [1]. 

In the future, it may be possible to develop the proposed methodology for studying 
the nonlinear behaviour of materials under cyclic loading conditions. Conducting exper-
imental studies is of particular scientific interest, as it will provide additional validation 
of the reliability of the results obtained. 

Thіs method will be used to conduct computational investigations of the residual 
durability of an aircraft engine fan disc when varying the parameters of the initial crack 
under conditions of multi-mode cyclic loading within the framework on IEMS-2025/3 
project of the Specialised Scientific and Technical Programme of Defence Research of 
the National Academy of Sciences of Ukraine.
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Abstract. The method and results of the study of the mechanical properties of 
some materials during high-speed deformation are presented. The methodology 
used is based on the indirect determination of material tensile curves under condi-
tions of constant deformation rate of test specimens. Deformations are measured on 
a dynamometer rod and then converted into stresses in the specimens. The research 
is conducted on dog-bone-shaped specimens whose geometric dimensions are sig-
nificantly smaller than those of samples used for static testing. A pneumatic gun is 
used to ensure the required strain rates, and the strains are measured using broad-
band strain gauges. Experimental determination of the strength limits of a number 
of materials used in aircraft construction has been carried out under tension at 
different strain rates. The dynamic mechanical properties of aluminum alloy and 
carbon fiber reinforced plastic have been investigated. The results for high strain 
rate are compared with data obtained using the classical quasi-static approach. 
The problems arising in the investigation of the dynamic behavior of isotropic and 
anisotropic materials are discussed, as well as some features of carbon fiber com-
posite failure under impact loading. It has been shown that the strength limit of 
the materials under study increases with increasing deformation rate. This proves 
that the study of the dynamic properties of materials should become an essential 
component of strength assessment for structures operating under rapidly changing 
loads. 

Keywords: Strength · Stress-Strain Curve · Tensile Strength · Experiment 

1 Introduction 

One of the main tasks in designing structures for modern aircraft and space-rocket 
construction is to increase their strength and reliability while reducing weight, which 
allows for an increase in the payload of aerospace vehicles [1]. This can be achieved 
through the rational design of structures and the use of new materials. In some cases 
(explosive forces, various emergency situations etc.), structural elements of aerospace 
vehicles are subjected to intense impact loads [2]. They all have a common feature: a 
rapid increase in pressure on the contact surface from zero to a maximum value. Quite
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often, such loads are characterized by high intensity of influence and lead to high-speed 
deformation of structures. At the same time, depending on the type of load, the strain 
rate of the structure in a short time varies in a wide range from 0 to 106 s−1 (sometimes 
this range is even wider). The physics of the processes occurring in structural elements 
under the action of such loads is quite complex and has not been sufficiently studied. 
This is especially relevant for promising and new materials (e.g. composite, polymer, 
and additive materials). 

To analyze the strength of structures under dynamic loads, it is necessary to create 
an extensive database of the mechanical properties of materials at high strain rates. It 
is not always acceptable to rely on existing values of material properties obtained for 
static deformation, as this can lead to an incorrect assessment of their strength. Such data 
are available for classical materials. At the same time, for new materials, which often 
have anisotropic properties, the results are insufficient and sometimes contradictory. 
Therefore, the theoretical and experimental studies of the behavior of materials during 
high strain rate are one of the most pressing tasks in continuum mechanics. 

The aim of this work is to determine the dynamic properties of materials for aircraft 
construction during high strain rates. 

2 Literature Review 

To date, numerous results of experimental studies of the properties of materials (usually 
metals and metal alloys) under dynamic loads have been accumulated [3–6]. These 
studies have shown that the mechanical characteristics of materials significantly depend 
on the deformation rate [3, 5]. As a result, a number of dependencies σ = σ(ε, dε/dt) 
between stresses and strains were identified, that take into account the deformation rate. 
Among the most well-known such models are the Cowper-Symonds [7] and Johnson-
Cook [8] relationships. A more detailed description of these models and the definition 
of parameters for some materials are given in the works [9–11]. 

Currently, scientists are paying considerable attention to the theoretical and experi-
mental study of the properties of new materials, the improvement of experimental meth-
ods for studying the transient processes of their deformation, as well as mathemati-
cal models and computational methods for analyzing the processes occurring in them 
[11–14]. 

Experimental studies of high-rate strain of materials, especially anisotropic ones, are 
quite complex. They require appropriate equipment capable of providing the necessary 
loading conditions and reliable recording of strains (stresses). In addition, effective 
methods are needed for the reliable processing of dynamic dependencies. 

Currently, there are no standardized approaches to these studies. The most 
widespread use in practice is the Hopkinson bar and its modifications [15–20]. The 
basic principles of conducting experiments using the Hopkinson bar and processing the 
results obtained are described in paper [21]. 

Another way to study stresses in a test specimen under tension at a constant strain 
rate is to use a long measuring rod-waveguide on a vertical acceleration device and direct 
or indirect strain gauging [22]. A similar approach is used in this work.
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3 Research Methodology 

The research methodology is based on the indirect determination of stress-strain curve 
for tensile materials under conditions of constant strain rate. Material tensile curves are 
determined for different constant strain rates of the test specimen. This makes it easy 
to compare the tensile curves obtained for different deformation rates. As a result of a 
number of experiments at different strain rates, the deformation surface of the material σ 
= σ(ε, dε/dt) is determined (Fig. 1). On this surface, the deformation process at variable 
rates will be represented by some curve Γ. 

The experimental research method consists of impact stretching of the test specimen, 
one end of which is fixed in a rigid anvil, and the other in a dynamometer rod. A simplified 
test setup for high rate tensile of the linear specimens is shown in Fig. 2 (1 – projectile; 
2 – anvil; 3 – specimen; 4 – strain gauges; 5 – dynamometer rod). 

Fig. 1. Stress-strain surface Fig. 2. Test setup for linear specimens 

The longitudinal force in the specimens is determined based on the deformation 
data recorded on the dynamometer rod. The anvil is subjected to impact by a projectile 
with kinetic energy sufficient to ensure a constant strain rate of deformation of the 
specimen until it destruction. For this purpose, the kinetic energy of the projectile must 
significantly exceed the work required for the dynamic deformation of the specimen 
until its destruction, i.e. 

Qprojectile > 10 · Qdestruction = σi(ε, ε̇) dε,

where σi is the stress intensity; ε̇ = d ε dt. 
In this case, the specimen elongation changes linearly vs time Δl = (dε/dt)·t, and the 

strain rate is equal to dε/dt = V0 / l, where l is length of narrow section of specimen. 
For a qualitative determination of the magnitude of longitudinal forces in the speci-

men during tension, based on the measurements of bar strain, it is necessary that the bar 
be long enough so that the deformation waves reflected from its attachment point do not 
interfere with the tension process under study. Therefore, the length L of the rod must 
be such that at the studied speed V0 it satisfies the condition 

L>C1d · εun · l/2 · V0 (1) 

where C1d is the velocity of wave deformation in the rod;εun is the limiting uniform 
strain of the specimen.
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The geometric dimensions of the test specimens are selected in such so as to ensure 
that condition (1) is satisfied and to ensure a practically uniform state of deformation. 
For a rapid transition of wave processes to a practically uniform state, the working part 
(narrow section) of the specimen must be relatively small. Moreover, the higher the 
strain rate under study, the shorter the working zone of the specimen should be. 

The sought dependencies σ = σ(ε, dε/dt) for the specimens are determined based on 
the results of measurements of the strain of the dynamometer rod by a simple mathe-
matical transformations, which is based on the equality of the longitudinal forces in the 
specimens N spec z and the rod N rod z . 

N spec z (z1, t) = N rod z (z2, t − t1)
where z1, z2 are axial coordinates of sections; t1 is the time lag of the start of the rod 

deformation process relative to the specimen deformation process. 
Longitudinal forces in the specimen and the rod are determined by the formulas 

N spec z = σ spec z (z1, t) · Sspec(z1, t), (2) 

N rod z = σ rod z (z2, t − t1) · Srod (z2, t − t1) = E · εexp z (z2, t − t1) · Srod (z2, t − t1), (3) 

where σ spec z (z1, t ), Sspec(z1, t ) are the axial component of the stress tensor and the area 
of cross section in the specimen correspondingly; σ rod z (z2, t − t 1), Srod (z2, t − t1 ) are 
similar parameters of the rod; Е is the Young’s modulus of the dynamometer rod; ε

exp 
z 

is the longitudinal component of strains of the rod. 
In general cases, formula (2) is more complex. For the test specimen with general 

anisotropy, it is impossible to ensure a uniform distribution of stresses across the cross 
section. It is known that in anisotropic rods under the action of tensile force, rotation and 
bulging of the cross section can be observed. In some cases, uniformity can be ensured 
by manufacturing test specimens in the direction of the principal axes of anisotropy. 

In result, taking into account dependencies (2) and (3), to determine the unknown 
stresses in the specimen, we obtain. 

σ  (z1, t) = χ · E · εexp z ,  χ  = Srod Sspec.

Thus, to obtain a stress-strain curve at a constant strain rate, it is sufficient to measure 
the longitudinal strains of the rod and determine the cross-sectional areas of the specimen 
during deformation. 

At a constant deformation rate of the end of the specimen, the longitudinal defor-
mation of the specimen changes over time according to the formula εz spec = (dε/dt)·t. 
Using the law of conservation of mass, the cross-sectional area of a round isotropic test 
specimen can be determined by the formula Sspec = πR2 

0 [1  –  2(V0/l)t], where R0 is the 
initial radius of the specimen.

4 Experimental Stands and Test Specimens 

Experimental setups for static and dynamic tests are presented in Fig. 3 and Fig. 4, 
respectively. A universal testing machine MRM-10C (Fig. 3) was used for static tests. 
During the static tests, the external loading and strains of the specimen along and across
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the load axis were fixed. For high strain rate tests, a pneumatic acceleration device [22] 
was used (Fig. 4). The longitudinal strains of the dynamometer rod were recorded by 
the measuring strain gauge complex. The detailed description of this complex is given 
in [22]. 

Fig. 3. Tensile testing machine Fig. 4. Pneumatic gun 

The mechanical parameters of specimen made of aluminum alloy and carbon fiber 
reinforced plastic were studied. Rectangular cross-section specimens were used. 

For static tests of aluminum alloy, the length of the working part was 120 mm, the 
width was 20 mm, and the thickness was 1.4 mm. Dynamic tests were performed on two 
types of specimens with a working area length of 10 mm, a thickness of 1.4 mm, and a 
width of 8 mm and 5 mm. 

The carbon fiber reinforced plastic is an orthotropic material. This complicates the 
selection of the length and width of the test specimen for dynamic studies. The specimens 
for both static and dynamic studies were cut in the same direction from a 2.1 mm thick 
carbon fiber reinforced plastic plate. The carbon fiber reinforced plastic was made from 
a simple weave carbon fabric of the Т33К200Р brand with a density of 200 g/m2 and a 
fiber tensile strength of 4480 MPa and compounds СHS-EPODUR 525–0269 and СHS-
EPODUR C55. Layers of fabric with a thickness of 0.25 mm were laid out in the 0 and 
90° directions alternately, thus ensuring equal strength of the material in the longitudinal 
and transverse directions. After that, a polymerization mode under pressure was carried 
out. The density of the resulting carbon fiber sheet is 1.5 g/cm3. Specimens with a width 
of 15 mm were used for static tests. For dynamic tests, specimens with different working 
area sizes, 8–10 mm long and 2.1–5 mm wide, were used. Figure 5 shows some types 
of carbon fiber composite test specimens (Fig. 5, a) and their fixation during testing 
(Fig. 5, b). During the experiments, it was found that specimens with greater thickness 
were destroyed not in the working area, but at the fastening point. Therefore, most of 
the results presented below were obtained on experimental samples with a thin working 
area (2.1 mm).
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a                                    b 

Fig. 5. Dog-bone-shaped composite specimens and their fixation in setup 

5 Results and Discussion 

Figure 6 shows experimentally obtained tensile curves in static testing for aluminum 
alloy (Fig. 6, a) and carbon fiber reinforced plastic (Fig. 6, b). Deformations are given 
in percentages, and force is given in Newtons. It can be seen that aluminum alloy is a 
very ductile material, while carbon fiber reinforced plastic is a brittle material. 

As a result of static tests, it was established that the elastic modulus of aluminum alloy 
is 69.47 GPa, the yield strength is 324.3 MPa, and the tensile strength is 461.94 MPa. For 
carbon fiber reinforced plastic, the elastic modulus is 63.12 GPa, and the tensile strength 
is 717 MPa. Thus, the elastic moduli of carbon fiber and aluminum alloy are almost 
identical, but the strength of carbon fiber reinforced plastic exceeds that of aluminum 
alloy by more than 50%, while its weight is 1.8 times less. 

a                                            b 

Fig. 6. Dependence of strains on force 

Figure 7 shows the characteristic deformations of the dynamometer rod as a function 
of time for the specimen from aluminum alloy (Fig. 7, a) and the specimen from carbon 
fiber reinforced plastic (Fig. 7, b). The results are given for two deformation rates. 
For the aluminum alloy specimens, the strains rates are 0.303·103 s−1 (solid line) and 
1.96·103 s−1 (dotted line). Results for specimens from carbon fiber reinforced plastic 
are presented for strain rate 0.403·103 s−1 (solid line) and 2.135·103 s−1 (dotted line).
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It can be seen that an increase in the deformation rate is accompanied by a decrease in 
the time required from the start of specimen deformation to its destruction. 

a                                    b 

Fig. 7. Strains of the dynamometer rod depending on time 

Figure 8 show an enlarged image of the place of destruction of the test specimens. 
It can be seen that noticeable residual deformations are observed for the aluminum 
alloy (Fig. 8, а). The destruction of carbon-plastic specimens is a process of tearing 
apart individual layers, which in some experiments was accompanied by significant 
delamination and pulling out of individual fibers (Fig. 8,  b)  .

a                                    b 

Fig. 8. Failure surface for aluminum alloy (a) and composite (b) specimens 

Table 1 shows the obtained stress limits for aluminum alloy without and with con-
sideration of the change in sectional area during deformation. It can be seen that as the 
speed increases, the ultimate values also rise. For an impact at a speed of 19.6 m/s, 
the strength of the aluminum alloy is at least 1.48 times higher than the similar values 
obtained for the static case. In the considered speed range, an increase in the strength of 
the aluminum alloy is observed.
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Table 1. Strength of aluminum alloy under dynamic loading (without/taking into account the 
change in the cross-section of the specimen) 

Deformation rate, s−1 Yield strength, MPa Ultimate strength, MPa Strength enhancement 
factor 

0.303·103 528,7/539,3 610/681,8 1,32/1,47 

1,960·103 596,7/623,0 685,6/763,3 1,48/1,65 

The stress limit values for composite are given in Table 2. As the deformation rate 
of carbon plastic increases, a significant increase in its strength is observed. When the 
deformation rate is 2.135·103 s−1, the strength limit exceeds the corresponding static 
characteristics by at least 57%. 

Table 2. Strength of carbon fiber reinforced plastic under dynamic loading without/taking into 
account the change in the cross-section of the specimen) 

Deformation rate, s−1 Ultimate strength, MPa Strength enhancement factor 

0.403·103 788.82 / 828.69 1.10 / 1.16 

2.135·103 1128.52 / 1212.44 1.57 / 1.69 

6 Conclusions 

The study of material behavior under intense short-term loads is a relevant and complex 
problem in modern mechanics. Theoretical and experimental studies of the dynamic 
behavior of new materials under high strain rate are of particular importance. 

A theoretical and experimental study of the strength of materials used in aerospace 
structures has been conducted. The limit values of the strength of aluminum alloy and 
carbon fiber reinforced plastic at different constant deformation rates have been obtained. 
The former is a highly ductile material, while the latter is characterized by brittle fracture. 
It has been shown that as the strain rate increases, the strength of these materials increases 
significantly relative to the characteristics obtained for static tests. At a strain rate of 
approximately 2·103 s−1, the increase in strength for aluminum alloy is more than 48%, 
and for carbon fiber reinforced plastic – 57%. For the carbon-plastic sample, this increase 
is more noticeable compared to the aluminum alloy. However, the destruction of carbon-
plastic is more complex and depends on the orientation of the fibers. The destruction 
of carbon-plastic is accompanied by partial delamination of the layers, cracking of its 
matrix, and sometimes pulling out of fibers. Research into the dynamic properties of 
carbon fiber reinforced plastic is accompanied by a greater spread of experimental values 
than for aluminum alloy specimens, which is explained by the heterogeneous structure 
of the specimens under consideration. This is further complicated by the use of small 
(in size) specimens for dynamic testing. 

A significant increase in the strength of the studied materials with an increase in 
strain rate proves that when studying the strength of structures made of these materials,
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it is necessary to take into account the dependence of mechanical properties on the strain 
rate. 

The results obtained can be useful in the design of aviation constructions for the 
accurate determination of the strength of structures under the influence of high-speed 
loads. 
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